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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 62 ]. This is test number [ 195 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed
Rubi % 100. ( 62) %0.(0)

Mathematica | % 96.77 (60 ) | % 3.23 (2)

Maple %98.39 (61) | %161 (1)
Maxima % 48.39 (30 ) | % 51.61 ( 32)
Fricas % 27.42 (17 ) | % 72.58 (45)
Sympy % 14.52 (9) | % 85.48 (53)
Giac % 25.81 (16) | % 74.19 ( 46 )

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 67.74 4.84 24.19 3.23
Maple 32.26 38.71 27.42 1.61
Maxima 22.58 25.81 0. 51.61
Fricas 11.29 16.13 0. 72.58
Sympy 14.52 0. 0. 85.48
Giac 8.06 17.74 0 74.19




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

mA
BB

C
mF

FriCAS Giac/Xcas Maxima Sympy

Rubi Mathematlca Maple



The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.45 243.21 0.97 166.5 1.

Mathematica 2.58 425.37 1.61 210.5 1.22
Maple 0.37 1873.15 6.46 492. 2.7
Maxima 1.21 451.5 3.08 339.5 2.61
Fricas 2.44 500.82 4.33 342. 4.59
Sympy 25.85 525. 7.09 231. 2.61
Giac 3.03 463.69 3.91 276. 3.64




10

1.4 list of integrals that has no closed form an-
tiderivative

(504 151)

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {1} 12,3} 14} 5, (6, (7,8} (16} 18,19} [21} 23} [24} [25} 26 27, [28} [35} 38, 39, [40} A T} (42} 43} [44)

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.



12

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: ([ BB0,7, 800
128, 29, 50,51, 52 53,541 55) 56,57, 58, 55 4
56,57, 58,59,60,6,62

B grade: { }
C grade: { }
F grade: { }

EE
S
ES
IS
B
Sz
Ss
IS
EIS
B
He
IS
HIS
B
B

2.1.2 Mathematica

A grade: 1), 0310|125 L7517 194203 2T 2 2524 29 0L B 2 B3 B
50, 57,68 10,1 46} 1 360 5T 63 b B 65, b 6062

B grade: {}

C grade: {[5}[61[7[18} 25} 26} 27,28, [42) [43, [44} |4} [56} [57} [58]}
F grade: { {4852}

2.1.3 Maple

A grade: {15,712 13, 14 29,4 35 56} 87 1 13 14,50} 5 55 569 60

15
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B grade: {[1} [2} 3} [0} [L0} LT} L5} [16, [17} [19} [20} [21} [22} 30} [31} [32} 33,38} [39} [40} 47} 54} [6 T} [62] }
C grade: {[5}[8}[18}[23}[24}[25] [26[27] [28] [42} 45} [46}, [48} [49}[53) [57, [>8] }
F grade: {}

21.4 Maxima

A grade: {2867} 1352, B3 P80, B3 F0 50
B grade: { BY0} 1) 4 15 6 7 20,22 27 29, B0 1, 68 B9 ) )

C grade: { }

F grade: {[5l8 (1218} 19} 21} 23| [25}[26) 2728} 35} 1T} 42} [43) [14} 49}, 46 7} 48} |4} [50} 51} 52} 53]
[p4}[p7 58} 59} 60} 61} 62}

21.5 FriCAS

A grade: {[11}[13}[14},[33}34,[50, 51 }
B grade: { P}[10}[15}[17,[20,22} 81} 32} 36,37}

C grade: { }

F grade: (28 BB
(5] 4,5 4617 46129, 5 53, 53 55, 50, 73

E

7)) 7 5 01250 0 073
9 61 6

[\'D

m

21.6 Sympy
A grade: { O}[I0}[TT}[13}[17}, 8T} [3%} 3334 }

B grade: { }
C grade: { }
F grade (MBBARANBIL

2.1.7 Giac

A grade: {[13][34}[36,[50,[51] }
B grade: {[9}[10}[11}[14}[15 17, [22} 31} 32} [33} 37 }

C grade: { }

F grade: (1,25} 7B 121618, 19,20, 21|23, 27 29,50} 55 B8, B0 0 1
) 3, 45 47148 10] 53 53] 53 53 50 57 58 % 60

=
[
—
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — :
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 263 263 187 967 432 0 0 0
normalized size | 1 1. 0.71 3.68 1.64 0. 0. 0.
time (sec) N/A 0.339 1.175 0.059  0.982 0. 0. 0.
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 204 204 463 729 350 0 0 0
normalized size | 1 1. 2.27 3.57 1.72 0. 0. 0.
time (sec) N/A 0.269 2.195 0.052  1.008 0. 0. 0.
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 136 136 98 365 273 0 0 0
normalized size | 1 1. 0.72 2.68 2.01 0. 0. 0.
time (sec) N/A 0.2 0.265 0.052  0.987 0. 0. 0.
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 81 81 55 103 188 0 0 0
normalized size | 1 1. 0.68 1.27 2.32 0. 0. 0.
time (sec) N/A 0.086 0.022 0.075  0.986 0. 0. 0.
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Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 148 148 634 1022 0 0 0 0
normalized size | 1 1. 4.28 6.91 0. 0. 0. 0.
time (sec) N/A 0.09 2.967 0.537 0. 0. 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 251 251 208 342 329 0 0 0
normalized size | 1 1. 0.83 1.36 1.31 0. 0. 0.
time (sec) N/A 0.699 1.321 0.135 1.016 0. 0. 0.
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 370 370 271 467 486 0 0 0
normalized size | 1 1. 0.73 1.26 1.31 0. 0. 0.
time (sec) N/A 0.801 3.532 0.096 1.021 0. 0. 0.
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 56 56 75 160 0 0 0 0
normalized size | 1 1. 1.34 2.86 0 0 0. 0.
time (sec) N/A 0.128 0.091 0.271 0 0 0. 0.
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 72 72 78 242 482 342 231 362
normalized size | 1 1. 1.08 3.36 6.69 4.75 321  5.03
time (sec) N/A 0.067 0.104 0.035 0996  2.235 26.819 1.294
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 59 174 304 323 180 258
normalized size | 1 1. 0.86 2.52 441 4.68 261 374
time (sec) N/A 0.065 0.073 0.038 0962 2431 6.206 1.275
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 77 107 153 169 95 192
normalized size | 1 1. 1.6 2.23 3.19 3.52 1.98 4.
time (sec) N/A 0.034 0.046 0.038 0966 2311 2297 1.234
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 54 54 54 89 0 0 0 0
normalized size | 1 1. 1. 1.65 0. 0. 0 0
time (sec) N/A 0.045 0.025 0.041 0. 0. 0 0
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 63 63 69 86 128 205 2749 115
normalized size | 1 1. 11 1.37 2.03 3.25 43.63  1.83
time (sec) N/A 0.059 0.068 0.036 0971 2339 152211 1.142
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 63 63 100 88 177 194 0 196
normalized size | 1 1. 1.59 1.4 2.81 3.08 0. 311
time (sec) N/A 0.049 0.056 0.04 0.982 2.28 0. 1.226
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 159 159 148 732 1116 830 0 944
normalized size | 1 1. 0.93 4.6 7.02 5.22 0. 5.94
time (sec) N/A 0.248 0.181 0.054 1.976 2129 0. 1.5611
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 179 179 150 583 836 0 0 0
normalized size | 1 1. 0.84 3.26 4.67 0. 0. 0.
time (sec) N/A 0.237 0.45 0.058 1.947 0. 0. 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 95 95 134 390 427 436 238 470
normalized size | 1 1. 1.41 411 4.49 4.59 2.51 4.95
time (sec) N/A 0.135 0.102 0.052 1.903 1988 6.195 1.344
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 168 168 424 893 0 0 0 0
normalized size | 1 1. 2.52 5.32 0. 0. 0. 0.
time (sec) N/A 0.303 0.369 0.316 0. 0. 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 104 104 126 396 0 0 0 0
normalized size | 1 1. 1.21 3.81 0. 0. 0. 0.
time (sec) N/A 0.181 0.257 0.063 0. 0. 0. 0.
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Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 119 119 136 371 444 598 0 0
normalized size | 1 1. 1.14 3.12 3.73 5.03 0. 0.
time (sec) N/A 0.174 0.178 0.064 1.023  2.239 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 180 180 218 492 0 0 0 0
normalized size | 1 1. 1.21 2.73 0. 0. 0. 0.
time (sec) N/A 0.27 0.535 0.066 0. 0. 0. 0.
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 172 172 218 431 828 1181 0 608
normalized size | 1 1. 1.27 2.51 4.81 6.87 0. 3.53
time (sec) N/A 0.262 0.267 0.076 1132  2.418 0. 1.647
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 263 263 336 1768 0 0 0 0
normalized size | 1 1. 1.28 6.72 0. 0. 0 0
time (sec) N/A 0.467 0.721 0.468 0. 0. 0 0
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 160 160 213 6834 849 0 0 0
normalized size | 1 1. 1.33 42.71 5.31 0. 0. 0.
time (sec) N/A 0.263 1.161 0.43 1.949 0. 0. 0.
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 257 257 599 1842 0 0 0 0
normalized size | 1 1. 2.33 7.17 0. 0. 0. 0.
time (sec) N/A 0.492 0.508 0.256 0. 0. 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 143 143 248 2001 0 0 0 0
normalized size | 1 1. 1.73 13.99 0. 0. 0. 0.
time (sec) N/A 0.304 0.598 0.338 0. 0. 0. 0.
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 166 166 335 5796 0 0 0 0
normalized size | 1 1. 2.02 34.92 0. 0. 0. 0.
time (sec) N/A 0.335 1.121 0.437 0. 0. 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 269 269 393 2247 0 0 0 0
normalized size | 1 1. 1.46 8.35 0. 0. 0. 0.
time (sec) N/A 0.514 1.245 0.519 0. 0. 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 21 21 31 34 78 0 0 0
normalized size | 1 1. 1.48 1.62 3.71 0. 0. 0.
time (sec) N/A 0.022 0.003 0.04 0.965 0. 0. 0.
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F F

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 32 32 52 59 178 0 0 0

normalized size | 1 1. 1.62 1.84 5.56 0. 0. 0.

time (sec) N/A 0.031 0.006 0.043  0.978 0. 0. 0.

Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B A B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 168 168 270 786 450 857 644 1003
normalized size | 1 1. 1.61 4.68 2.68 5.1 383 597
time (sec) N/A 0.331 0.268 0.041 0986 2175 27.428 2.653
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B A B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 120 120 174 477 279 549 369 597
normalized size | 1 1. 1.45 3.98 2.32 4.58 3.08  4.97
time (sec) N/A 0.204 0.157 0.037  0.969 2.08 8348 1.677
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 97 97 138 184 147 320 173 294
normalized size | 1 1. 1.42 1.9 1.52 3.3 1.78  3.03
time (sec) N/A 0.169 0.046 0.033 0959 2115 234 1.311
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 40 40 48 44 49 158 46 82

normalized size | 1 1. 1.2 1.1 1.22 3.95 1.15  2.05
time (sec) N/A 0.024 0.016 0.028 0945 1943 0.775 1.176
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Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 130 130 126 202 0 0 0 0
normalized size | 1 1. 0.97 1.55 0 0 0. 0.
time (sec) N/A 0.136 0.073 0.211 0 0 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 115 115 125 141 163 585 0 242
normalized size | 1 1. 1.09 1.23 1.42 5.09 0. 21
time (sec) N/A 0.169 0.195 0.037 0961  3.196 0. 1.227
Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 167 167 174 236 393 1767 0 2056
normalized size | 1 1. 1.04 1.41 2.35 10.58 0. 12.31
time (sec) N/A 0.254 0.343 0.073 1.015  9.639 0. 29.816
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 562 562 1082 4401 1840 0 0 0
normalized size | 1 1. 1.93 7.83 3.27 0. 0. 0.
time (sec) N/A 1.041 7.194 0.082  1.991 0. 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 374 374 795 2694 1088 0 0 0
normalized size | 1 1. 213 7.2 291 0. 0. 0.
time (sec) N/A 0.64 2.981 0.069  1.955 0. 0. 0.
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Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 221 220 271 857 560 0 0 0
normalized size | 1 1. 1.23 3.88 2.53 0. 0. 0.
time (sec) N/A 0.462 0.54 0.053 1.929 0. 0. 0.
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 97 97 98 174 0 0 0 0
normalized size | 1 1. 1.01 1.79 0. 0. 0. 0.
time (sec) N/A 0.121 0.107 0.073 0. 0. 0. 0.
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 214 214 2404 1984 0 0 0 0
normalized size | 1 1. 11.23 9.27 0. 0. 0. 0.
time (sec) N/A 0.154 23.53 0.878 0. 0. 0. 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 480 485 425 783 0 0 0 0
normalized size | 1 1.01 0.89 1.63 0. 0. 0. 0.
time (sec) N/A 1.713 7.452 0.168 0. 0. 0. 0.
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 750 750 1970 1428 0 0 0 0
normalized size | 1 1. 2.63 1.9 0. 0. 0. 0.
time (sec) N/A 2.126 14.663 0.179 0. 0. 0. 0.
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Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B C F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 546 546 1868 12111 0 0 0 0
normalized size | 1 1. 3.42 22.18 0. 0 0. 0.
time (sec) N/A 1.046 9.386 4.24 0. 0 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 326 325 566 20255 0 0 0 0
normalized size | 1 1. 1.74 62.13 0. 0 0. 0.
time (sec) N/A 0.726 1.295 1.31 0. 0 0. 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 132 132 194 346 0 0 0 0
normalized size | 1 1. 1.47 2.62 0. 0. 0. 0.
time (sec) N/A 0.23 0.149 0.106 0. 0. 0. 0.
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 308 308 0 4064 0 0 0 0
normalized size | 1 1. 0. 13.19 0 0 0. 0.
time (sec) N/A 0.193 30.178 0.607 0 0 0. 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1089 1094 2683 5728 0 0 0 0
normalized size | 1 1. 2.46 5.26 0 0 0. 0.
time (sec) N/A 2.827 23.168 0.84 0 0 0. 0.
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Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.068 4.239 1.266 0. 0. 0. 0.
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.069 0.289 1.103 0. 0. 0. 0.
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F(-2) F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 162 162 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.257 0.083 1.027 0. 0. 0. 0.
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 780 780 623 587 0 0 0 0
normalized size | 1 1. 0.8 0.75 0. 0. 0. 0.
time (sec) N/A 1.395 0.728 0.493 0. 0. 0. 0.
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 481 481 365 1300 0 0 0 0
normalized size | 1 1. 0.76 2.7 0. 0. 0. 0.
time (sec) N/A 0.606 0.291 0.352 0. 0. 0. 0.
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Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 120 120 138 176 259 0 0 0
normalized size | 1 1. 1.15 1.47 2.16 0. 0. 0.
time (sec) N/A 0.13 0.012 0.213  0.989 0. 0. 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 186 186 759 297 259 0 0 0
normalized size | 1 1. 4.08 1.6 1.39 0. 0. 0.
time (sec) N/A 0.237 3.927 0.197 0.961 0. 0. 0.
Problem 57, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F(-2) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 545 545 1456 20505 0 0 0 0
normalized size | 1 1. 2.67 37.62 0 0 0. 0.
time (sec) N/A 0.911 24.507 3.524 0 0 0. 0.
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F(-2) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 832 832 917 650 0 0 0 0
normalized size | 1 1. 1.1 0.78 0. 0. 0. 0.
time (sec) N/A 1.43 7.935 0.579 0. 0. 0. 0.
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 585 585 549 738 0 0 0 0
normalized size | 1 1. 0.94 1.26 0. 0. 0. 0.
time (sec) N/A 1.013 0.519 0.239 0. 0. 0. 0.
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Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 661 661 598 970 0 0 0 0
normalized size | 1 1. 0.9 1.47 0. 0. 0. 0.
time (sec) N/A 1.072 0.607 0.181 0. 0. 0. 0.
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 335 335 403 2140 0 0 0 0
normalized size | 1 1. 1.2 6.39 0. 0. 0. 0.
time (sec) N/A 0.721 0.54 0.622 0. 0. 0. 0.
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 83 83 114 194 0 0 0 0
normalized size | 1 1. 1.37 2.34 0. 0. 0. 0.
time (sec) N/A 0.263 0.116 0.058 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules .

: — is given. The larger this ratio is, the harder the
integrand size

integral was to solve. In this test, problem number [7] had the largest ratio of [ 1.333 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized - d
integran f rul
# | grade steps unique antiderivative & _pumber of rules
leaf size integrand leaf size
used rules leaf size
1 A 19 15 1. 12 1.25

Continued on next page




Table 2.1 — continued from previous page

number of number of normalized integrand —
# | grade steps unique antideri\./ative leaf size togrand leaf size
used rules leaf size

2 A 15 13 1. 12 1.083
3 A 12 10 1. 10 1.

4 A 6 6 1. 8 0.75
5 A 2 2 1. 12 0.167
6 A 17 15 1. 12 1.25
U A 21 16 1. 12 1.333
3 A 4 5 1. 12 0.417
9 A 6 5 1. 21 0.238
10 A 6 5 1. 21 0.238
11 A 5 5 1. 19 0.263
12 A 3 3 1. 21 0.143
13 A 7 7 1. 21 0.333
14 A 5 5 1. 21 0.238
15 A 13 9 1. 23 0.391
16 A 11 10 1. 23 0.435
17, A 8 7 1. 21 0.333
18 A 8 7 1. 23 0.304
19 A 6 6 1. 23 0.261
20 A 10 9 1. 23 0.391
21 A 10 9 1. 23 0.391
22 A 15 10 1. 23 0.435
23 A 14 11 1. 23 0.478
24 A 10 10 1. 21 0.476
25 A 10 8 1. 23 0.348
26 A 7 8 1. 23 0.348
27 A 9 8 1. 23 0.348
28 A 16 13 1. 23 0.565
29 A 3 3 1. 12 0.25
30 A 3 3 1. 19 0.158
31 A 7 5 1. 18 0.278
32 A 7 5 1. 18 0.278
33 A 7 5 1. 16 0.312

Continued on next page
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Table 2.1 — continued from previous page

number of num?)er of no.rma.lize.d integrand —
# | grade steps unique antldem./atlve leaf size mtogrand leaf size
used rules leaf size

34 A 4 3 1. 10 0.3
35 A 5 5 1. 18 0.278
36 A 7 5 1. 18 0.278
37 A 5 4 1. 18 0.222
38 A 20 15 1. 20 0.75
39 A 16 13 1. 20 0.65
40 A 13 10 1. 18 0.556
41 A 6 6 1. 12 0.5
42 A 2 2 1. 20 0.1
43 A 21 19 1.01 20 0.95
44 A 26 18 1. 20 0.9
45 A 21 14 1. 20 0.7
46 A 15 11 1. 18 0.611
47 A 6 7 1. 12 0.583
48 A 2 2 1. 20 0.1
49 A 30 18 1. 20 0.9
50 A 0 0 0. 0 0.
51 A 0 0 0. 0 0.
52 A 6 4 1. 18 0.222
53 A 23 5 1. 16 0.312
54 A 17 5 1. 16 0.312
55 A 5 5 1. 14 0.357
56 A 15 7 1. 16 0.438
57 A 25 7 1. 16 0.438
58 A 31 7 1. 16 0.438
59 A 31 13 1. 18 0.722
60 A 37 16 1. 18 0.889
61 A 12 8 1. 19 0.421
62 A 6 5 1. 32 0.156
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Chapter 3

Listing of integrals

3.1 [ tanh ™' (a + bx)? dx

Optimal. Leaf size=263

a+bx+1

a (”2 + 1) PolyLog (2, __a_bxﬂ) (6a2 + 1) log (1 —(a+ bx)z) a (az + 1) tanh ™ (a + bx)? (a4 +6a° + 1) tanh™
+

b* 4p* b* 4p*

[Out] -((a*x)/b"3) + (a + b*x)"2/(12%b"4) + (a*ArcTanh[a + b*x])/b"4 + ((1 + 6*a”
2)*(a + b*x)*ArcTanh[a + b*x])/(2¥b"4) - (ax(a + b*x) 2*ArcTanh[a + b*x])/b

“4 + ((a + b*x)"3*%ArcTanh[a + b*x])/(6*b~4) - (a*x(1 + a~2)*ArcTanh[a + b*x]
“2)/b74 - ((1 + 6*xa”2 + a~4)*ArcTanh[a + b*x]~2)/(4*b~4) + (x"4*ArcTanh[a +
b*x]~2)/4 + (2%ax(1 + a~2)*ArcTanh[a + b*x]*Log[2/(1 - a - b*x)])/b~4 + Lo

gll - (a + b*x)"2]/(12+%b74) + ((1 + 6*a~2)*Logl[l - (a + b*x)~2])/(4xb~4) +

(ax(1 + a~2)*PolyLog[2, -((1 + a + bxx)/(1 - a - b*x))])/b~4

Rubi [A] time = 0.338751, antiderivative size = 263, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 19, number of rules used = 15, integrand size = 12, e o e
integrand size

= 1.25, Rules used = {6111, 5928, 5910, 260, 5916, 321, 206, 266, 43, 6048, 5948, 5984, 5918,
2402, 2315}

a+bx+1

a (112 + 1) PolyLog (2, =

) . (6a2 + 1) log (1 —(a+ bx)z) a (az + 1) tanh ™ (a + bx)? (a4 +6a° + 1) tanh™
bt 4b* b* 4b*

Antiderivative was successfully verified.

[In] Int[x"3%ArcTanh[a + b*x]~2,x]
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[Out] -((a*x)/b"3) + (a + b*x)~2/(12%b"4) + (a*xArcTanh[a + b*x])/b~4 + ((1 + 6*a”
2)x(a + b*x)*xArcTanh[a + b*x])/(2%¥b~4) - (ax(a + b*x) 2*ArcTanh[a + b*x])/b

“4 + ((a + b*x) " 3*ArcTanh[a + b*x])/(6%b"4) - (ax(1 + a~2)*ArcTanh[a + b*x]
“2)/b74 - ((1 + 6*xa”"2 + a~4)*ArcTanh[a + b*x]~2)/(4*b~4) + (x"4*ArcTanh[a +
b*x]~2)/4 + (2%ax(1 + a~2)*ArcTanh[a + b*x]*Log[2/(1 - a - b*x)])/b~4 + Lo

gll - (a + b*x)"2]/(12%b74) + ((1 + 6*a”2)*Logl[l - (a + b*x)72])/(4xb~4) +

(ax(1 + a”2)*PolyLog[2, -((1 + a + bxx)/(1 - a - b*x))]) /b4

Rule 6111

Int[((a_.) + ArcTanh[(c_ ) + (d_.)*x)I*x(_.))"(p_.)*((e_.) + (f_.)*x(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (fxx)/d) " m*(a + bxA
rcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGt
Qlp, 0]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_8
ymbol] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+exx)"(q+ 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&% IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b¥ArcTanh[c*x])~(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))"(p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x])"p)/(d*(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 321
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Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n- Dx*x(cxx)"(m - n + D*(a + b*x™n) " (p + 1))/ (b*x(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtl[a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/bl && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((f_) + (g_.)*(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx”2), (f + gxx)"m, x], x] /; FreeQl{a, b, c, d, e, £, g}, x] & I
GtQlp, 0] && EqQlc™2*d + e, 0] && IGtQ[m, O]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)*x(x_))/((d_) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] &% EqQ[c™2xd + e, 0] && IGtQ[p, O]
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Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c~2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Logl(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol]l :> -Simp[PolyLogl[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rubi steps
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Subst (f (—g + )—;)3 tanh ™ (x)2 dx, x, a + bx)
b

f x3tanh™(a + bx)? dx =

(1 + 6612) tanh™ (x) . 4axtanh™'(x)  x2tanh™(

1 _ 1
= Zx4 tanh ™ (a + bx)? - > Subst (f (—

bt b b
(1+6a2+a—4a(1+a%)x
1, = b2 Subst ( f x? tanh_l(x) dx,x,a + bx) Subst (f 1-x2
=" tanh " (a + bx)~ + T - o

(1 + 6a2) (a + bx) tanh™ (a + bx) a(a + bx)? tanh ™" (a + bx) . (a + bx)3 tanh ™' (a + bx)
2b4 bt 6b*

ax (1 + 6612) (a + bx) tanh™ (a + bx) a(a + bx)? tanh ™" (a + bx) . (a + bx)® tanh™(
& b4 b* 6b*

ax 4 tanh™ (a + bx) . (1 + 602) (a + bx) tanh™ (a + bx) a(a + bx)? tanh ™" (a + bx)
b3 b* 2b4 bt

ax (a + bx)? L tanh ™ (a + bx) s (1 + 6612) (a + bx) tanh™ (a + bx) a(a + bx)? tan
b3 12v4 b* 2b4 bt

ax N (a + bx)? N a tanh_l(a + bx) . (1 + 6a2) (a + bx) tanh_l(a +bx)  a(a + bx)? tan
b3 12v* b* 2b* b*

_ o (a+bx)> atanh (g + bx) (1 + 6612) (a + bx) tanh ™ (a + bx) a(a + bx)? tan
S 12pt bt 20 b

Mathematica [A] time = 1.17481, size = 187, normalized size = 0.71

12 (a3 + a) PolyLog (2, —e‘zmnhfl(“bx)) +3 (a4 — 4a% + 6a% — 4a — b*x* + 1) tanh ™ (a + bx)? — 2 tanh ™ (a + bx) (9‘

Warning: Unable to verify antiderivative.

[In] Integrate[x~3*ArcTanh[a + b*x]~2,x]

[Out] -(1 + 11*a”2 + 10*a*xb*x - b72*x72 + 3*%(1 - 4%a + 6%a”2 - 4*a”3 + a”4 - b4
x"4)*ArcTanh[a + b*x] "2 - 2*ArcTanh[a + b*x]*(9*a + 13*a”3 + 3*b*xx + 9*a~2%
bxx — 3%a*xb”2xx"2 + b73*x"3 + 12x(a + a”3)*Logl[l + E~(-2*ArcTanh[a + b*x])]
) + 8xLogl[1/Sqrt[1 - (a + bxx)~2]] + 36%a”2xLogl[1/Sqrt[1 - (a + b*xx)~2]] +
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12x(a + a”3)*PolyLog[2, -E~(-2*%ArcTanh[a + b*x])])/(12%¥b"4)

Maple [B] time = 0.059, size = 967, normalized size = 3.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arctanh(b*x+a)”~2,x)

[Out] 1/4*x"4*arctanh(b*x+a) " 2-1/2/b 4xa*x1ln(b*x+a-1)+1/2/b 4*axln(b*x+a+1)+1/16/b
“4x1n(b*x+a-1)"2%a"4-1/4/b~4*1n(b*x+a-1) "2%a+1/b~4*dilog(1/2+1/2*b*x+1/2%a)
*a~3+1/b"4*xdilog(1/2+1/2%b*x+1/2%a)*a+3/2/b~4*1n(b*x+a-1)*a~2+3/2/b~4*1n (b*
x+a+1)*a~2+1/16/b"4*x1n(b*x+a+1) "2*xa~4+1/4/b"4*1n (b*x+a+1) "2*a~3+3/8/b"4*1n(
bxx+a+1) “2%¥a~2+1/8/b"4x1n(-1/2*b*x-1/2*%a+1/2) *1n(1/2+1/2%b*x+1/2%a)-1/8/b"4
*1n(-1/2%bxx-1/2*%a+1/2) *1n(b*x+a+1)+1/4/b"4*xarctanh (b*x+a)*1n(b*x+a-1)-1/4/
b~4xarctanh (b*xx+a)*1n(b*x+a+1)+13/6/b " 4*xarctanh (b*x+a)*a~3+1/4/b"4*x1n (b*x+a
+1)"2*%a-1/8/b"4*x1n(b*x+a-1)*1n(1/2+1/2*b*x+1/2*a)+1/2/b"3*arctanh (b*x+a) *x+
1/6/b*arctanh (b*x+a)*x~3-1/4/b"4*x1n(b*x+a-1) "2*a~3+3/8/b 4*x1n(b*x+a-1) "2*a”
2-1/2/b"4*x1n(b*x+a+1) *1n(-1/2*b*x-1/2*a+1/2)*a-1/8/b"4*1n(1/2+1/2*b*x+1/2%*a
)*x1n(b*x+a-1)*a~4+1/2/b"4x1n(1/2+1/2%b*x+1/2*a) *1n(b*x+a-1)*a~3+1/2*a*arcta
nh(b*x+a) /b"4+1/4/b " 4*arctanh (b*x+a)*1n(b*x+a-1)*a~4-1/b " 4*arctanh (b*x+a) *1
n(b*x+a-1)*a~3-3/4/b"4*1n(b*x+a+1)*1n(-1/2%b*x-1/2*a+1/2)*a"2-1/8/b"4*1n (b*
x+a+1)*1n(-1/2%b*x-1/2*a+1/2)*a"4-1/2/b"4*x1n(b*x+a+1) *1n(-1/2*b*x-1/2*a+1/2
)*a~3+3/2/b" 3*arctanh (b*x+a)*x*a~2-1/2/b"2*arctanh (b*x+a) *x~2*a+1/2/b"4*1n(
1/2+1/2*xb*x+1/2*a) *1n(-1/2*bxx-1/2*a+1/2)*a~3+3/4/b"4*x1n(1/2+1/2*b*x+1/2*a)
*1n(-1/2*%b*x-1/2*%a+1/2)*a~2+1/8/0"4*1n(1/2+1/2*b*x+1/2*a) *1n(-1/2*¥b*x-1/2*a
+1/2)*a"4-1/4/b"4xarctanh (b*xx+a) *1n(b*x+a+1)*a”~4-1/b " 4*xarctanh (b*x+a)*1n (b*
x+a+1)*a~3-3/2/b"4*arctanh (b*x+a)*x1n(b*x+a+1l)*a~2-1/b 4*arctanh (b*x+a)*1n(b
*x+a+1)*a+3/2/b"4xarctanh (b*x+a)*1n(b*x+a-1)*a~2-1/b 4*arctanh (b*x+a) *1n (b*
x+a-1)*a-5/6*a*xx/b~3-3/4/b"4x1n(1/2+1/2*bxx+1/2*a) *1n(b*x+a-1)*a~2+1/2/b"4x
In(1/2+1/2*b*xx+1/2*%a)*1n(-1/2%b*x-1/2*a+1/2) *a+1/2/b"4*x1n(1/2+1/2%b*x+1/2*a
)*1n(b*x+a-1)*a+1/3/b"4*x1n(b*x+a+1)+1/16/b"4*1n(b*x+a+1) "2+1/16/b"4*1n (b*x+
a-1)"2+1/12/b"2*x"2+1/3/b"4*x1n(b*x+a-1)-11/12/b"4*xa"~2

Maxima [A] time = 0.982425, size = 432, normalized size = 1.64

1 , 1 48(113+a)(log(bx+a—1)log(%bx+%a+%)+Liz(—%bx—%a+%)) 4(13a3+15
Zx4artanh(bx+a) +Eb2 5 +




39

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arctanh(b*x+a)”~2,x, algorithm="maxima"

[Out] 1/4*x"4*xarctanh(b*x + a)~2 + 1/48%b~2%(48x(a"3 + a)*(log(bxx + a - 1)*log(l
/2%b*x + 1/2%a + 1/2) + dilog(-1/2xb*x - 1/2xa + 1/2))/b"6 + 4*(13xa~3 + 18

*a”2 + 9%a + 4)*log(b*x + a + 1)/b76 + (4*b72%x72 - 40*axb*x + 3*%(a"4 + 4xa

73 + 6%a”2 + 4*xa + 1)*log(b*x + a + 1)72 - 6%(a”4 + 4%a”3 + 6*%a”2 + 4xa + 1
)*log(b*x + a + 1)*log(b*x + a - 1) + 3*x(a”4 - 4%a”3 + 6*%a”2 - 4*a + 1)xlog

(bxx + a - 1)72 - 4x(13*%a”3 - 18*%a”2 + 9*a - 4)*log(b*x + a - 1))/b76) + 1/
12xb* (2% (b7™2%x"3 - 3*axb*x”2 + 3*%(3%a”2 + 1)*x)/b"4 - 3%x(a™4 + 4*a”3 + 6*a”

2 + 4*xa + 1)*log(b*x + a + 1)/b75 + 3%x(a™4 - 4xa”3 + 6*%a”2 - 4xa + 1)xlog(b

xx + a - 1)/b”5)*arctanh(b*x + a)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x3 artanh (bx + a)*, x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arctanh(b*x+a)~2,x, algorithm="fricas")

[Out] integral(x~3*arctanh(b*x + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f 3 atanh? (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*atanh(b*x+a)**2,x)

[Out] Integral(x**3*atanh(a + b*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f 3 artanh (bx + a)* dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arctanh(b*x+a)~2,x, algorithm="giac")

[Out] integrate(x~3*arctanh(b*x + a)~2, x)

40
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3.2 IEs tanh ™ (a + bx)? dx

Optimal. Leaf size=204

a+bx+1

(3112 + 1) PolyLog (2, -

_a_bx+1) a (az + 3) tanh ™ (a + bx)? (3a2 + 1) tanh ™ (a + bx)? 2 (3”2 + 1) log(
+

2

—a—bxA

30 30 * 303

[Out] x/(3%b~2) - ArcTanh[a + b*x]/(3*b~3) - (2*ax(a + b*x)*ArcTanh[a + b*x])/b"3

+ ((a + b*x) 2xArcTanh[a + bxx])/(3*%b~3) + (a*(3 + a"2)*ArcTanh[a + b*x]"2
)/ (3*b73) + ((1 + 3xa~2)*ArcTanh[a + b*x]72)/(3*b"3) + (x"3*ArcTanh[a + b*x
172)/3 - (2x(1 + 3*%a~2)*ArcTanh[a + b*x]*Log[2/(1 - a - b*x)])/(3*%b"3) - (a
xLog[1 - (a + b*x)72])/b"3 - ((1 + 3*a”2)*PolyLog[2, -((1 + a + b*x)/(1 - a
- b*x))1)/(3%b73)

Rubi [A] time = 0.26857, antiderivative size = 204, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 13, integrand size = 12, e o e
integrand size

=1.083, Rules used = {6111, 5928, 5910, 260, 5916, 321, 206, 6048, 5948, 5984, 5918, 2402,
2315}

a+bx+1

363

2
—a—bxA

303 30 * 303

Antiderivative was successfully verified.

[In] Int[x"2*ArcTanhl[a + b*x]~2,x]

[Out] x/(3*b~2) - ArcTanh[a + b*x]/(3*b~3) - (2*ax(a + b*x)*ArcTanh[a + b*x])/b"3

+ ((a + b*x)"2xArcTanh[a + b*x])/(3*b"3) + (ax(3 + a~2)*ArcTanh[a + b*x]~2
)/ (3*%b~3) + ((1 + 3*a~2)*ArcTanh[a + b*x]~2)/(3*b"3) + (x"3*ArcTanh[a + b*x
172)/3 - (2%(1 + 3*a"2)*ArcTanh[a + b*x]*Log[2/(1 - a - bxx)])/(3*b"3) - (a
xLog[1 - (a + b*x)72])/b"3 - ((1 + 3*a”2)*PolyLog[2, -((1 + a + b*x)/(1 - a
- bxx))])/(3%b73)

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*x(b_.)) " (p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) "m*x(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rule 5928

(34 + 1) PolyLog (21 __a_be) a(a?+3) tanh™ (2 + bx)? (3a2 +1) tanh ™ (a + bx)2 2 (342 +1) log(
+

363
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_8
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x]) (p - 1)
, (d+exx)"(q+ 1D/(1 - c™2%x72), x], x], x] /; FreeQl{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh[c*x])“p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2*%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[la + bxx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(b*c
*p)/(d*x(m + 1)), Int[((d*x)~(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_)*((f) + (g_)*(x))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] & I
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GtQlp, 0] && EqQlc™2%d + e, 0] && IGtQ[m, O]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x )]*x(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_ )]1*(b_.)) " (p_.)*x(x_))/((d) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*xex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c™2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

c¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rubi steps
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Subst (f (—g + )—;)2 tanh ™ (x)2 dx, x, a + bx)
b

f x2tanh™(a + bx)? dx =

3atanh™ (v) _ xtanh ™ (x) ~ (ﬂ (3 + ﬂz) - (1 + 3612)3

1 _ 2
= §x3 tanh ™ (a + bx)? - 3 Subst (f(

b3 b3 b3 (1 _ xz)
(a(3+a2)—(1+3u2)x) 1
1, 3 ) 2 Subst (fx tanh_l(x) dx,x,a+ bx) 2Subst (f 1-x2
= 3% tanh™ (a + bx)* + e + e

Subst ( f

_2a(a + bx) tiélh_l(a +bx) + (a + b t?;il_l(a + bx) + %x3 tanh ™ (a + bx)? -

x  2a(a+bx)tanh '@ +bx) (a+bx)Ptanh i@ +bx) 1 1 alog
=37 3 + 20 + §x3 tanh™ (a + bx)? - ——

_x tanh_l(a + bx) ~ 2a(a + bx) tanh_l(a + bx) N (a + bx)? tanh_l(a + bx) N a (3 + az)
3 363 B 3b3

x tanh_l(a +bx) 2a(a + bx) tanh_l(a + bx) N (a + bx)? tanh_l(a + bx) N a (3 + 112)
3 3b3 B 3b3

I tanh™ (2 + bx)  2a(a + bx) tanh ™' (a + bx) . (a + bx)? tanh ™' (a + bx) .\ a (3 + az)
 3p2 3b° b 303

X tanh (2 + bx)  2a(a + bx) tanh ™} (a + bx) . (a + bx)? tanh ™' (a + bx) .\ a (3 + 612)
3 3b° B 3b3

Mathematica [B] time = 2.19497, size = 463, normalized size = 2.27

3(3a2—4a+1) tanh ™! (a+bx)2+2 tanh™! (a+bx)((9a2+3)

-1
2 —2tanh b
)3/2 4(3‘1 +1)PolyL0g(2,—e anb X)) 3a2(a+bx) tanh_l(a+bx)2

1—(a+ bx)?
( ( ) (1_w+bxy)yz Vi-(a+bx)? Vi-(a+b

Warning: Unable to verify antiderivative.

[In] Integrate[x~2*ArcTanh[a + b*x]~2,x]

[Out] -((1 - (a + b*x)72)7(3/2)*(-((a + b*x)/Sqrt[1 - (a + b*x)"2]) + (6%a*x(a + b
xx)*ArcTanh[a + b*x])/Sqrt[l - (a + b*x)~2] + (3*(a + b*x)*ArcTanh[a + b*x]
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~2)/8qrt[1 - (a + b*x)7"2] - (3*a"2*(a + b*x)*ArcTanh[a + b*x]~2)/Sqrt[1 - (
a + b*x)~2] + ArcTanh[a + b*x] 2*Cosh[3*ArcTanh[a + b*x]] + 3*a"2%ArcTanhl[a
+ b*x] "2*Cosh [3*ArcTanh[a + b*x]] + 2%ArcTanh[a + b*x]*Cosh[3*ArcTanh[a +
b*x]]*Log[1 + E~(-2*%ArcTanh[a + b*x])] + 6*a~2*ArcTanh[a + b*x]*Cosh[3*ArcT
anh[a + b*x]]*Log[l + E~(-2%ArcTanh[a + bxx])] - 6*a*Cosh[3*ArcTanh[a + b*x
11*Log[1/Sqrt[1 - (a + b*x)~2]] + (3*%(1 - 4*a + 3*a”2)*ArcTanh[a + b*x]"2 +
2xArcTanh[a + b*x]*(2 + (3 + 9*xa”2)*Log[l + E~(-2%ArcTanh[a + bxx])]) - 18
xaxLog[1/Sqrt[1 - (a + b*x)~"2]]1)/Sqrt[l - (a + b*x)~2] - (4%(1 + 3*a”2)*Pol
yLog[2, -E~(-2%ArcTanh[a + b*x])])/(1 - (a + b*x)~2)7(3/2) - Sinh[3*ArcTanh
[a + b*x]] + 6*axArcTanh[a + bxx]*Sinh[3*ArcTanh[a + b*x]] - ArcTanh[a + bx
x]72%Sinh [3*ArcTanh[a + b*x]] - 3*a”2xArcTanh[a + b*x] 2%Sinh[3*ArcTanh[a +
bkxx]]))/(12%b~3)

Maple [B] time = 0.052, size = 729, normalized size = 3.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arctanh(b*x+a)”~2,x)

[Out] 1/3*x/b~2+1/3*x"3*arctanh(b*x+a) ~2+1/3/b"3*arctanh(b*x+a)*1n(b*x+a-1)-1/6/b
~3*x1n(b*x+a-1)*1n(1/2+1/2%b*x+1/2*a)+1/3/b*arctanh (b*x+a)*x~2-1/12/b"3*1n(b
*x+a-1) "2*a~3+1/4/b"3*x1n(b*x+a-1) "2*a"2-1/4/b"3*1n(b*x+a-1) "2*%a-1/12/b"3%1n
(b*x+a+1) "2*a~3-1/4/b"3*1n(b*x+a+1) "2*a~2-1/4/b"3*1n(b*x+a+1) "2*a-1/b " 3*ax*l
n(b*x+a-1)-1/b"3*a*ln(b*x+a+1)+1/3/b"3*arctanh (b*x+a) *1n(b*x+a+1)-5/3/b"3*a
rctanh (b*xx+a)*a~2-1/b"3*dilog(1/2+1/2xb*x+1/2*a)*a~2-1/6/b"3*1n(-1/2*b*xx-1/
2%a+1/2)*1n(1/2+1/2%b*x+1/2%a)+1/6/b"3*%1n(-1/2%b*x-1/2*a+1/2) *1n(b*x+a+1)+1
/b~ 3*xarctanh (b*x+a)*1n(b*x+a+1)*a+1/b~3*arctanh (b*x+a)*1n(b*x+a-1)*a~2-4/3/
b~ 2*arctanh (b*xx+a) *x*a+1/b~3*arctanh (b*x+a)*1ln(b*x+a+1)*a~2-1/6/b"3x1n(1/2+
1/2*bxx+1/2*a)*1n(-1/2*b*x-1/2*a+1/2)*a~3-1/b"3*arctanh (b*x+a) *1n(b*x+a-1) *
a+1/3/b~3*arctanh (b*x+a)*1n (b*x+a+1)*a~3-1/3/b~3*arctanh (b*x+a) *1n(b*x+a-1)
*a”"3+1/2/b"3%1n(b*x+a+1)*1n(-1/2%b*x-1/2%a+1/2)*a~2-1/2/b"3*1n(1/2+1/2xb*x+
1/2*a)*1n(-1/2%b*x-1/2*a+1/2)*a”~2-1/2/b"3*x1n(1/2+1/2*b*x+1/2*a) *1n (b*x+a-1)
*a"2+1/2/b73*1n(1/2+1/2xbxx+1/2*a) *1n(b*x+a-1) *a+1/2/b~3*1n (b*x+a+1) *1n(-1/
2%b*x-1/2%a+1/2)*a+1/6/b"3*x1n(1/2+1/2*b*x+1/2*a) *1n(b*x+a-1)*a~3-1/2/b"3*1n
(1/2+1/2%b*x+1/2*a)*1n(-1/2%b*x—-1/2*a+1/2) *a+1/6/b”3*1n(b*x+a+1) *1n(-1/2%b*
x-1/2*%a+1/2)*a~3+1/3/b"3%a-1/3/b"3*dilog(1/2+1/2*xb*x+1/2%a)-1/6/b"3*1n (b*x+
a+1)+1/6/b”"3%1n(b*x+a-1)+1/12/b"3*1n(b*x+a-1)"2-1/12/b"3*x1n(b*x+a+1) "2
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Maxima [A] time = 1.00826, size = 350, normalized size = 1.72

1 1 1 1 1 1
4(3{12+1)(10g(bx+a—1)log(5bx+Ea+5)+L12(—5bx—Ea+E)) . 2(5u2+6a

1 1
3 x3artanh (bx + a)® - 5 b? 73

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arctanh(b*x+a)~2,x, algorithm="maxima")

[Out] 1/3%x73*arctanh(b*x + a)72 - 1/12%b72x(4*(3*a"2 + 1)*(log(b*x + a - 1)*log(
1/2%bxx + 1/2%a + 1/2) + dilog(-1/2*%b*xx - 1/2%a + 1/2))/b"5 + 2% (5*a”2 + 6%

a + 1)xlog(b*x + a + 1)/b75 + ((a”3 + 3*xa”2 + 3*a + 1)*log(b*x + a + 1)72 -

2% (a3 + 3*xa”2 + 3*%a + 1)xlog(b*x + a + 1)xlog(b*x + a - 1) + (a”3 - 3*a”2

+ 3*%a - 1)xlog(b*x + a - 1)72 - 4%b*x - 2%(5%xa”2 - 6%a + 1)*log(b*x + a -
1))/075) + 1/3xbx((b*x~2 - 4*a*x)/b"3 + (a”3 + 3*a”2 + 3*a + 1)*log(b*x + a

+ 1)/b™4 - (2”3 - 3*%a”2 + 3*%a - 1)*log(b*x + a - 1)/b~4)*arctanh(b*x + a)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x2 artanh (bx + a)*, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arctanh(b*x+a)~2,x, algorithm="fricas")

[Out] integral(x~2*arctanh(b*x + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f x2 atanh? (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*atanh(bxx+a)**2,x)

[Out] Integral(x**2*atanh(a + b*x)**2, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f x2 artanh (bx + a)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arctanh(b*x+a)”~2,x, algorithm="giac")

[Out] integrate(x~2*arctanh(b*x + a)~2, x)
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3.3 | xtanh™ (a + bx)2 dx

Optimal. Leaf size=136

a+bx+1

aPolyLog (2, ——_a_bm) (a2 +1) tanh™ (a + bx)? Lo (1-(a+bx?) _atanh™!(a + bx)? , (a+b) tanh ™ (a + b

b? 2b? 2b? b? b?

[Out] ((a + b*x)*ArcTanh[a + b*x])/b"2 - (a*ArcTanh[a + b*x]72)/b"2 - ((1 + a™2)*
ArcTanh[a + b*x]72)/(2%b"2) + (x"2*ArcTanh[a + b*x]~2)/2 + (2*axArcTanh[a +
b*x]*Log[2/(1 - a - b*x)])/b"2 + Log[l - (a + b*x)~2]/(2%b"2) + (ax*PolyLog

[2, -((1 + a + b*xx)/(1 - a - bxx))])/b"2

Rubi [A] time = 0.200218, antiderivative size = 136, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 10, integrand size = 10, number of rules

= 1., Rules used = {6111, 5928, 5910, 260, 6048, 5948, 5984, 5918, 2402, 2315}

integrand size

a+bx+1

aPolyLog (2' _—u—bx+1) (ﬂ2 + 1) tanh™' (a + bx)? N log (1 —(a+ bx)z) a tanh_l(a + bx)? N (a + bx) tanh_l(a +b

b? 2b? 2b? b? b?

Antiderivative was successfully verified.

[In] Int[x*ArcTanh[a + b*x]~2,x]

[Out] ((a + b*x)*ArcTanh[a + b*x])/b"2 - (a*xArcTanh[a + b*x]~2)/b"2 - ((1 + a~2)*
ArcTanh[a + b*x]72)/(2*b~2) + (x"2*ArcTanh[a + b*x]~2)/2 + (2*a*ArcTanh[a +
b*x]*Log[2/(1 - a - b*x)])/b"2 + Log[l - (a + b*x)~2]/(2%b"2) + (a*PolyLog

[2, -((1 +a+Dbxx)/(1 - a-Db*xx))])/b"2

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) "m*(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IGt
Qlp, 0]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((d_ ) + (e_)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])7p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (@ + exx)"(q + 1)/(1 - c”2%x72), x], x], x] /; FreeQ[{a, b, ¢, 4, e}, x]
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&& IGtQ[p, 1] && IntegerQ[ql && NeQl[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh [c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_)*((f ) + (g_)*(x))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanhl[c*x])
“p/(d + exx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] & I
GtQlp, 0] && EqQ[c™2*d + e, 0] && IGtQ[m, O]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d_ ) + (e_.)*(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + bxArcTanh[c*x]) “p*Logl[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + bxArcTanh[c*x])~(p - 1)*Log[2/(1 + (e*x)/d)])/(1 - c™2xx"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 2402

Int[Logl(c_.)/((d_ ) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
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c, d, e, £, g}, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2x*g, 0]
Rule 2315
Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rubi steps

Subst (f (—g + g) tanh ™ (x)2 dx, x, a + bx)
b

f xtanh ™ (a + bx)? dx =

1 tanh™! 1+ a% - 2ax) tanh ™ (x
= Ex2 tanh_l(a + bx)? — Subst [f (— anh (@) + ( ) ® dx,x,a + bx

b2 b2 (1 _ xz)
1+a2—2ax) tanh_l(x)

(
1 4 Subst ( f tanh_l(x) dx,x,a + bx) Subst (f 122 X, X
= Exz tanh™ (a + bx)? + 72 - 7

(
Subst (f ﬁ dx,x,a + bx) Subst (f (_

b2
xtanh™
log (1 —(a+ bx)z) . (2a) Subst (f 1

2b? b?

_ (a+bx)tanh™ (@ + bx)
- =

1 _
+ Exz tanh ™ (a + bx)? —

_ (a+bx) tanh_l(a + bx)
= 7

1 _
+ Exz tanh ™ (a + bx)? +

_(@+bxtanh(a+bx) atanh”(a+bx)? (1 +a?)tanh™ (a + bx)? Lot @+t
B b2 b2 202 2

_(a+b) tanh™ (a + bx) _ atanh ™ (a + bx)? _ (1 + 112) tanh ™ (a + bx)? N lxz tanh™ (2 + &
B b2 b2 2b2 2

_ (a+by) tanh ™ (a + bx) _ atanh ™ (a + bx)? _ (1 + 612) tanh ™ (a + bx)? N lxz tanh™ (2 + &
B b2 b2 2b2 2

_ (a+by) tanh ™ (a + bx) _ atanh ™ (a + bx)? _ (1 + 612) tanh™ (2 + bx)? N lxz tanh™ (2 + &
B b2 b2 2b2 2

Mathematica [A] time = 0.265043, size = 98, normalized size = 0.72

—2aPolyLog (2, —e72 tanhfl(“b")) + (—az +2a + b?x? - 1) tanh ™' (a + bx)? - 2 log( ) +2tanh ™ (a + b) (2a I

1
V1-(a+bx)?

2b?

Warning: Unable to verify antiderivative.
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[In] Integrate[x*ArcTanh[a + b*x]~2,x]

[Out] ((-1 + 2%a - a”2 + b~2*x"2)*ArcTanh[a + b*x]~2 + 2%ArcTanh[a + b*x]x(a + bx*
x + 2xaxLog[l + E"(-2xArcTanh[a + b*x])]) - 2*xLog[1/Sqrt[l - (a + bxx)~2]]
- 2*xaxPolyLog[2, -E~(-2*%ArcTanh[a + bx*x])])/(2%b~2)

Maple [B] time = 0.052, size = 365, normalized size = 2.7

x% (Artanh (bx + a))2 (Artanh (bx + a))2 a? N Artanh (bx + a) x N Artanh (bx + a)a  Artanh (bx + a) In (bx +
2 - 212 b 12 - b2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arctanh(b*x+a)”~2,x)

[Out] 1/2*x"2*arctanh(b*x+a) " 2-1/2/b"2xarctanh(b*x+a) "2*a~2+1/b*arctanh (b*x+a)*x+
1/b"2*arctanh (b*x+a)*a-1/b~2*arctanh (b*x+a)*1n(b*x+a-1)*a+1/2/b"2*arctanh (b
*x+a)*1n(b*x+a-1)-1/b"2*xarctanh (b*x+a) *1n(b*x+a+1)*a-1/2/b"2*xarctanh (b*xx+a)
*1n(bxx+a+1)+1/2/b"2*x1n(b*x+a-1)+1/2/b"2*1n(b*x+a+1)-1/4/b"2*1n(b*x+a-1) ~2%
a+1/b~2xdilog(1/2+1/2%bxx+1/2%a)*a+1/2/b"2%1n(1/2+1/2xb*x+1/2*a) *1n(b*x+a-1
Y*a+1/8/b72x1n(b*x+a-1) "2-1/4/b"2x1n(b*x+a-1) *1n(1/2+1/2*b*x+1/2*a)-1/2/b"2

*1n (b*x+a+1) *1n(-1/2*bxx-1/2%a+1/2) *a+1/2/b"2x1n(1/2+1/2*b*x+1/2*a) *1n(-1/2
*b*xx—-1/2%a+1/2)*a+1/4/b"2*x1n(b*x+a+1) “2%¥a-1/4/b"2*1n(-1/2*b*x-1/2*a+1/2) *1n
(b*x+a+1)+1/4/b"2*1n(-1/2*b*x-1/2*a+1/2)*1n(1/2+1/2*bxx+1/2*a)+1/8/b"2*1n (b
*x+a+1) "2

Maxima [A] time = 0.987025, size = 273, normalized size = 2.01

1 1 1 (1 1 1
8(10g(bx+a—1)log(§bx+§a+§)+L12(—§bx—§a+§))a +4(a+1)10g(bx+a

1
> x2 artanh (bx + a)* + 5 b? i i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctanh(b*x+a)~2,x, algorithm="maxima"

[Out] 1/2*x"2*xarctanh(b*x + a)~2 + 1/8%b~2%(8*(log(b*x + a - 1)*log(1/2*b*x + 1/2
xa + 1/2) + dilog(-1/2%b*xx - 1/2%a + 1/2))*a/b~4 + 4x(a + 1)*xlog(bxx + a +
/b4 + ((@a”2 + 2xa + 1)*xlog(b*xx + a + 1)72 - 2x(a”2 + 2%a + 1)xlog(b*x +
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a + 1)xlog(b*x + a — 1) + (2”2 - 2*%a + 1)*log(b*x + a - 1)72 - 4x(a - 1)xlo
g(b*x + a - 1))/b74) + 1/2*%bx(2xx/b"2 - (a”2 + 2*%a + 1)*log(b*x + a + 1)/b~
3+ (272 - 2*%a + 1)*log(b*x + a - 1)/b~3)*arctanh(b*x + a)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (x artanh (bx + a)z , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctanh(b*x+a)~2,x, algorithm="fricas")

[Out] integral(x*arctanh(b*x + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f xatanh? (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*atanh (b*x+a)**2,x)

[Out] Integral(x*atanh(a + b*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f xartanh (bx + a)z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctanh(b*x+a)~2,x, algorithm="giac")

[Out] integrate(x*arctanh(b*x + a)~2, x)
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3.4 | tanh ™ (a + bx)2 dx

Optimal. Leaf size=81

a+bx+1

PolyLog (2’ ‘m) (a + bx)tanh *(a + bx)?2  tanh ‘(2 + bx)2 2log ( )tanh (@ +bx)
) b " b " b b

[Out] ArcTanh[a + b*x]~2/b + ((a + b*x)*ArcTanh[a + b*x]~2)/b - (2%¥ArcTanh[a + Db*
x]*Log[2/(1 - a - b*x)])/b - PolyLog[2, -((1 + a + bxx)/(1 - a - b*x))]/b

Rubi [A] time = 0.086324, antiderivative size = 81, normalized size of antiderivative =

. . number of rules
1., number of steps used = 6, number of rules used = 6, integrand size = 8, e =

0.75, Rules used = {6103, 5910, 5984, 5918, 2402, 2315}

integrand size

a+bx+1

 PolyLog (2, ‘m) L @+botanh @+ bx? tanh”a+bo? 2log ( ) tanh ™ (a + b)
b b b b

Antiderivative was successfully verified.

[In] Int[ArcTanh[a + b*x]~2,x]

[Out] ArcTanh[a + b*x]"2/b + ((a + b*xx)*ArcTanh[a + b*x]~2)/b - (2%¥ArcTanh[a + Db*
x]*Log[2/(1 - a - b*x)])/b - PolyLog[2, -((1 + a + bxx)/(1 - a - b*x))]/b

Rule 6103

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Dist[1/d
, Subst[Int[(a + b*ArcTanh[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, c, d}
, x] && IGtQ[p, O]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*(x_))/((d.) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])"(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
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}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “pxLogl[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rubi steps

Subst ( f tanh ™ (x)2dx, x, a + bx)

f tanh ™ (a + bx)? dx =

b
xtanhfl(x)
_ (a+bx) tanh " (a + bx)? 2 Subst (f 7 dx,x,a+ bx)
= - _ -

tanh ™! (x)

_ tanh™'(a + bx)? L @+bo tanh™'(a + bx)? 2 Subst (f A xa+ bx)

b b b

-1
_tanh @+ b0? (0 +bx) tanh ™ (o + bx)? 2tanh™"(a + bx)log (1—a—bx

log
2 ) 2Subst[f—1

b b b -
-1 2 log|
_tanh '@+ b0? (@ +bx) tank” (a0 + bx? 2tanh " (a + bx) log (1—a—bx) _ 25ubst (f T
B b b b
-1 2 2
B tanh ™' (a + bx)2 N (a + bx) tanh ™ (a + bx)? 2tanh(a +bx)log (1—a—bx) Li, (1 T 1-a-bx
- b b - b - b
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Mathematica [A] time = 0.0216881, size = 55, normalized size = 0.68

PolyLog (2, —e‘zmnh_l(”*bx)) + tanh ™ (a + bx) ((a +bx —1) tanh ™ (a + bx) - 2log (e‘“anh_l(”*bx) + 1))
b

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh[a + b*x]~2,x]

[Out] (ArcTanh[a + b*x]*((-1 + a + b*x)*ArcTanh[a + bxx] - 2*xLog[l + E~(-2*ArcTan
hla + b*x])]) + PolyLog[2, -E~(-2%ArcTanh[a + bx*x])])/b

Maple [A] time = 0.075, size = 103, normalized size = 1.3

2 2 2
A h 1 1
x (Artanh (bx + u))z N (Artanh (bx + a))" a N (Artanh (bx + a)) 5 rtanh (bx + a) n ((bx +a+1) N ]

1]|- =-po.
b b b 1-(xtaf ) B
Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)~2,x)

[Out] x*arctanh(b*x+a) " 2+1/b*arctanh(b*x+a) " 2*a+arctanh(b*x+a) ~2/b-2/b*arctanh (bx*
x+a) *1n((b*x+a+1) "2/ (1-(b*x+a) "2)+1)-1/b*polylog(2,-(bxx+a+l) "2/ (1-(b*x+a)”
2))

Maxima [A] time = 0.986349, size = 188, normalized size = 2.32

1o @+ Dlog(br+a+1 ~2(@+Dlog(bx+a+Dlog (bx+a-1) + (@ -Dlog bx +a=1 _ 4(10g<bx+”‘
4 b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2,x, algorithm="maxima"

[Out] -1/4xb~2*%(((a + 1)*log(b*x + a + 1)72 - 2x(a + 1)*log(b*x + a + 1)*log(b*x
+a-1) + (a - D)*xlog(b*x + a - 1)72)/b"3 + 4x(log(b*xx + a - 1)*log(1l/2*bx
x + 1/2%a + 1/2) + dilog(-1/2%bxx - 1/2*%a + 1/2))/b73) + b*x((a + 1)*log(b*x
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+a+ 1)/b72 - (a - 1)*log(b*x + a - 1)/b7"2)*arctanh(b*x + a) + x*arctanh(

b*x + a)~2

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (artanh (bx + a)2 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2,x, algorithm="fricas")

[Out] integral(arctanh(b*x + a)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f atanh? (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)**2,x)

[Out] Integral(atanh(a + b*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f artanh (bx + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2,x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)~2, x)
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-1 2
35 ftanh (a+bx) dx

X

Optimal. Leaf size=148

2bx

1 2 1 -1
EPolyLog (3,1 - m) - EPolyLog (3,1 " d-a@+bit 1)) +tanh “(a + bx)PolyLog (2,1 -

2
a+bx+1

[Out] -(ArcTanh[a + b*x] 2%Log[2/(1 + a + b*x)]) + ArcTanh[a + b*x] 2*Log[(2*b*x)

/((1 - a)*(1 + a + bxx))] + ArcTanh[a + b*x]*PolyLog[2, 1 - 2/(1 + a + bxx)
] - ArcTanh[a + bxx]#*PolyLog[2, 1 - (2*bxx)/((1 - a)*(1 + a + b*x))] + Poly
Log[3, 1 - 2/(1 + a + b*x)]/2 - PolyLogl[3, 1 - (2%b*x)/((1 - a)*(1 + a + bx
x))]1/2

Rubi [A] time = 0.0901863, antiderivative size = 148, normalized size of antiderivative =
1., number of steps used = 2, number of rules used = 2, integrand size = 12, number of rules_

integrand size
0.167, Rules used = {6111, 5922}
2bx

1 2 1 4
—PolyL 1-——— |- zPolyL 1- h PolyLog|2,1 -
5 Poly 0g(3, a+bx+1) 5 Poly og(3, (1—a)(a+bx+1))+tan (a + bx)Poly og( ,

Antiderivative was successfully verified.

[In] Int[ArcTanhla + b*x]~2/x,x]

a+bx+1)

[Out] -(ArcTanh[a + b*x]~2*Log[2/(1 + a + b*x)]) + ArcTanh[a + b*x]~2+Logl[(2*b*x)

/((1 - a)*(1 + a + bxx))] + ArcTanh[a + b*x]*PolyLog[2, 1 - 2/(1 + a + b*x)
] - ArcTanh[a + b*x]*PolyLogl[2, 1 - (2*%bxx)/((1 - a)*(1 + a + b*x))] + Poly
Logl[3, 1 - 2/(1 + a + b*x)]/2 - PolyLog[3, 1 - (2%b*x)/((1 - a)*(1 + a + bx
x))]/2

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) "m*(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IGt
Qlp, 0]

Rule 5922

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"2/((d_ ) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + b*ArcTanh[c*x]) “2xLog[2/(1 + c*x)])/e, x] + (Simp[((a + b*ArcT
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anh[c*x]) "2+Log[(2xcx(d + e*x))/((c*d + e)*(1 + c*x))])/e, x] + Simp[(b*x(a

+ b¥ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/e, x] - Simp[(b*(a + b*ArcTa
nh[c*x])*PolyLog[2, 1 - (2%cx(d + exx))/((c*d + e)*(1 + c*x))])/e, x] + Sim
pL(b~2*%PolyLog[3, 1 - 2/(1 + c*x)])/(2xe), x] - Simp[(b~2*PolyLogl3, 1 - (2
kck(d + exx))/((cxd + e)*(1 + c*x))1)/(2xe), x]) /; FreeQl{a, b, c, d, e},

x] && NeQ[c™2xd"2 - e~2, 0]

Rubi steps

-1,.\2
Subst ( f tan}; f(x) dx,x,a+ bx)

f tanh ™ (a + bx)? p P47
X =
x b

= —tanh™ (a + bx)? log(

2bx
1-a)1+a+bx)

) + tanh_l(a + bx)? log( ) + tanh_l(a +

2
1+a+bx

Mathematica [C] time = 2.96676, size = 634, normalized size = 4.28

(ll _ 1)62 tanh_l(a+bx)

tanh™ (a + bx)PolyLog (2, —e? tanh_l(“bx)) — tanh ™ (a + bx)PolyLog [2, - —

) +2tanh ™! (a + bx)P

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh[a + b*x]~2/x,x]

[Out] (-4*ArcTanh[a + b*x]~3)/3 - (2%ArcTanh[a + b*x]~3)/(3*a) + (2xSqrt[1 - a~2]
xE"ArcTanh[a]*ArcTanh[a + b*x]~3)/(3*a) - ArcTanh[a + b*x]~2*xLog[l + E~(-2x
ArcTanh[a + b*x])] - I*PixArcTanh[a + b*x]*Log[(E~(-ArcTanh[a + b*x]) + E"A
rcTanh[a + b*x])/2] + ArcTanh[a + b*x] 2xLog[(1 + a - E~(2%ArcTanh[a + b*x]
) + a*E~(2%ArcTanh[a + bxx]))/(2*E"ArcTanh[a + b*x])] - ArcTanh[a + b*x] 2%
Logl[l + ((-1 + a)*E~(2%ArcTanh[a + b*x]))/(1 + a)] + ArcTanh[a + bx*x] 2*Log
[1 - E"(-ArcTanh[a] + ArcTanh[a + b*x])] + ArcTanh[a + b*x] 2*xLog[l + E~(-A
rcTanh[a] + ArcTanh[a + b*x])] - 2%ArcTanh[a]*ArcTanh[a + b*x]*Log[(I/2)*(-
E~(ArcTanh[a] - ArcTanh[a + b*x]) + E~(-ArcTanh[a] + ArcTanh[a + b*x]))] +
ArcTanh[a + b*x]~"2xLog[l - E~(-2*ArcTanh[a] + 2xArcTanh[a + b*x])] + IxPixA
rcTanh[a + bxx]*Log[1/Sqrt[1 - (a + b*x)~2]] - ArcTanh[a + b*x] 2*Log[-((b*
x)/Sqrt[1l - (a + bxx)~2])] + 2%ArcTanh[a]*ArcTanh[a + b*x]*Log[(-I)*Sinh[Ar
cTanh[a] - ArcTanh[a + b*x]]] + ArcTanh[a + b*x]*PolyLog[2, -E~(-2*ArcTanh[
a + b*x])] - ArcTanh[a + bxx]*PolyLog[2, -(((-1 + a)*E~(2*ArcTanh[a + bx*x])
)/(1 + a))] + 2xArcTanh[a + b*x]*PolyLog[2, -E~(-ArcTanh[a] + ArcTanh[a + b
*x])] + 2%ArcTanh[a + b*x]*PolyLog[2, E~(-ArcTanh[a] + ArcTanh[a + b*x])] +
ArcTanh[a + b*x]*PolyLog[2, E~(-2*ArcTanh[a] + 2*ArcTanh[a + b*x])] + Poly
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Log[3, -E~(-2*ArcTanh[a + b*x])]/2 + PolyLog[3, -(((-1 + a)*E~(2%ArcTanh[a
+ bxx]))/(1 + a))]/2 - 2+PolyLog[3, -E~(-ArcTanh[a] + ArcTanh[a + b*x])] -
2*PolyLog[3, E~(-ArcTanh[a] + ArcTanh[a + b*x])] - PolyLog[3, E~(-2*ArcTanh
[a] + 2%ArcTanh[a + b*x])]/2

Maple [C] time = 0.537, size = 1022, normalized size = 6.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)~2/x,x)

[Out] 1n(b*x)*arctanh(b*x+a) 2-arctanh(bxx+a) 2*1n(a*((b*xx+a+1)~2/(1-(b*x+a)~2)+1
)= (b*x+a+1) "2/ (1-(bxx+a) "2)+1)+1/2*I*Pi* (csgn(I/ ((b*xx+a+1)~2/(1-(b*x+a) ~2)+
1)) *csgn(I*(a*x ((b*x+a+1) "2/ (1-(b*xx+a) "2)+1) - (b*x+a+l) "2/ (1-(b*x+a) "2)+1)) *c
sgn (I*(ax((bxx+a+1) 2/ (1-(b*x+a) "2)+1) - (b*x+a+1) "2/ (1-(b*x+a) "2)+1) / ((b*x+a
+1) 72/ (1-(b*x+a) "2)+1) ) -csgn(I/ ((bxx+a+l) "2/ (1-(b*x+a) "2)+1) ) *csgn (I* (ax ((b
*xx+a+1) "2/ (1-(b*x+a) "2)+1) - (b*x+a+1) "2/ (1-(b*x+a) "2) +1) / ((bxx+a+1) "2/ (1- (b*
x+a) "2)+1)) "2+2*xcsgn (I* (a*x ((b*x+a+l) "2/ (1-(bxx+a) "2) +1) - (b*x+a+1) "2/ (1-(b*x
+a) "2)+1) / ((b*x+a+1) "2/ (1-(b*x+a) "2)+1) ) "2-csgn (I* (a*x ((b*x+a+1) "2/ (1- (b*x+a
)7"2)+1) - (b*xx+a+1) "2/ (1-(b*x+a) "2)+1) ) *csgn (I* (a* ((b*x+a+1) "2/ (1-(b*x+a) "2)+
1) - (bxx+a+1) "2/ (1-(b*x+a) "2)+1) / ((b*x+a+1) "2/ (1-(b*x+a) "2)+1)) "2-csgn (I* (a*
((bxx+a+1) "2/ (1-(b*x+a) "2)+1) - (b*x+a+1) ~2/(1-(b*x+a) “2)+1) / ((bxx+a+1) "2/ (1-
(b*x+a)~2)+1))~3-2) *arctanh (b*x+a) “2-arctanh (b*x+a) *polylog(2, - (b*x+a+1)~2/
(1-(b*x+a)~2))+1/2*polylog(3,-(b*x+a+1) “2/(1-(b*x+a) ~2))+a/(a-1)*arctanh (bx*
x+a) "2*x1n(1-(a-1) *(b*x+a+1) "2/ (1-(b*xx+a) "2) /(-1-a))+a/(a-1) *arctanh (b*x+a) *
polylog(2, (a-1)*(bxx+a+1) "2/ (1-(b*x+a)~2)/(-1-a))-1/2*a/(a-1)*polylog(3, (a-
1) x(bxx+a+1) "2/ (1-(b*x+a)~2)/(-1-a))-1/(a-1) *arctanh (b*x+a) "2*1n(1-(a-1)* (b
xx+a+1) "2/ (1-(b*x+a)~2)/(-1-a))-1/(a-1)*arctanh (b*x+a) *polylog(2, (a-1) * (b*x
+a+1) 72/ (1-(b*x+a)~2)/(-1-a))+1/2/(a-1) *polylog(3, (a-1)* (b*x+a+1) "2/ (1- (b*x
+a)~2)/(-1-a))

Maxima [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)2
f ” dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arctanh(b*x+a)~2/x,x, algorithm="maxima")

[Out] integrate(arctanh(b*x + a)~2/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)2 x)

int |
integra ( .

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x,x, algorithm="fricas")

[Out] integral(arctanh(b*x + a)~2/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

atanh? (a + bx)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)**2/x,x)

[Out] Integral(atanh(a + b*x)**2/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)2
f » dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)~2/x, x)
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-1 2
36 ftanh (a+bx) dx

x2

Optimal. Leaf size=251

) bPolyLog (2,1— 2 )

2 2bx a+bx+1
a+bx+1

bPOlyLOg (2,1 — a+bx+1) _ bPOIYLOg (2,1 - W) bPOIYLOg (2, _—u—bx+1 _ B
1 - a2 1- a2 2(1 -a) 2(a+1)

[Out] -(ArcTanh[a + b*x]~2/x) + (b*ArcTanh[a + b*x]*Log[2/(1 - a - b*x)])/(1 - a)
+ (b*ArcTanh[a + bxx]*Log[2/(1 + a + b*x)])/(1 + a) - (2*b*ArcTanh[a + b*x
1xLog[2/(1 + a + bxx)])/(1 - a”2) + (2xb*ArcTanh[a + b*x]*Log[(2*b*x)/((1 -
a)*(1 + a + b*xx))])/(1 - a~2) + (b*PolyLog[2, -((1 + a + b*x)/(1 - a - b*x
1N1)/(2x(1 - a)) - (b*Polylogl[2, 1 - 2/(1 + a + b*x)])/(2*%(1 + a)) + (bxPol
yLogl[2, 1 - 2/(1 + a + b*xx)])/(1 - a”2) - (bxPolyLog[2, 1 - (2*%bxx)/((1 - a

)x(1 + a + bxx))])/(1 - a™2)

Rubi [A] time = 0.699052, antiderivative size = 251, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 17, number of rules used = 15, integrand size = 12, e o e
integrand size

= 1.25, Rules used = {6109, 371, 706, 31, 633, 6741, 6121, 6688, 12, 6725, 5920, 2402, 2315,
2447, 5918}

) bPolyLog (2, —M—Hl) bPolyLog (2,1 - L)

2 2bx
bPOlyLOg (2’1 B a+bx+1) _ bPOlyLOg (2’1 B (1-a)(a+bx+1) —a—bx+1 _ a+bx+1 _

1-a2 1-a2 2(1 -a) 2a+1)

Antiderivative was successfully verified.

[In] Int[ArcTanhla + b*x]~2/x"2,x]

[Out] -(ArcTanh[a + b*x]~2/x) + (b*ArcTanh[a + b*x]*Log[2/(1 - a - b*x)])/(1 - a)
+ (b*ArcTanh[a + b*x]*Log[2/(1 + a + b*x)])/(1 + a) - (2%b*ArcTanh[a + b*x
IxLog[2/(1 + a + b*x)])/(1 - a”2) + (2*bxArcTanh[a + b*x]*Log[(2xb*x)/((1 -
a)*(1 + a + b*xx))])/(1 - a~2) + (b*PolyLog[2, -((1 + a + b*x)/(1 - a - b*x
N1/ (2x(1 - a)) - (b*Polylogl[2, 1 - 2/(1 + a + b*x)])/(2*(1 + a)) + (bxPol
yLogl[2, 1 - 2/(1 + a + b*xx)])/(1 - a~2) - (bxPolyLog[2, 1 - (2*%bxx)/((1 - a

d)x(1 + a + b*x))]1)/(1 - a~2)

Rule 6109

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[((e + f*x)"(m + 1)*(a + b¥ArcTanh[c + d*x]) p)/(fx(m
+ 1)), x] - Dist[(b*d*xp)/(fx(m + 1)), Int[((e + f*x)"(m + 1)*(a + b*ArcTan
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hic + d*x])~(p - 1)/ - (c + d*x)~2), x], x] /; FreeQ[{a, b, c, d, e, £},
x] && IGtQ[p, O] && ILtQ[m, -1]

Rule 371

Int[((a_) + (b_)*x(v )" (n_)) " (p_.)*(x_)"(m_.), x_Symbol] :> With[{c = Coeff
icient[v, x, 0], d = Coefficient[v, x, 1]}, Dist[1/d"(m + 1), Subst[Int[Sim
plifyIntegrand[(x - c¢)"mx(a + b*x"n)"p, x], x], x, vl, x] /; NeQlc, 011 /;
FreeQ[{a, b, n, p}, x] && LinearQ[v, x] &% IntegerQ[m]

Rule 706

Int[1/(C(d_) + (e_.)*x(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + axe”2), Int[1/(d + ex*x), x], x] + Dist[1/(c*xd”2 + a*xe”2), Int[(cxd -
cxexx)/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd"2 + axe”2,
0]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 633

Int[((d_) + (e_.)*(x ))/((a_) + (c_.)*(x_)~2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (c*xd)/(2*q), Int[1/(-q + c*x), x], x] + Distl[e/2 - (c
xd)/(2*xq), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rule 6741

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!
= 1.1]

Rule 6121

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Dist[1/d, Subs
t[Int[((d*e - cxf)/d + (f*x)/d)"m*(-(C/d~2) + (Cxx~2)/d”~2) g*(a + bxArcTanh
[x]1)7p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m, p, q},
x] && EqQ [Bx(1 - c72) + 2xAxc*d, 0] && EqQ[Q*C*C - Bxd, 0]

Rule 6688
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Int[u_, x_Symbol] :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl
erIntegrandQ[v, u, x]]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 6725

Int[(u)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b¥ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + b*ArcTanh [c*x])*
Log[(2xc*x(d + e*x))/((cxd + e)*(1 + c*x))]1)/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - e~2, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + cx*d, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/D[u, x11}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
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Rubi steps

tanh ™ (a + bx)2
f dx =

x2

Mathematica [C]

_1 2
_ _lanh g”bx) +(2b)Subst[ f

_ tanh ™ (a + bx)?
=- ” + (2b) Subst [f[(

_tanh” (a + bx)?

d, e},

tanh ™! (a + bx)?

tanh ™' (a + bx)?

+ (2b) f

X

tanh ™ (a + bx)?

-1
+2Subst[ f ( tanh (@)

X

+ 2 Subst [f

tanh™!(a + bx)2
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Int[((a + bxArcTanh[cxx])~(p - 1)*Log[2/(1 + (exx)/d)])/(1 - c™2*x"2)
x] /; FreeQl{a, b, c,

x] && IGtQ[p, 0] && EqQ[c™2%d™2 - 72, 0

tanh™ (a + bx)
2b d
@ )f (1-(a+bxp2) *

tanh_l(a + bx)

x (1 —a? - 2abx — bzxz)

dx,x,a + bx
T )(1 <) ]

btanh™ (x)
(—a + x) (1 - xz)

dx,x,a+ bx]

tanh ™ (%)
(—a + x) (1 - xz)
tanh ™! (%) N tanh_l(x) ~ tanh_l(x) )
1+ az) (a-x) 2(-1+a)(-1+x) 21 +a)1+x)

dx,x,a + bx]

-1
b Subst (f tanh—(x) dx,x,a + bx) b Subst (f tanh_(x) dx,x,a + bx)

=1+x 1+x
X 1-a 1+a
_ 2
tanh~(a + bx)2 btanh™ (a + bx) log (1 — bx) . btanh™ (a + bx) log (1+a+bx) 2btanh
X 1-a 1+a
_ 2
tanh (2 + bx)2 btanh ™' (a + bx) log(1 — bx) . btanh ™' (a + bx) log(1+ +bx) 2btanh
X 1-a 1+a
_ 2
tanh ™ (a + bx)? btanh ' (a + bx) 1og(1 — bx) . btanh ™' (a + bx) 10g(1+ +bx) 2btanh
X 1-a 1+a

time = 1.32104, size = 208, normalized size = 0.83

abxPolyLog (2, e? tanh_l(“)‘ztanh_l(”””‘)) -~ (asz + bx (\/1 — g2etanh (@) _ 1) +ad - a) tanh™ (a + bx)? + abx tanh ™ (a

Warning: Unable to verify antiderivative.
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[In] Integrate[ArcTanh[a + b*x]~2/x72,x]

[Out] (-((-a + a”3 + a™2xb*x + b*(-1 + Sqrt[l - a~2]*E"ArcTanh[a])*x)*ArcTanh[a +
b*x]~2) + axb*xxArcTanh[a + b*x]*((-I)*Pi + 2*ArcTanh[a] - 2xLog[l - E~ (2%
ArcTanh([a] - 2%ArcTanh[a + b*x])]) + axb*x*(I*Pix(Log[l + E~(2*ArcTanh([a +

b*x])] - Logl[1/Sqrt[1l - (a + b*x)~2]]) + 2*xArcTanh[a]*(Log[l - E~(2%ArcTanh

[a] - 2xArcTanh[a + b*x])] - Log[(-I)*Sinh[ArcTanh[a] - ArcTanh[a + bx*x]]])

) + axb*xxxPolyLog[2, E~(2%ArcTanh[a] - 2*%ArcTanh[a + b*x])])/(ax(-1 + a~2)*

x)

Maple [A] time = 0.135, size = 342, normalized size = 1.4

_ (Artanh (bx + a))2 P bArtanh (bx + a)In (bx +a —1) s bArtanh (bx + a) In (bx) s bArtanh (bx + a) In (bx +
X 2a-2 Q+a)a-1) 2+2a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)~2/x"2,x)

[Out] -arctanh(b*x+a) ~2/x+2*b*arctanh(b*x+a)/(2*xa-2)*1n(b*x+a-1)-2*b*arctanh (bxx+
a)/(a-1)/(1+a) *1n(b*x)-2*b*arctanh (b*x+a) / (2+2*a) *1n (b*x+a+1)-b/(a-1) / (1+a)
xdilog((b*x+a-1)/(a-1))-b/(a-1)/(1+a)*1n(b*x) *1n((b*x+a-1)/(a-1))+b/(a-1)/(
1+a)*dilog((b*x+a+1)/(1+a))+b/(a-1)/(1+a) *1n(b*x)*1n((b*x+a+l)/(1+a))+1/2%b
/(1+a) *1n(-1/2xb*x-1/2%a+1/2) *1n(1/2+1/2*b*x+1/2*a)-1/2*b/ (1+a) *1n(-1/2xb*x
-1/2*%a+1/2)*1n(b*x+a+1)+1/2xb/(1+a) *dilog(1/2+1/2*b*x+1/2%a)+1/4*b/(1+a) *1n
(b*x+a+1) ~2+1/4%b/(a-1) *1n(b*x+a-1) "2-1/2*b/(a-1)*dilog(1/2+1/2*%b*x+1/2%*a) -
1/2%b/(a-1)*1n(b*x+a-1)*1n(1/2+1/2xb*xx+1/2%a)

Maxima [A] time = 1.01625, size = 329, normalized size = 1.31

lbz (a—1)10g(bx+a+1)2—2(a—1)10g(bx+a+1)10g(bx+a—1)+(11+1)10g(bx+a—1)2 _4(log(bx+a—1

a?b-b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x"2,x, algorithm="maxima")
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[Out] 1/4*%b72*%(((a - 1)*log(b*x + a + 1)72 - 2x(a - 1)*log(b*x + a + 1)xlog(bxx +
a-1) + (a + 1)*log(b*x + a - 1)72)/(a"2%b - b) - 4*(log(b*x + a - 1)*log
(1/2*%bxx + 1/2%a + 1/2) + dilog(-1/2%b*xx - 1/2%a + 1/2))/(a"2%b - b) + 4x(1
og(b*x/(a + 1) + 1)xlog(x) + dilog(-b*x/(a + 1)))/(a"2*%b - b) - 4x(log(bxx/
(a - 1) + D*log(x) + dilog(-b*x/(a - 1)))/(a"2*%b - b)) - b*x(log(b*x + a +
/(@ + 1) - log(b*xx + a - 1)/(a - 1) + 2xlog(x)/(a”2 - 1))*arctanh(b*x + a

) - arctanh(b*x + a)~2/x

Fricas [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)2 x)

integral ( 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x72,x, algorithm="fricas")

[Out] integral(arctanh(b*x + a)~2/x72, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

atanh? (a + bx)
f — 2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)**2/x**2,x)

[Out] Integral(atanh(a + b*x)**2/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)2
f 5 dx
X

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(arctanh(b*x+a)~2/x72,x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)~2/x72, x)

67
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-1 2
37 ftanh (a+bx) dx

3
Optimal. Leaf size=370

2
a+bx+’

a+bx+1
—a—bx+1

2
a+bx+1

2bx 2
_ eri) | PPoyLos(2-

(1 _ a2)2 (1 _ az)z 4(1 - a)? 4(a +1)?

ab*PolyLog (2,1 - ) ab*PolyLog (2,1 - ) b*PolyLog (2,1 -

[Out] -((bxArcTanh[a + b*x])/((1 - a”2)#*x)) - ArcTanh[a + bxx]~2/(2*x72) + (b~2*L
oglx])/(1 - a”2)"2 + (b"2*ArcTanh[a + bxx]*Log[2/(1 - a - b*x)])/(2x(1 - a)

~2) - (b™2*xLogl[l - a - b*x])/(2%x(1 - a)"2x(1 + a)) - (b"2*ArcTanh[a + bxx]*
Log[2/(1 + a + b*x)])/(2%(1 + a)~2) - (2*axb~2*ArcTanh[a + b*x]*Log[2/(1 +

a + b*xx)])/(1 - a”2)72 + (2*axb”2xArcTanh[a + b*x]*Log[(2*¥bxx)/((1 - a)*(1

+a+ bxx))])/(1 - a”2)72 - (b™2*Log[l + a + b*xx])/(2x(1 - a)*(1 + a)~2) +
(b~2%PolyLog[2, -((1 + a + b*x)/(1 - a - b*x))])/(4x(1 - a)~2) + (b~2*PolyL

ogl2, 1 - 2/(1 + a + b*xx)])/(4x(1 + a)~2) + (axb”™2*PolyLog[2, 1 - 2/(1 + a

+ b*xx)])/(1 - a”2)72 - (a*b”2#PolylLog[2, 1 - (2xb*x)/((1 - a)*(1 + a + bx*x)
1)/ - a™2)72

Rubi [A] time = 0.800944, antiderivative size = 370, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 21, number of rules used = 16, integrand size = 12, e e e
integrand size

= 1.333, Rules used = {6109, 371, 710, 801, 6741, 6121, 6725, 5926, 706, 31, 633, 5920, 2402,
2315, 2447, 5918}

2 2bx 2
atbxl (1—a>(a+bx+1)) b"PolyLog (2’ -

(1 _ a2)2 (1 _ a2)2 4(1 - a)? 4(a +1)?

2
a+bx+’

a+bx+1
—a—bx+1

ab*PolyLog (2,1 - ) ab*PolyLog (2,1 - ) b*PolyLog (2,1 -

Antiderivative was successfully verified.

[In] Int[ArcTanhla + b*x]~2/x73,x]

[Out] -((bxArcTanh[a + b*x])/((1 - a”2)#*x)) - ArcTanh[a + bxx]~2/(2*x72) + (b~2*L
oglx])/(1 - a~2)72 + (b~ 2*ArcTanh[a + bxx]*Log[2/(1 - a - bxx)])/(2*(1 - a)
~2) - (b™2*Logll - a - b*x])/(2x(1 - a)™2x(1 + a)) - (b"2*ArcTanh[a + b*x]*
Logl[2/(1 + a + b*x)])/(2x(1 + a)~2) - (2xa*b”2xArcTanh[a + b*x]*Log[2/(1 +
a + b*xx)])/(1 - a”2)72 + (2xaxb”2xArcTanh[a + b*x]*Log[(2*¥bxx)/((1 - a)*(1
+a + bxx))])/(1 - a”2)72 - (b™2*Log[l + a + b*xx])/(2x(1 - a)*(1 + a)~2) +
(b~™2*PolyLog[2, -((1 + a + b*x)/(1 - a - b*x))])/(4*(1 - a)~2) + (b~2xPolyL
ogl2, 1 - 2/(1 + a + b*xx)])/(4x(1 + a)~2) + (axb™2*xPolyLog[2, 1 - 2/(1 + a
+ b*xx)])/(1 - a”2)72 - (a*b”2*PolyLog[2, 1 - (2xb*x)/((1 - a)*(1 + a + b*x)
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1)/ - a”2)"2

Rule 6109

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[((e + f*x)~"(m + 1)*(a + b*ArcTanh[c + d*x]) p)/(f*x(m
+ 1)), x] - Dist[(b*d*xp)/(fx(m + 1)), Int[((e + f*x)"(m + 1)*(a + b*ArcTan
hic + d&*x]1)"(p - 1))/ - (c + d*x)"2), x], x] /; FreeQ[{a, b, c, d, e, £},
x] && IGtQ[p, 0] && ILtQ[m, -1]

Rule 371

Int[((a_) + (b_)*x(v_ )" (0 )) " (p_.)*(x_)"(m_.), x_Symbol] :> With[{c = Coeff
icient[v, x, 0], d = Coefficient[v, x, 1]}, Dist[1/d"(m + 1), Subst[Int[Sim
plifyIntegrand[(x - c)"m*x(a + b*xx"n)"p, x], x], x, v], x] /; NeQlc, 0]] /;
FreeQ[{a, b, n, p}, x] && LinearQ[v, x] && IntegerQ[m]

Rule 710

Int[((d_) + (e_)*(x )) " (m_)/((a_) + (c_.)*x(x_)"2), x_Symbol] :> Simp[(ex(d
+ exx)"(m + 1))/((m + 1)*(cxd™2 + a*xe”2)), x] + Dist[c/(c*d"2 + a*xe”™2), In
t[((d + exx)"(m + 1)*(d - exx))/(a + c*xx"2), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[c*d~™2 + axe™2, 0] && LtQ[m, -1]

Rule 801

Int [(((d_.) + (e_)*x(x_))"(m_)*((f_.) + (g_)*x(x_)))/((a_) + (c_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) m*(f + gxx))/(a + c*x72), x],
x] /; FreeQl[{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e”2, 0] && IntegerQ[m]

Rule 6741

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!
= u]

Rule 6121

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*x(b_.)) " (p_.)*x((e_.) + (£_.)*(x_))"(
m_)*x((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Dist[1/d, Subs
t[Int[((d*e - c*xf)/d + (f*x)/d)"m*(-(C/d~2) + (Cxx~2)/d”~2) g*(a + bxArcTanh
[x]1)7p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m, p, q},
x] && EqQ[Bx(1 - c72) + 2xAxc*xd, 0] && EqQ[2*c*C - Bxd, 0]

Rule 6725
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Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x72), x], x] /; FreeQ[{a,
b, ¢, d, e, qF, x] && NeQ[q, -1]

Rule 706

Int[1/(((d_ ) + (e_.)*x(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*xe”™2), Int[1/(d + exx), x], x] + Dist[1/(c*xd"2 + axe”2), Int[(cxd -
cxexx)/(a + c*xx72), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[c*d™2 + axe”2,
0]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x] /; FreeQ[{a, b}, xI]

Rule 633

Int[((d) + (e_)*(x ))/((a ) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distl[e/2 + (c*d)/(2*q), Int[1/(-q + c*x), x], x] + Distl[e/2 - (c
*d)/(2*%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2xcx(d + e*x))/((c*xd + e)*x(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2x%d"2 - e~2, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]
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Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq " m*(1 - u))

/Dlu, x]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQlm] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d ) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + b*ArcTanh[c*x]) p*Log[2/(1 + (e*x)/d)]1)/e, x] + Dist[(bxcx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)]1)/(1 - c™2*x"2)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - 72, 0
]

Rubi steps



tanh ™ (a + bx)2
f 3 dx =

tanh ™! (a + bx)?
2x?

tanh ™ (a + bx)?
-_ +

2x2

tanh ™ (a + bx)?
2x2

tanh ™! (a + bx)?
2x?
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tanh_l(a + bx)
’ f x? (1 —(a+ bx)Z) o

+ Subst

+ Subst

b f tanh_l(a + bx)
x2 (1

—a%2 - 2abx — bzxz)

-1
f tanh2 *) dx,x,a+ bx
(Fei -

2ab? tanh ™' (x)

b2 tanh ™ (x)

f ~ b2 tanh ™ (x)
(

tanh™!

(x) tanh 2 (x)
tanh~}(a + bx)? b2 Subst (f Ay xa+ bx) b2 Subst (f —o Ay xa+ bx)

2x2

+

2(1 - a)? 2(1 + a)?

-1+ az) (a - x)? - (_1 + a2)2 (a-1) T 2(-1+a)2(-1+x

2

-1 -1
) btanh (2 +by)  tanh~\(a + bx) . b?tanh™ (a + bx) log (l—a—bx) b? tanh™ (a + bx) I«

(l - uz) x 2x?

2(1 - a)? 2(1 + a)?

2

-1 -1
. btanh (2 +by)  tanh~\(a + bx) . b?tanh™ (a + bx) log (1_a_bx) b? tanh™ (a + bx) Ic

(l - az) x 2x2

2(1 — a)? 2(1 + a)?

2

-1
3 _btanh_l(u +bx) tanh_l(u + bx)? N b? log(x) N b* tanh™ (a + bx) log (l—a—bx) _ b* tanh

(1 - az) x 2x2

(1 _ a2)2 2(1 - a)?

2

2 -1
_ _btanh@+bo) tanh @+ bx?  log() b*tanh (a + bx) log (—1—a—bx) _ PPlog(l

(1 - az) x 2x2

Mathematica [C]

2(1 - a)? 21 —¢

(1-a?)

time = 3.53155, size = 271, normalized size = 0.73

—2ab?x?PolyLog (2, p2tanh™ (a)-2 tanh_l(a+bx)) _ (_az (b22 + 2) _ 22 (2‘ A R2etanh ™ @ _ 1) vty 1) tanh~(a + by

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh[a + b*x]~2/x73,x]

[Out] (-((1 + a4 - b™2x(-1 + 2xSqrt[1 - a"2]*E"ArcTanh[a])*x"2 - a”2*%(2 + b™2%x"
2))*ArcTanh[a + b*x]~2) + 2xbkx*xArcTanh[a + b*x]*(-1 + a~2 + axb*x + I*xaxbx
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Pikxx - 2%axb*x*ArcTanh[a] + 2*axb*x*Log[l - E~(2*ArcTanh[a] - 2*ArcTanh[a +

b*x])]) + 2%b72xx"2x((-I)*a*Pi*Log[l + E~(2*ArcTanh[a + b*x])] + I*a*PixLo
gl1/Sqrt[1 - (a + b*x)~2]] + Logl[-((b*x)/Sqrt[1 - (a + b*x)"2])] - 2*axArcT
anh[a]*(Log[l - E~(2xArcTanh[a] - 2%ArcTanh[a + b*x])] - Log[(-I)*Sinh[ArcT
anh[a] - ArcTanh([a + b*x]]])) - 2xa*b”~2+x"2xPolyLog[2, E~(2%ArcTanh[a] - 2%
ArcTanh[a + b*x])])/(2x(-1 + a™2)72*x"2)

Maple [A] time = 0.096, size = 467, normalized size = 1.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)~2/x73,x)

[Out] -1/2*arctanh(b*x+a)~2/x"2-1/2*b~2*arctanh(b*x+a)/(a-1) "2x1n(b*x+a-1)+b*arct
anh (b*xx+a)/(a-1)/(1+a) /x+2xb~2*arctanh (b*xx+a) *a/(a-1) "2/ (1+a) "2x1n(b*x)+1/2
*b~2*xarctanh (b*x+a)/(1+a) "2*1n(b*x+a+1)-1/8*b"2/(a-1) "2*x1n(b*x+a-1) "2+1/4%b
~2/(a-1)"2xdilog(1/2+1/2*%b*x+1/2%a)+1/4%b~2/(a-1) "2*1ln(b*x+a-1)*1n(1/2+1/2%
bxx+1/2*a)-1/4%b"2/ (1+a) "2*x1n(-1/2*b*x-1/2*a+1/2) *1n(1/2+1/2*b*x+1/2*a)+1/4
*b~2/ (1+a) "2%1n(-1/2%b*x-1/2%a+1/2) *1n(b*x+a+1)-1/4*b"2/(1+a) "2*xdilog(1/2+1
/2*%b*x+1/2%a)-1/8*b~2/ (1+a) "2*1n(b*x+a+1) "2-b~2/(a-1)/(1+a) / (2*xa-2) *1n (b*x+
a-1)+b~2/(a-1)"2/(1+a) "2x1n(b*x)+b~2/(a-1) / (1+a) / (2+2*a) *1n (b*x+a+1) +b~2*a/
(a-1)"2/(1+a)"2*dilog((b*x+a-1)/(a-1))+b"2xa/(a-1) "2/ (1+a) "2*1ln(b*x) *1n ((b*
x+a-1)/(a-1))-b"2*a/(a-1)"2/(1+a) "2*dilog ((bxx+a+1)/(1+a))-b~2*a/(a-1)"2/(1
+a) "2*x1n(b*x)*1n((b*x+a+1)/(1+a))

Maxima [A] time = 1.02093, size = 486, normalized size = 1.31

8 (log (bx +a-1)log (% bx + % a+ %) + Li, (—% bx — % a+ %))a 8 (log (ﬂ% + 1) log (x) + Li, (—ﬁ))a 8 (lo

1 a+1 +
8 at—2a2 41 at—-2a2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x"3,x, algorithm="maxima")

[Out] 1/8*(8*(log(b*x + a - 1)xlog(1/2*%bxx + 1/2%a + 1/2) + dilog(-1/2xb*x - 1/2%
a + 1/2))*a/(a"4 - 2xa”2 + 1) - 8x(log(b*x/(a + 1) + 1)*log(x) + dilog(-b*x
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/(a + 1)))*a/(a"4 - 2%a”2 + 1) + 8x(log(b*x/(a - 1) + 1)xlog(x) + dilog(-Dbx
x/(a - 1)))*a/(a”4 - 2%a”2 + 1) - ((a72 - 2xa + 1)xlog(b*x + a + 1)72 - 2x%(
a”2 - 2xa + 1)*xlog(b*x + a + 1)*log(b*x + a - 1) + (a”2 + 2%a + 1)x*log(b*x
+a-1)"2)/(a"4 - 2%¥a”2 + 1) + 4xlog(b*x + a + 1)/(a”3 + a2 - a - 1) - 4x
log(b*x + a - 1)/(a™3 - a™2 - a + 1) + 8*log(x)/(a”4 - 2xa”2 + 1))*b"2 + 1/
2% (4xaxb*xlog(x)/(a”4 - 2%a”2 + 1) + bxlog(bxx + a + 1)/(a”2 + 2%a + 1) - bx
log(b*x + a - 1)/(a”2 - 2xa + 1) + 2/((a”2 - 1)*x))*b*arctanh(b*x + a) - 1/
2*xarctanh(b*x + a)~2/x72

Fricas [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)2 ]
3 X
X

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)~2/x"3,x, algorithm="fricas")

[Out] integral(arctanh(b*x + a)~2/x73, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

atanh? (a + bx)
[ren o,

x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)**2/x**3,x)

[Out] Integral(atanh(a + b*x)**2/x**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)2
f 3 dx
X

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(arctanh(b*x+a)~2/x73,x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)~2/x73, x)

75
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-1 2
38 ftanh (1+bx) dx

X

Optimal. Leaf size=56
L polyLog (3, = +1] -t h™ (bx + 1)PolyL 22 1) —tog[-2 )t h™ (bx +1)2
> olyLog b an X olyLog T og I an X

[Out] -(ArcTanh[1 + b*x] 2%Log[-2/(b*x)]) - ArcTanh[l + b*x]*PolyLog[2, 1 + 2/(bx*
x)] + PolyLogl[3, 1 + 2/(b*x)]/2

Rubi [A] time = 0.127996, antiderivative size = 56, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 5, integrand size = 12, e o e

0.417, Rules used = {6111, 5918, 5948, 6058, 6610}

integrand size

1 2 . 2 2 . )
2PolyLog (3, v 1) tanh " (bx + 1)PolyLog (2, et 1) log( bx) tanh ~(bx +1)

Antiderivative was successfully verified.

[In] Int[ArcTanh[1l + b*x]~2/x,x]

[Out] -(ArcTanh[1 + b*x] 2*Log[-2/(b*x)]) - ArcTanh[1 + bxx]*PolyLogl[2, 1 + 2/(bx
x)] + PolyLogl[3, 1 + 2/(b*x)]/2

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*x(b_.)) " (p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) "m*(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(bx*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, x], x1 /; FreeQ[{a, b, ¢, d, e}, x] && IGtQ[p, 0] && EqQ[c~2xd"2 - e72, O
]

Rule 5948
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Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 6058

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.))/((d ) + (e_.)*(x_)"
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) p*xPolyLog[2, 1 - ul)/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d +
e, 0] && EqQ[(1 - wW"2 - (1 - 2/(1 - c*x))"2, 0]

Rule 6610

Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,
x]}, Simp[wxPolyLog[n + 1, v], x] /; !'FalseQ[w]] /; FreeQ[n, x]

Rubi steps
anh~L(x)?2
) Subst f td}ll—(x) dx,x,1+ bx
f tanh™ (1 + bx)? e —3+3
x B b

tanh_l(x) log (1%

X

2
= - tanh_l(l + bx)? log (—a) + 2 Subst f

- ) dx,x,1+ bx]

2
1- )

B 2 B 2 Li, (
= —tanh (1 + bx)?log[—— | — tanh™ (1 + bx)Li, {1 + — | + Subst f _
bx bx 1

2 dx, x,

_ 2 . 2\ 1 2
= —tanh (1 + bx)? log (_E) —tanh (1 + bx)Li, (1 + E) +5Li (1 + E)

Mathematica [A] time = 0.0913508, size = 75, normalized size = 1.34

_ - 1 - 2 _ _ .
tanh 1(bx +1)PolyLog (2, —e2tanh 1(bx+1)) + EPolyLog (3, —e2tanh 1“”‘“)) ~3 tanh 1(bx +1)% — tanh 1(bx + 1)

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh[1l + b*x]~2/x,x]
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[Out] (-2*%ArcTanh[1 + b*x]~3)/3 - ArcTanh[1 + b*x] 2*Log[1l + E~(-2%ArcTanh[1 + bx
x])] + ArcTanh[1 + b*x]*PolyLog[2, -E~(-2*%ArcTanh[1 + b*x])] + PolyLogl[3, -
E”(-2%ArcTanh[1 + b*x])]/2

Maple [C] time = 0.271, size = 160, normalized size = 2.9

(bx +2)? ) 1 ( (bx +2)? ) ,
In (bx) (Artanh (bx +1))* — Artanh (bx + 1) polylo 2,———— |+ =polylog|3, ———— |- |in | cs
(bx) ( ( ) ( ) poly g( T 1P A1 5polylog ST £

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+1)~2/x,x)

[Out] 1n(b*x)*arctanh(b*x+1) 2-arctanh(b*x+1)*polylog(2,-(b*x+2)~2/(-(b*x+1)~2+1)
)+1/2*%polylog(3,-(bxx+2) "2/ (- (b*x+1) "2+1) ) - (I*Pi*csgn(I/ ((b*x+2) "2/ (- (b*x+1
)7"2+1)+1) ) "3-IxPixcsgn(I/ ((b*x+2) "2/ (- (b*x+1) "2+1)+1)) "2+I*Pi+1n(2))*arctan
h(b*x+1) "2

Maxima [F] time = 0., size = 0, normalized size = 0.

1 f 2 (bxlog (b) + 2 (bx + 1) log (—x) + 2 log (b)) log (bx + 2) i

1 3 1 2
— log (- -1 2)"log (=x) — =
5 og (~bx) 3 og (bx +2)" log (—x) y b2+ 2%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+1)~2/x,x, algorithm="maxima")

[Out] 1/12%1log(-bxx)~3 + 1/4*xlog(b*x + 2) 2xlog(-x) - 1/4xintegrate(2*(b*x*log(b)
+ 2% (b*x + 1)*log(-x) + 2*xlog(b))*log(b*x + 2)/(b*x"2 + 2x%x), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

, (artanh (bx + 1) J
integral " X

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arctanh(b*x+1)~2/x,x, algorithm="fricas")

[Out] integral(arctanh(b*x + 1)72/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

atanh? (bx +1)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+1)**2/x,x)

[Out] Integral(atanh(b*x + 1)*%2/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

artanh (bx + 1)2
f ” dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+1)~2/x,x, algorithm="giac")

[Out] integrate(arctanh(b*x + 1)72/x, x)
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3.9 f (ce + dex)? (a +btanh™ (c + dx)) dx

Optimal. Leaf size=72

e(c +dx)* (a +btanh ™' (c + dX)) .\ be3(c +dx)®  bedtanh ™ (c + dx) 1

3
1 12d 4d e

[Out] (b*e”3%x)/4 + (b*e”3*(c + d*x)~3)/(12xd) - (bxe"3*ArcTanh[c + d*xx])/(4*xd) +
(e”3*%(c + d*xx)~4*(a + bxArcTanh[c + dxx]))/(4*d)

Rubi [A] time = 0.0666851, antiderivative size = 72, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 21, e o e

0.238, Rules used = {6107, 12, 5916, 302, 206}

integrand size

e(c +dx)* (a +btanh ™' (c + dX)) .\ be3(c +dx)®  bedtanh ™ (c + dx) 1

3
1] 12d 4d i

Antiderivative was successfully verified.

[In] Int[(c*e + dxe*x)~3%(a + b¥ArcTanh[c + d*x]),x]

[Out] (b*e"3%x)/4 + (b*e”3*(c + d*x)~3)/(12*d) - (bxe"3*ArcTanh[c + d*x])/(4*xd) +
(e”3*%(c + dxx)~4*(a + b*ArcTanh[c + dxx]))/(4*d)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &
& IGtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(b*c
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
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tegerQ[m]) && NeQ[m, -1]

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide [x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Qlm, 2%n - 1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rubi steps

Subst ( [ (a +b tanh_l(x)) dx, x,c + dx)
d
~ e® Subst (f x3 (a + btanh_l(x)) dx,x,c + dx)
- d
(e +dx)? (11 +btanh ' (c + dx)) (be3) Subst (f % dx, x,c + dx)

4d 4d
1
_ e(c +dx)* (11 +btanh ' (c + dx)) (b33) Subst (f (—1 —x%+ m) dx, x,

4d 4d

b bed(c +dx)®  €(c+dx)* (a +btanh ™ (c + dx)) (b33) Subst (J
Joe o+ o _
b(c+dxP b tanh (e +d) | €Xc+ ! (a+btanh™(c+

12d 4d 4d

f (ce + dex)? (a +btanh ™ (c + dx)) dx =

—belx +

1
4
1
4

Mathematica [A] time = 0.10449, size = 78, normalized size = 1.08

e (6a(c + dx)* + 2b(c + dx)? + 6b(c + dx) + 3blog(—c — dx +1) - 3blog(c + dx + 1) + 6b(c + dx)* tanh ™ (c + dx))
24d

Antiderivative was successfully verified.

[In] Integrate[(cxe + d*e*x) 3x(a + bxArcTanh[c + d*x]),x]
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[Out] (e~ 3%(6xbx(c + d*x) + 2%b*(c + d*x)~3 + 6xax(c + d*x)"4 + 6%b*x(c + d*x) “4*A
rcTanh[c + d*x] + 3*bxLogl[l - ¢ - d*x] - 3*bxLogl[l + c + d*x]))/(24%d)

Maple [B] time = 0.035, size = 242, normalized size = 3.4

dBxtaed 3dx2ace’ ac*e®  d®Artanh (dx + ¢) x*bed 3dArtan]
+ d?x3ace® + ———— + xac3e® + + ( ) + d?Artanh (dx + ¢) x3bce® + ————

4 2 4d 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*e*x+cxe) 3% (atb*arctanh(d*x+c)),x)

[Out] 1/4*d~3*x"4*a*xe”3+d"2*x"3*a*xcxe”3+3/2xd*x~2*%axc 2*xe~3+x*axc 3*e " 3+1/4/d*a*c
“4xe~3+1/4*d"3*arctanh (dxx+c) *x~4*b*e”3+d"2*arctanh (d*x+c) *x~3*b*c*xe”~3+3/2%*
d*arctanh (d*x+c) *x~2*bxc~2%e” 3+arctanh (d*x+c) *x*bxc~3*e”~3+1/4/d*arctanh (d*x

+c) *bxcT4*e”3+1/12*xd"2%x " 3*¥b*xe " 3+1/4*d*x"2*bxckxe"3+1/4*xx*¥b*c"2%e”3+1/12/d*b
*Cc"3%e"3+1/4*b*e”"3*x+1/4/d*xb*xc*xe”3+1/8/d*e " 3*b*x1n(d*x+c-1)-1/8/d*e"3*b*1n(d
*x+c+1)

Maxima [B] time = 0.995547, size = 482, normalized size = 6.69

1 3 3 2 2+2c+1)log(dx+c+1) (c*-2c+1)lo
1 ad3e3x* + acd?e3x3 + 5 ac’de3x? + 1 2 x?artanh (dx +c) +d d—f -~ ( ) yE + ( ) yE

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e) 3*(atb*arctanh(d*x+c)),x, algorithm="maxima"

[Out] 1/4*a*xd”3xe”3*x74 + axc*d™2%e”3%x"3 + 3/2%a*xc”2*d*e”3%x"2 + 3/4x(2xx"2*arct
anh(d*x + c) + d*(2%x/d"2 - (c72 + 2xc + 1)*xlog(d*x + ¢ + 1)/d"3 + (c™2 - 2

xc + 1)xlog(d*xx + ¢ - 1)/d"3))*b*xc”™2xd*e”3 + 1/2*(2*x"3*arctanh(d*x + c) +
dx((d*x"2 - 4*xcxx)/d"3 + (c73 + 3*%c™2 + 3*c + 1)*log(d*x + ¢ + 1)/d"4 - (c~
3 - 3%c”2 + 3*c - 1)xlog(d*x + c - 1)/d"4))x*bxcxd"2*e”3 + 1/24x(6*x"4*arcta
nh(dxx + c) + d*(2x(d72%x"3 - 3*kcxd*x"2 + 3%(3%c™2 + 1)*x)/d"4 - 3*%(c”™4 + 4

*xC™3 + 6%c”2 + 4xc + 1)xlog(d*x + ¢ + 1)/d75 + 3*(c™4 - 4%c™3 + 6%c”2 - 4x*c

+ 1)xlog(d*x + ¢ - 1)/d75))*b*d"3%e”3 + a*xc™3*%e"3*x + 1/2x(2x(d*x + c)*arc
tanh(d*x + c) + log(-(d*x + c)~2 + 1))*bxc”3*e”3/d
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Fricas [B] time = 2.23478, size = 342, normalized size = 4.75

6ad*e®x* +2(12ac + b)d®e3x® + 6 (6 ac® + bc)d263x2 +6 (4 acd® + be? + b)de3x +3 (bd4e3x4 + 4 bcd®e3x3 + 6 bc*d?ex’

24d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e) 3% (atb*arctanh(d*x+c)),x, algorithm="fricas")

[Out] 1/24*(6*xaxd~4*xe~3xx74 + 2% (12*a*c + b)*d"3*e"3*x"3 + 6% (6*a*xc™2 + b*c)*d™2x*
e”3%x"2 + 6*x(4*axc”3 + bxc”2 + b)*d*e”3*x + 3k (b*d"4*e"3*x"4 + 4xbkxc*xd"3*e”

3*x73 + 6*b*xc”2*d"2%e"3%x72 + 4*xbxc”3*d*e”3xx + (b*xc”"4 - b)*e”3)*log(-(d*x

+c+ 1)/(d*xx + ¢c - 1)))/d

Sympy [A] time = 26.819, size = 231, normalized size = 3.21

ad3e3x* bc*ed atanh (c+dx)
4d

3ac?de3x?
{ac3e3x et acd?e3x3 +

+ bceBx atanh (¢ + dx) +

3bc2de3x? atanh (c+dx bc2e3x
> nh(crdy) — bed?e
c3e3x (a + batanh (c))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*exx+c*e)**3* (at+b*atanh(d*x+c)),x)

[Out] Piecewise((a*cx*x3xe*x*x3%x + kakckkkdkex*x3xx**x2/2 + akxckd**2xe*x*3*kx*k*3 + ax*
dx*x3%xe*x*3xx**4/4 + brckxx4dkxex*x3xatanh(c + d*xx)/(4d*xd) + bxc**3*xex*x3*x*atanh(c

+ d*xx) + 3kbkckx2kxdkexkx3kxx*k*k2xatanh(c + d*x)/2 + bxc*k*x2kex*x3%xx/4 + bkckd*x*
2%ex*x3*xxk*k3*katanh(c + d*xx) + b¥ckd*e**3*x**2/4 + bxd*x*x3xex*3*x**4*xatanh(c +

d*x) /4 + bxd*x2xe*x*3xx*x*x3/12 + bkex*x3%x/4 — bkex*x3*atanh(c + d*xx)/(4xd), N

e(d, 0)), (c*x*3*xexx3*x*x(a + bxatanh(c)), True))

Giac [B] time = 1.29449, size = 362, normalized size = 5.03

3 bd*x*e3 log (—m—ﬁl) + 6ad*x*e® + 12 bed®x3e3 log (—m—ﬁl) + 24 acd®x3e® + 18 bc?d?x%e3 log (— dx+c+1) + 36 ac®d?
dx+c-1 dx+c-1 dx+c-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e) 3% (atb*arctanh(d*x+c)),x, algorithm="giac")
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[Out] 1/24x%(3*b*xd~4*x"4*e"3xlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) + 6*axd~4*xx"4*e”3 +
12xb*c*d~3*x"3%e"3xlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) + 24xa*xcxd”3*x"3*e”3
+ 18xb*c™2%d"2xx"2*%e"3*log(-(d*x + c + 1)/(d*x + ¢ - 1)) + 36%axc™2xd"2*x"2
*xe”3 + 2%bxd"3*%x"3*e”3 + 12%bxc”3xd*x*e”3*log(-(d*xx + ¢ + 1)/(d*x + ¢ - 1))
+ 24xaxc”3xd*x*e”3 + 6xbkckd"2xx"2%e”3 + 3xb*c"4*xe”3xlog(d*x + c + 1) - 3%
bxc~4*e”3*%log(-d*x - c + 1) + 6%bxc”2*d*x*e”3 + 6*bkd*x*xe”3 - 3*bxe”3*log(d

*x + c + 1) + 3*b*e”3xlog(-d*x - ¢ + 1))/d
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310  [(ce+dex)*(a+btanh™ (c + dx)) dx

Optimal. Leaf size=69

2(c+dx)® (a+btanh ™ (c+dx))  pe2(c+dx)? betlog(l-(c+dx)?)
+ +
3d 6d 6d

[Out] (b*e™2%(c + d*x)~2)/(6*xd) + (e"2%(c + d*x) " 3*x(a + bxArcTanh[c + d*x]))/(3*d
) + (bxe"2xLogl[l - (c + d*x)~2])/(6%d)

Rubi [A] time = 0.0651115, antiderivative size = 69, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 21, e o e

0.238, Rules used = {6107, 12, 5916, 266, 43}

integrand size

é*(c + dx)® (a +btanh ' (c + dx)) be?(c + dx)>  be*log (1 —(c+ dx)z)
+ +
3d 6d 6d
Antiderivative was successfully verified.

[In] Int[(c*e + dxe*x)~2%(a + b¥ArcTanh[c + d*x]),x]

[Out] (b*e™2%(c + d*x)~2)/(6*xd) + (e”2%(c + d*x) " 3*x(a + bxArcTanh[c + d*x]))/(3*d
) + (bxe™2xLog[l - (c + d*x)~2])/(6%d)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &
& IGtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh([c*x]) p)/(d*(m + 1)), x] - Dist[(b*c
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
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tegerQ[m]) && NeQ[m, -1]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

Subst ( [ e (a +b tanh_l(x)) dx,x,c + dx)
d

¢? Subst (f x? (a + btanh_l(x)) dx,x,c + dx)
d

f (ce + dex)? (a +btanh ™ (c + dx)) dx =

3
e*(c +dx)3 (a +btanh ' (c + dx)) (bez) Subst (f ;? dx, x,¢ + dx)

3d 3d

e(c + dx)3 (a +btanh ' (c + dx)) (bez) Subst (f fo dx, x, (c + dx)z)

3d 6d

e?(c +dx)? (a +btanh ™' (c + dx)) (bez) Subst (f (—1 + ﬁ) dx, x, (c + dx

3d 6d

be?(c +dx)?  €*(c+dx)’ (a +btanh ™ (c + dx)) be? log (1 —(c+ dx)z)
= + +

6d 3d

Mathematica [A] time = 0.0728182, size = 59, normalized size = 0.86

e ((c +dx)?(2a(c + dx) + b) + blog (1 —(c+ dx)z) + 2b(c + dx)3 tanh (¢ + dx))
6d

Antiderivative was successfully verified.

[In] Integrate[(cxe + d¥exx) 2x(a + b*ArcTanh[c + d*x]),x]

6d
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[Out] (e”2%x((c + dxx) " 2x(b + 2*xa*x(c + d*x)) + 2*b*x(c + d*x) 3*ArcTanh[c + d*xx] +
bxLog[1 - (c + d*x)~2]))/(6%d)

Maple [B] time = 0.038, size = 174, normalized size = 2.5

d?x3ae? s , o ac’e®  d?Artanh (dx + c) x*be?
+ dx“ace” + xac<e” + + 3

3 3d

+ dArtanh (dx + ¢) x?bce? + Artanh (dx + ¢) xbc?e? -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*e*xx+cxe) 2% (atb*arctanh(d*x+c)),x)

[Out] 1/3*d"2*x~3*axe”2+dxx~2%a*cke 2+x*a*xc” 2xe”2+1/3/d*xaxc~3*e”2+1/3*d"2*arctanh
(d*x+c) *x"3*bxe~2+d*arctanh (d*x+c) *x~2xb*c*e”2+arctanh (d*xx+c) *x*bxc ™ 2*xe~2+1
/3/d*arctanh (d*x+c) *b*c~3%e”2+1/6*d*xx"2¥b*e”2+1/3*x*b*cxe”2+1/6/d*b*c”"2xe"2
+1/6/d*e”2xbx1n(d*x+c-1)+1/6/d*e”2*xb*x1n(d*x+c+1)

Maxima [B] time = 0.962126, size = 304, normalized size = 4.41

2y (c2+2c+1)10g(dx+c+1) (c2—20+1)10g(dx+c—1j

1 1
3 ad?e?x3 + acde®x? + > 2x2artanh (dx +c) + d " 7B * d3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e) 2% (atb*arctanh(d*x+c)),x, algorithm="maxima"

[Out] 1/3*a*xd”2*e”2*x"3 + axc*d*e”2*x"2 + 1/2*%x(2xx"2*arctanh(d*x + c) + d*(2*xx/d”
2 - (c72 + 2%c + 1)*log(d*x + ¢ + 1)/d"3 + (c”2 - 2*c + 1)*log(d*x + ¢ - 1)

/d"3) )*¥bkxcxd*e”2 + 1/6*%(2*xx " 3*arctanh(d*x + c) + d*x((d*x"2 - 4x*xc*x)/d"3 + (

c™3 + 3%c”2 + 3%c + 1)xlog(d*x + ¢ + 1)/d"4 - (c”3 - 3*%c™2 + 3*c - 1)*log(d

*x + ¢ - 1)/d74))*b*xd"2*e”2 + axc”2*e"2*x + 1/2*x(2*x(d*x + c)*arctanh(d*x +

c) + log(-(d*x + c)72 + 1))*bxc"2*xe"2/d

Fricas [B] time = 2.43145, size = 323, normalized size = 4.68

2 ad®e®x® + (6 ac + b)d?e®x? + 2 (3 ac® + bc)dezx + (bc3 + b)€2 log (dx +c+1) - (bc3 - b)32 log (dx +c—1) + (bd3ezxE
6d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*xx+c*e) 2% (a+b*arctanh(d*x+c)),x, algorithm="fricas")

[Out] 1/6%(2*a*xd"3*e”2*x"3 + (B*a*xc + b)*xd"2*xe”2*x"2 + 2% (3*a*c”2 + bxc)*d*e”2*x
+ (bxc™3 + b)*e"2xlog(d*x + c + 1) - (b*c™3 - b)*e"2xlog(d*x + ¢ - 1) + (bx
d73%e72xx73 + 3*bxc*d"2%e”2xx"2 + 3*bxc”2kd*e”2*xx)*log(-(d*x + ¢ + 1)/(d*x

+c - 1)))/d

Sympy [A] time = 6.20643, size = 180, normalized size = 2.61

ad?e2x®  bcPe? atanh (c+dx beex  bd%e?x® atanh (c+d
ac’e?x + acde®x* + —+ e D) | pe2ex atanh (c + dx) + bede® atanh (c + dx) + T+ . (

c?e?x (a + batanh (¢))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e)**2*(a+b*atanh(d*x+c)) ,x)

[Out] Piecewise((a*xck*2ke*x*x2xx + akxckdxex*x2xx**2 + axdrx2ke*x*2xx**3/3 + bxcx*x3*ex*
*2%xatanh(c + d*xx)/(3*d) + bxc**2%e*x*2*x*atanh(c + d*xx) + bxcxdxe*x*2*x**2*at

anh(c + d*x) + bkxckxex*x2xx/3 + b*d**2kxe*x*2*x**3*atanh(c + d*x)/3 + bkd*e**2x*
x*x*%2/6 + bxex*2xlog(c/d + x + 1/d)/(3%d) - bxexx2*atanh(c + d*x)/(3xd), Ne(

d, 0)), (c**2ke*x*2xx*(a + bxatanh(c)), True))

Giac [B] time = 1.27452, size = 258, normalized size = 3.74

bd3x3e? log (—m—ﬁl) +2ad®x3e? + 3 bed?x%e? log (—dx+—c+l) + 6 acd?x?e? + 3 bc*dxe? log (—d”—ﬁl) + 6 ac’dxe? + bd%x
dx+c-1 dx+c-1 dx+c-1
6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e) 2% (atb*arctanh(d*x+c)),x, algorithm="giac")

[Out] 1/6%(b*d~3*x"3*e"2xlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) + 2%a*xd™3*x"3*e”2 + 3%
bxckd"2%x"2xe"2x1log(~(d*x + ¢ + 1)/(d*x + c - 1)) + 6*akxcxd™2*xx"2%e”2 + 3*b
xc"2xdxx*e"2%log(-(d*x + ¢ + 1)/(d*x + c — 1)) + 6*xa*xc ™ 2xd*x*e”2 + b*d™2*x"

2%e”2 + bxc”3*%e"2xlog(d*x + c + 1) - b*c™3*e"2xlog(d*x + c - 1) + 2%bxcxd*x

*e"2 + bxe"2xlog(d*x + ¢ + 1) + bxe"2xlog(d*x + c - 1))/d
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311  [(ce+dex)(a+btanh™ (c + dx)) dx

Optimal. Leaf size=48

e(c + dx)? (11 +btanh™ (c + dx)) be tanh™ (¢ + dx) . bex
2d 2d 2

[Out] (b*exx)/2 — (b*exArcTanh[c + d*xx])/(2xd) + (ex(c + d*x) " 2*x(a + bxArcTanh[c
+ dx*x]))/(2*d)

Rubi [A] time = 0.0344056, antiderivative size = 48, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 19, e o e

0.263, Rules used = {6107, 12, 5916, 321, 206}

integrand size

e(c + dx)? (ﬂ +btanh™'(c + dx)) be tanh ™ (c + dx) . bex
2d 2d 2
Antiderivative was successfully verified.

[In] Int[(c*xe + dxe*x)*(a + bk*ArcTanh[c + d*x]),x]

[Out] (b*exx)/2 - (b*exArcTanh[c + d*xx])/(2xd) + (ex(c + dxx) " 2*x(a + bxArcTanh[c
+ dx*x]))/(2*d)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &
& IGtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh([c*x]) p)/(d*(m + 1)), x] - Dist[(b*c
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
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tegerQ[m]) && NeQ[m, -1]

Rule 321

Int[((c_)*(x D))" (m )*((a_) + (b_)*(x_)"(n_)) (p_), x_Symbol] :> Simp[(c~(
n - D*(cxx)"(m - n + 1)*x(a + bxx™n)"(p + 1))/(b*x(m + nxp + 1)), x] - Distl[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps

Subst (f ex (a +btanh™} (x)) dx,x,c+ dx)
d

e Subst (fx (a + btanh_l(x)) dx,x,c+ dx)
- d

f (ce + dex) (a +b tanh_l(c + dx)) dx =

2
e(c + dx)? (a +btanh ' (c + dx)) (be) Subst (f T2 dx,x, 0+ dx)

2d 2d

1
bex e(c+ dx)? (a + btanh_l(c + dx)) (be) Subst (f 2 dx, x,c + clx)

+
2 2d 2d
B bex be tanh_l(c +dx) .\ e(c + dx)? (a +b tanh_l(c + dx))

2 2d 2d

Mathematica [A] time = 0.0464528, size = 77, normalized size = 1.6

e (Zacz + dacdx + 2ad?x? + blog(—c — dx + 1) — blog(c + dx + 1) + 2b(c + dx)? tanh ™' (c + dx) + 2bc + Zbdx)

4d
Antiderivative was successfully verified.

[In] Integrate[(c*e + dxe*x)*(a + b*ArcTanh[c + d*x]),x]
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[Out] (ex(2xb*c + 2%a*xc™2 + 2xbxd*x + 4kakxckd*x + 2%a*xd~2%xx"2 + 2%b*x(c + d*xx) ~2%A
rcTanh[c + d*x] + b*Log[l - c - d*x] - bxLogl[l + c + d*x]))/(4xd)

Maple [B] time = 0.038, size = 107, normalized size = 2.2

ax?de ac’e  dArtanh (dx + c) x?be Artanh (dx + c)bc’e  bex bec beln(d:
+ xace + + + Artanh (dx + c) xbce + +—+—+
2d 2 2d 2 2d £

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*e*x+cxe)*(a+tb*arctanh(d*x+c)),x)

[Out] 1/2*a*x”~2*xd*e+x*axcke+l/2/d*a*xc”2xe+1/2*xd*arctanh(d*x+c)*x " 2*xb*e+arctanh (dx*
x+c) *x*b*cxe+1/2/d*arctanh (d*x+c) *xb*xc~2%e+1/2%b*xexx+1/2/d*b*xexc+1/4/d*bxex1
n(d*xx+c-1)-1/4/d*bxex1n(d*x+c+1)

Maxima [B] time = 0.966486, size = 153, normalized size = 3.19

1 1 ) +2c+1)log(dx+c+1) (c2-2c+1)log(dx+c-1)
Eaclex2+4—L 2x?artanh (dx +¢) + d d—;—( )d3g +( )ng bde + ace:

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e)* (atb*arctanh(d*x+c)),x, algorithm="maxima")

[Out] 1/2*axd*e*x”2 + 1/4%(2*x"2xarctanh(d*x + c) + d*x(2*x/d"2 - (c72 + 2xc + 1)*
log(d*x + ¢ + 1)/d™3 + (c72 - 2%c + 1)*log(d*x + ¢ - 1)/d”3))*b*d*e + axcxe
*x + 1/2%(2%(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))x*bx*c*e/d

Fricas [A] time = 2.31053, size = 169, normalized size = 3.52

dx+c-1

2 ad%ex? + 2 (2 ac + b)dex + (bdzex2 + 2 bedex + (bc2 - b)e) log(
4d

dx+c+1 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e)*(atb*arctanh(d*x+c)),x, algorithm="fricas")
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[Out] 1/4x(2%a*xd"2*xe*xx”2 + 2*%x(2*axc + b)*d*xexx + (b*d " 2*e*xx”2 + 2xbkxckxd*xexx + (b*
c”2 - b)*e)*log(-(d*x + ¢ + 1)/(d*x + ¢ - 1)))/d

Sympy [A] time = 2.29738, size = 95, normalized size = 1.98

bdex? atanh (c+dx) bex  beatanh (c+dx)

adex? bc2e atanh (c+dx)
acex + —— + 2 + beex atanh (c + dx) + > > > ford #0
cex (a + batanh (c)) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*exx+c*e)*(atb*atanh(d*x+c)),x)

[Out] Piecewise((a*cxexx + axdkxexx*x*x2/2 + b*cxx2kxexatanh(c + d*xx)/(2%d) + bxckxex*x
*atanh(c + d*x) + bxd*exx**2%xatanh(c + d*x)/2 + bxe*xx/2 - bkexatanh(c + dx*x
)/ (2xd), Ne(d, 0)), (ckexx*(a + b*atanh(c)), True))

Giac [B] time = 1.2337, size = 192, normalized size = 4.

dx+c+1
dx+c-1

dx+c+1
dx+c-1

bd?x?elog (— ) +2ad?x%e + 2 bedxelog (— ) + 4 acdxe + bc?elog (dx + ¢ + 1) — bc?elog (=dx —c +1) + 2 bd

4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e)* (atb*arctanh(d*x+c)),x, algorithm="giac")

[Out] 1/4%(bxd~2xx"2xexlog(-(d*x + c + 1)/(d*x + c - 1)) + 2*%axd™2*x"2%e + 2%b*cx
dxxxexlog(-(d*x + c + 1)/(d*x + ¢ - 1)) + 4*axcxdxx*e + bxc 2xexlog(d*x + ¢

+ 1) - bxc"2*exlog(-d*x - c + 1) + 2%bkxd*x*e - bkexlog(d*x + c + 1) + b*ex
log(-d*x - ¢ + 1))/d
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-1
319 fa+btanh (c+dx) dx

ce+dex

Optimal. Leaf size=54

_bPolyLog(Z, —c—dx) bPolyLog(2,c + dx) N alog(c + dx)
2de 2de de

[Out] (axLoglc + d*x])/(d*e) - (b*PolyLogl[2, -c - d*x])/(2*dxe) + (b*PolyLogl[2, c
+ dxx])/(2xdx*e)

Rubi [A] time = 0.0447492, antiderivative size = 54, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 21, e -

integrand size
0.143, Rules used = {6107, 12, 5912}

bPolyLog(2,—c —dx) bPolyLog(2,c+dx) alog(c+ dx)
- + +
2de 2de de
Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*x])/(c*xe + dxexx),x]

[Out] (axLoglc + d*x])/(d*e) - (b*PolyLogl[2, -c - d*x])/(2*d*e) + (b*PolyLogl[2, c
+ dxx])/(2xdx*e)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &
& IGtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5912

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))/(x_), x_Symboll :> Simp[axLoglx], x
1 + (-Simp[(b*PolyLogl[2, -(c*x)])/2, x] + Simp[(b*PolyLogl[2, c*x])/2, x]) /
; FreeQ[{a, b, c}, x]
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Rubi steps

-1
Subst (f Mta+xh(x) dx,x,c+ dx)

a+btanh™ (c + dx)
f dx =

ce + dex B d
Subst (f M dx,x,c+ dx)
_ X
a de
_a log(c + dx) B bLiy(—c — dx) N bLiy(c + dx)
de 2de 2de

Mathematica [A] time = 0.0247697, size = 54, normalized size = 1.

bPolyLog(2, —c —dx) bPolyLog(2,c+dx) alog(c+ dx)
—~ + +
2de 2de de

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + d*x])/(c*e + d*e*xx),x]

[Out] (axLoglc + d*x])/(dxe) - (b*PolyLogl[2, -c - d*x])/(2*d*e) + (b*PolyLogl[2, c
+ dxx])/(2xd*e)

Maple [A] time = 0.041, size = 89, normalized size = 1.7

aln (dx + c) N bln (dx + ¢) Artanh (dx + ¢) _ bdilog (dx + ¢) _ bdilog (dx +c +1) ~ bln(dx+c)ln(dx+c+1)
de de 2de 2de 2de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*xx+c))/(d*exx+c*xe) ,x)

[Out] 1/d*a/e*1n(d*x+c)+1/d*b/e*x1ln(d*x+c)*arctanh(d*x+c)-1/2/d*b/exdilog(d*x+c)-1
/2/d*b/exdilog(d*x+c+1)-1/2/d*b/e*1n(d*x+c)*1n(d*x+c+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

1 log(dx+c+1)-log(-dx—c+1) alog (dex + ce)
Ly f dx +
2 dex + ce de



95

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(d*e*x+c*e),x, algorithm="maxima"

[Out] 1/2*b*integrate((log(d*x + c + 1) - log(-d*x - c + 1))/(d*e*xx + cxe), x) +
axlog(d*e*xx + c*e)/(dxe)

Fricas [F] time = 0., size = 0, normalized size = 0.

_ bartanh (dx+c) +a
integral X

dex + ce

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(d*exx+c*e),x, algorithm="fricas")

[Out] integral((b*arctanh(d*x + c) + a)/(d*e*x + cxe), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f a dx+fbatanh(c+dx) dx

c+dx c+dx

e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(dxx+c))/(d*e*xx+c*e) ,x)

[Out] (Integral(a/(c + d*x), x) + Integral(b*atanh(c + d*x)/(c + d*x), x))/e

Giac [F] time = 0., size = 0, normalized size = 0.

bartanh (dx +c) + a
f dx
dex + ce

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(d*exx+c*e),x, algorithm="giac")



[Out] integrate((b*arctanh(d*x + c) + a)/(d¥exx + c*e), x)
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-1
313 fa+btanh (c+dx) dx

(ce+dex)?

Optimal. Leaf size=63

a+ btanh ' (c + dx) N blog(c +dx) blog (1 -(c+ dx)z)
de?(c + dx) de? 2de?

[Out] -((a + bxArcTanh[c + d*x])/(d*e”2*(c + d*x))) + (bxLoglc + dxx])/(d*e”2) -
(b*xLog[1 - (c + d*x)~2])/(2*d*e"2)

Rubi [A] time = 0.0585116, antiderivative size = 63, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 21, e e .

integrand size
0.333, Rules used = {6107, 12, 5916, 266, 36, 31, 29}

a+ btanh™ (c + dx) N blog(c +dx) blog (1 —(c+ dx)z)
de?(c + dx) de? 2de?

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*x])/(c*e + d*xexx)~2,x]

[Out] -((a + bxArcTanh[c + d*x])/(d*e”2*(c + d*x))) + (bxLogl[c + dxx])/(d*e”2) -
(b*Log[1 - (c + dxx)~2])/(2xd*e"2)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &
& 1GtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x )]*(b_.))"(p_.)*x((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(bxc
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
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x72), x], x] /; FreeQl{a, b, c, d, m}, x] && IGtQ[p, O] && (EqQ[p, 1] I| In
tegerQ[m]) && NeQ[m, -1]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1) *(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 36

Int[1/(((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- a*d), Int[1/(a + bxx), x], x] - Dist[d/(b*c - a*d), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], xI]

Rubi steps
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a+btanh™ (x)
fa+btanh_1(c+dx)d 3 Subst (f 22 dx,x,c +dx

(ce + dex)? *= d

Subst (f a+btanh () dx,x,c + dx

x2

de?

_a+btanh e+ dy fx dxx”dx)

)
)
bSubs
(
(s

de2(c + dx)
2
a+btanh (c+dx) bSubst f(l e dx, x, (c + dx) )
de?(c + dx) 2de?
_a+btanh” e+ dx) bSubst = (c+ dx)z) b Subst (f % dx, x, (c + dx)?
de?(c + dx) Zdez - 2de?
_ _a+btanh Ye+dv) N blog(c +dx) blog (1 -(c+ dx)z)
de?(c + dx) de? 2de?

Mathematica [A] time = 0.0676478, size = 69, normalized size = 1.1

2btanh " (c+dx)
c+dx

+b log( —c? = 2cdx — d?x® + 1) - 2blog(c + dx) +
2de?

c+dx

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + d*x])/(cxe + d*e*xx)~2,x]

[Out] -((2%a)/(c + d*x) + (2xbxArcTanh[c + d*x])/(c + d*x) - 2xbxLoglc + d*x] + b
xLog[1l - ¢c72 - 2xc*xd*x - d72*x72])/(2*d*e"2)

Maple [A] time = 0.036, size = 86, normalized size = 1.4

~ a _bArtanh(dx+c)_bln(dx+c—1)+b1n(dx+c)_bln(dx+c+1)
de? (dx + c) de? (dx + c) 2 de? de? 2 de?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c))/(d*e*xx+c*e) 2,x)
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[Out] -1/d*a/e”2/(d*x+c)-1/d*b/e"2/(d*x+c)*arctanh(d*x+c)-1/2/d*b/e~2*x1n(d*x+c-1)
+b*1n(d*x+c)/d/e"2-1/2/d*b/e"2x1n(d*x+c+1)

Maxima [A] time = 0.971283, size = 128, normalized size = 2.03

1 (d(log(dx+c+1) 2 log(dx +¢) log(dx+c—1)) 2 artanh (dx + c) a

2 d2e? d2e? d2e? d?e2x + cde? d?e?x + cde?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(d*e*x+c*e)”2,x, algorithm="maxima")

[Out] -1/2%(d*(log(d*x + c + 1)/(d"2%e"2) - 2*log(d*x + c)/(d"2xe"2) + log(dx*x +
c - 1)/(d"2%e"2)) + 2xarctanh(d*xx + c)/(d"2%e"2%x + cxd*e”2))xb - a/(d"2xe”
2*%x + c*d*xe”2)

Fricas [A] time = 2.33926, size = 205, normalized size = 3.25

(bdx + bc) log (d2x2 +2cdx +c% - 1) — 2 (bdx + bc) log (dx + ¢) + blog (— Zi:ij) +2a

2 (dzezx + cdez)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(d*exx+c*e)~2,x, algorithm="fricas")

[Out] -1/2%((b*d*x + b*c)*log(d™2*x"2 + 2*ckd*x + c™2 - 1) - 2x(b*xd*x + b*c)*log(
d*xx + c) + bxlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) + 2xa)/(d"2*%e”2*x + c*d*e~2)

Sympy [A] time = 152.211, size = 2749, normalized size = 43.63

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))/(d*e*xx+c*e)**2,x)
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[Out] Piecewise((x*(a + bxatanh(c))/(cx*2*xe*x*2), Eq(d, 0)), (-3*sqrt(3)*a*xd**3*xx*
*x3/ (Okdx*k4xexx2*xx**k3 — Oksqrt (3) *d**3kex*x2kxx*k*2 + 2*sqrt (3)*xd*ex*2) + 6*sqr
t (3) xaxd*x/ (Ikdx*kdxe*x*x2*xx**3 — Oksqrt (3) *d*x*3ke*x*x2*xx**2 + 2%sqrt (3) *d*xe*x*2)
+ 4dxa/ (9xd*xd*ex*2xx**3 — Oxsqrt (3) kdx*3kxe**2kx*x*2 + 2xsqrt(3) *d*ex*2) + 9
*xbxd*k3kx*kk3*klog(x — sqrt(3)/(3+d))/ (9xd*k*dxe*x*x2xx*k*3 — 9ksqrt (3)*kd**3ke*x*2
*x**2 + 2%sqrt(3) *d*xex*2) - 9xbxd**3*kx**3xlog(x - 1/d - sqrt(3)/(3*d))/(9*d
xkdkexx2kxxx3 — Oksqrt (3) *d*k*k3kex*k2xx*x*2 + 2*sqrt(3)*xd*kex*2) — 9kbxdk*k3*x*k*
3xatanh (d*x - sqrt(3)/3)/(9xd*x4*xex*2xx*x3 — 9*sqrt (3)kd**3*ke**2kx*x*2 + 2%s
qrt (3) *d*xex*2) - O9ksqrt (3) *bxd**2xx**2*x1log(x - sqrt(3)/(3*d) )/ (9kdx*4xe**2x*
x*x*k3 — Oxsqrt (3) *xdx*k3kex*k2kx**2 + 2xsqrt(3)*dxex*2) + 9xsqrt (3) ¥bkd**2kx**2
*log(x - 1/d - sqrt(3)/(3*d))/(9*d**d*e*x*2*x**3 — 9xsqrt (3) *d**3xer*2xX**2
+ 2%sqrt (3)*xd*xe*x*2) - 9xbkxdx*2xx**2*atanh(d*xx - sqrt(3)/3)/ (Okdx*xdxe*x*2*x**
3 — O%sqrt (3) *d**3kex*x2xx*k*2 + 2*sqrt(3)*xd*e*x*2) + 9*sqrt(3)*xb*xd*x*2kxx**2*at
anh (d*x - sqrt(3)/3)/(9xd*x4*xex*2xx*x3 — 9*sqrt (3)*d**3*xe*x*2xx**2 + 2xsqrt(
3)*dxe*x2) + 6xsqrt(3)*bxd*x*atanh(d*x - sqrt(3)/3)/(9kdx*4*e*x*2kx*x*3 — Oxs
qrt (3) *d**3kex*2xx**2 + 2xsqrt (3)*d*ex*2) + 2xsqrt(3)*b*xlog(x - sqrt(3)/(3x
d) )/ (9xd*x*4xe*x*2xx*k*3 — 9*sqrt (3) xd**3ke*x*x2xx**x2 + 2xsqrt(3) *dxe*x*2) - 2xsq
rt(3)*bxlog(x - 1/d - sqrt(3)/(3*d))/(9*d*x*4*xex*2*xx**3 — O*ksqrt (3)*d**3*e*x*
2xx*x*2 + 2xsqrt(3)*dxe*xx2) - 2xsqrt(3)*bxatanh(d*x - sqrt(3)/3)/(9xd**4*exx*
2xx*x*3 — Oxsqrt (3) kd**3xe*xx2*kx**2 + 2xsqrt (3) *d*kex*2) + 6*bxatanh(d*x - sqr
t(3)/3)/ (9*d**Axex*2xx**3 — Oksqrt (3) *xd**3kex*2*xx**2 + 2kxsqrt (3)*dxe*x*2), E
qlc, -sqrt(3)/3)), (3*sqrt(3)*a*xd**3xx**3/(9xdr*4*xe*x*2xx**3 + O*sqrt (3)*d*x*
3kexk2kx**k2 — 2xsqrt(3)*kdxex*2) - 6xsqrt(3)*kakxdxx/(9xdx*4*xex*2xx**3 + O*sqr
t (3) *d**3kex*2xx*k*2 — 2*ksqrt (3) xd*kex*2) + 4*a/(9xd*xd*xex*2xx**x3 + 9*sqrt(3)
xd*xx3kekk2xx*¥x2 — 2xsqrt(3)*kdxe**2) + 9xb*d**3xx*x3*xlog(x + sqrt(3)/(3*d))/
(9xd**x4xex*x2xx**3 + O*sqrt (3) xd**3xex*2xx**2 — 2*sqrt(3) xd*xe**2) - 9xb*xd**3
*xxx*3%log(x - 1/d + sqrt(3)/(3%d))/(9*d**4*xe*x*x2xx*x*3 + O*ksqrt (3)kd**3kex*2x*
x*x*2 — 2%sqrt(3)*dxe*x*2) - Oxbxd*x3*x**3*atanh(d*x + sqrt(3)/3)/(9kdx*d*xexx
2xx*x*3 + Oxsqrt (3) kdx*k3xe*x*2*kx**2 — 2xsqrt (3) *d*xex*2) + Oksqrt (3) *bkd**2*x*
*x2xlog(x + sqrt(3)/(3*d))/ (9kdx*kdxe*x*x2*xx**3 + O*ksqrt (3) *d*k*3ke*x*2*kx*k*2 — 2%
sqrt (3) xd*xex*2) - O*sqrt(3)*bkxd**2xx*x2*xlog(x - 1/d + sqrt(3)/(3+d))/(9*d**
4xex*2%x*x*k3 + Oksqrt (3) kdx*k3ke*xx22kx*x*2 — 2ksqrt (3) *d*kex*2) - 9*ksqrt (3)*xb*xd*
x2kxx*k2xatanh (d*x + sqrt(3)/3)/(9xd*x4d*xex*2xx**3 + 9xsqrt (3) kd*x*k3ke**2kx**2
- 2%sqrt(3)*d*e*x*2) - 9xbkxdx*2xx*x2*atanh(d*x + sqrt(3)/3)/(9kdx*k4xe**2*xx*
*3 + Oxsqrt(3)*xd**3*xe*x*2kxx**2 — 2xsqrt(3)*dxe*x2) - 6xsqrt(3)*bxd*x*atanh(d
*x + sqrt(3)/3)/ (9kdx*d*kex*x2*xx**3 + Oksqrt (3)kd*x*3*ke*x*2*x**2 — 2%xsqrt(3)*dx*
e*x*x2) - 2%sqrt(3)*b*xlog(x + sqrt(3)/(3*d))/(9xdx*4*xe*xx2xx**3 + 9*ksqrt (3)*dx*
*xJkex*kkx*k*2 — 2%sqrt (3)*dxex*2) + 2xsqrt(3)*bxlog(x - 1/d + sqrt(3)/(3xd))
/ (9xd**4*kex*k2xx**3 + O*sqrt (3)*d**3kex*2xx**2 — 2xsqrt(3)*dxe**2) + 2xsqrt(
3)*bxatanh (d*x + sqrt(3)/3)/(9*d**4*kex*2xx**3 + O*sqrt (3) *d**3*kex*k2xx**2 -
2xsqrt (3) *d*xex*2) + 6*bxatanh(d*x + sqrt(3)/3)/(9xd*x4d*xex*2xx*x3 + 9*sqrt(3
) kd**k3kek*k2xxx*2 — 2*xsqrt(3)*d*xex*2), Eq(c, sqrt(3)/3)), (zoo*a*x, Eq(c, -d
*x) ), (—axc**x2/(3xckx*x3kdxe*x*x2 + Jkck*2kd*kk2kex*x2kx — ckdre*x*x2 — d¥x2kexx2kxx
) + 2%axcxdxx/ (3kck*x3kdke* k2 + 3Ikckkkd*kkDkek*k2kx — ckxdkex*x2 — dkk2ke*xk2%xx)
+ a/ (3kckx3kdkex*2 + IkckkVkAk*kDke*k*k2kxX — ckdke* k2 — d¥xkkex*kkxx) + 3kbkck
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x3*xlog(c/d + x)/(3kckk3xdkex*2 + 3kckk2kd*k*2kex*k2kx — ckdkex*2 — dxk2kxe**2x*
x) - 3*bkck*3*%log(c/d + x + 1/d)/(3kck*3xdxex*2 + Ikck*2kdr*k2ke**k2kx — ckdx*
ex*x2 — dx*k2ke*x*x2%xx) + 3xbxck*x3kxatanh(c + d*xx)/(3kckx*k3kdke*x*2 + IkckkDkd**2%
e**¥2kxX — cxd¥ex*2 — dk*2kex*k2xx) + 3xbkxck*2xdxx*klog(c/d + x)/(3kck*3*xd*kex*2
+ BkCHkDkARX2kek*kDxkX — Cckdkex*k2 — dk*k2kex*2%x) - 3xbkcx*k2xd*xxlog(c/d + x

+ 1/d)/ (3kckx3kd*e*x*x2 + 3Ikck*kkd*k*k2ke*xkQkxx — ckdkex*x2 — dxx2ke*x*2*xx) + 3*bx
ck*2xdxx*atanh(c + d*x)/(3kck*3*xdkex*2 + Ixck*x2kdr*Dxe*xx2*xx — ckdxe*x*2 - dx
*Qkex*2kxx) — 3xbkckkx2xatanh(c + d*xx)/(3kckx*k3kdke*x*2 + IkCk*kkd*kkDkek*kxQkx —

ckdxex*2 — dx*2xe*x*2*%x) - bkcxlog(c/d + x)/(3xck*3kdre*x*2 + Jkck*2kd**2kxe**
2%x - ckd¥xex*2 - dx*2%ex*2*xx) + bxcxlog(c/d + x + 1/d)/(3xcx*3*xd*xe*xx2 + 3xc
*kDxAkk2kexkDxX — ckdkex*2 — dxk2xex*x2*x) - bkckatanh(c + d*x)/(3*ckx*3xd*ex
*2 4+ JkCHA2kAFKDkek*2%X — ckd¥kex*2 — dkx2xex*2*x) - bxdxxxlog(c/d + x)/(3*c
*xk3kdkek*k2 + JkCHkRk2kAkk2kex*k2kx — ckdkex*2 — dxk2xe*x*2*x) + bkdxx*log(c/d +
x + 1/d)/(3xcx*x3kd*kex*2 + 3kck*kkd*kDke**kx2kx — ckdke*x*x2 — dx*x2kex*2*xx) — b
xdxx*atanh (c + dxx)/(3kc*x*3kd*xex*2 + Ikck*x2kd**2ke*x*2xx — ckd*ex*2 — d**2xe
*x2%x) + bxatanh(c + d*x)/(3kxckx*3kdke*x*2 + 3kck*Qkd**xDkex*x2kxx — cxd*xe*x*x2 —

d**2*xe*x*2*x) , True))

Giac [A] time = 1.14218, size = 115, normalized size = 1.83

e2 log (

62
-1 (-1) _ dx+c+1
(dxe+ce)’ |) e log ( dxre ) aet™

d (dxe + ce)d - (dxe + ce)d

—=b
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(d*exx+c*e)”~2,x, algorithm="giac")

[Out] -1/2%b*(e”(-2)*log(abs(e”2/(d*x*e + c*e)”2 - 1))/d + e"(-1)*log(-(d*x + c +
1)/(d*x + ¢ - 1))/((d*x¥e + c*xe)*d)) - axe”(-1)/((d*x*e + cxe)*d)
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-1
3 14 fa+btanh (c+dx) dx

(ce+dex)3

Optimal. Leaf size=63

a + btanh™ (c + dx) b L tanh ™ (c + dx)
2de3(c + dx)? 2de3(c + dx) 2de3

[Out] -b/(2*xd*e”3*(c + d*x)) + (b¥ArcTanh[c + d*x])/(2*d*e”3) - (a + bxArcTanhl[c
+ dx*xx])/(2xd*e"3*(c + d*x)"2)

Rubi [A] time = 0.048815, antiderivative size = 63, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 21, e e .

integrand size
0.238, Rules used = {6107, 12, 5916, 325, 206}

_a+btanh ' (c+dx) b btanh ' (c + dx)
2de3(c + dx)? 2de3(c + dx) 2de3

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*xx])/(c*xe + d*xex*x)”3,x]

[Out] -b/(2*%d*xe"3%(c + d*x)) + (b*ArcTanh[c + d*x])/(2*%d*e"3) - (a + bxArcTanhl[c
+ d*xx])/(2x%d*e”3x(c + d*x)~2)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &
& 1GtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x )]*(b_.))"(p_.)*x((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(bxc
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
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x72), x], x] /; FreeQl{a, b, c, d, m}, x] && IGtQ[p, O] && (EqQ[p, 1] I| In
tegerQ[m]) && NeQ[m, -1]

Rule 325

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c*
x)"(m + Dx*(a + bxx™n) " (p + 1)) /(a*xck(m + 1)), x] - Dist[(b*(m + n*x(p + 1)
+ 1))/(a*xc”nx(m + 1)), Int[(c*x)"(m + n)*x(a + b*x™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, c, n, m, p,
x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps

-1
a+ btanh™ (c + dx) p Subst (f Mt;;,;m dx, x,c + dX)
f (ce + dex)3 r= d

-1
Subst ( f a+bta+3h(x) dx,x,c+ dx)

B de3

b Subst (f 1 dx,x,c+ dx)

_a+b tanh ™' (c + dv) 22(1-22)

WA+ 2063
1
~ b a+btanh_1(c+dx)+bsub8t(fmdx’x’c+dx)
©2de3(c + dx) 2de3(c + dx)? 2de3
3 b N b tanh_l(c +dx) a+b tanh_l(c + dx)
© 2de3(c + dx) 2de3 2de3(c + dx)?

Mathematica [A] time = 0.0557101, size = 100, normalized size = 1.59

a b blog(—c —dx +1) N blog(c +dx +1) btanh_l(c + dx)
2de3(c + dx)?  2de3(c + dx) 4de3 4de3 2de3(c + dx)?

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + d*x])/(c*e + d*e*xx)~3,x]
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[Out] -a/(2*dxe~3*(c + d*x)~2) - b/(2xd*e”3*(c + d*x)) - (b*ArcTanh[c + d*x])/(2x*
dxe”3%(c + d*x)~2) - (bxLog[l - c - dxx])/(4xd*e”3) + (bxLog[l + c + d*x])/
(4xd*e”3)

Maple [A] time = 0.04, size = 88, normalized size = 1.4

~ a _bArtanh(dx+c)_ b _bln(dx+c-1) bln@dx+c+1)
2de3 (dx +c)®  2ded(dx+c)?  2de®(dx+0) 4de 4de?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c))/(d*e*xx+c*e)”3,x)

[Out] -1/2/d*a/e”3/(d*x+c)~2-1/2/d*b/e~3/(d*x+c) "2*arctanh(d*x+c)-1/2*xb/d/e” 3/ (d*
x+c)-1/4/d*b/e"3*1n(d*x+c-1)+1/4/d*b/e~3*1n (d*x+c+1)

Maxima [B] time = 0.9821, size = 177, normalized size = 2.81

1 2 log(dx+c+1) N log(dx +c-1) 2 artanh (dx + ¢) a
4\ "\ dBe3x + cd?e3 d2e3 d2e3 d3e3x2 + 2 cd?e3x + c2de3 2 (d3e3x2 + 2 cd?e3x + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(d*exx+c*e)”~3,x, algorithm="maxima"

[Out] -1/4%(d*x(2/(d"3%e"3*x + c*d™2xe”3) - log(d*x + c + 1)/(d"2%e”3) + log(d*x +
c - 1)/(d"2*%e"3)) + 2*xarctanh(d*x + ¢)/(d"3*e " 3*x"2 + 2*xcxd " 2%xe”3*x + c”2%
d*xe”3))*b - 1/2%a/(d"3*%e"3*x"2 + 2%xc*xd"2*%e"3*x + c " 2*xd*e”3)

Fricas [A] time = 2.2796, size = 194, normalized size = 3.08

2 bax + 2 be — (bd?2 + 2 bedx + be? — b) log (——Zj:zj) +2a

4 (d3e3x2 + 2 cd?e3x + czde3)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(d*x+c))/(d*e*xx+c*e)”~3,x, algorithm="fricas")

[Out] -1/4%(2%b*xd*x + 2%b*c - (b*d"2%x72 + 2xb*ckd*x + b*c™2 - b)*log(-(d*x + c +
1)/(d*x + ¢ = 1)) + 2xa)/(d"3*%e"3*x72 + 2xc*d"2%e”3*x + c”2*d*e”3)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))/(d*e*xx+c*e)**3,x)

[Out] Timed out

Giac [B] time = 1.22598, size = 196, normalized size = 3.11

bd?x?log (dx + ¢ + 1) — bd?>x?log (dx + c — 1) + 2 bedx log (dx + ¢ + 1) — 2 bedx log (dx + ¢ — 1) + bc? log (dx + ¢ +1) —

4 (d3xze3 + 2cd?xe3 + czde3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(d*exx+c*e)”~3,x, algorithm="giac")

[Out] 1/4%(bxd~2xx"2xlog(d*x + c + 1) - b*d™2*x"2*log(d*x + c - 1) + 2¥bkckd*x*lo
g(d*x + ¢ + 1) - 2xb*ckd*x*log(d*x + ¢ - 1) + b*xc™2xlog(d*x + c + 1) - b*c”
2xlog(d*x + ¢ — 1) - 2%bkxd*x - 2%b*c - bxlog(-(d*x + ¢ + 1)/(d*x + c - 1))

- 2%a)/(d"3*x"2*%e”3 + 2%ckd"2xx*e”3 + c72xd*e”3)
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3.15 f (ce + dex)? (cz +btanh ™ (c + dx))2 dx

Optimal. Leaf size=159

e(c + dx)* (a +btanh ™ (c + dx))2 be3(c + dx)? (a +btanh ™ (c + dx)) e (a +btanh ' (c + dx))2 1 B2
v + o -~ v +§abe3x+—

[Out] (ax*b*e”™3*x)/2 + (b~2%e”3*(c + d*x)~2)/(12*d) + (b~ 2xe"3*(c + d*x)*ArcTanhl[c
+ d*x])/(2*d) + (b*xe”3*(c + d*x)~3*(a + bxArcTanh[c + d*x]))/(6xd) - (e~ 3%

(a + b*¥ArcTanh[c + d*x])~2)/(4xd) + (e”3*(c + d*x) 4*(a + bxArcTanh[c + d*x
1)72)/(4xd) + (b~™2*xe"3*Logl[l - (c + dxx)~2])/(3*d)

Rubi [A] time = 0.247547, antiderivative size = 159, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 9, integrand size = 23, number of rules _

0.391, Rules used = {6107, 12, 5916, 5980, 266, 43, 5910, 260, 5948}

integrand size

2 2
e3(c + dx)* (a +btanh ™ (c + dx)) be3(c + dx)? (a +btanh ™ (c + dx)) e (a +btanh ™ (c + dx)) 1 b2
v + = -~ ¥ +§abe3x+—

Antiderivative was successfully verified.

[In] Int[(c*e + d*exx) 3%(a + bxArcTanh[c + d*x])~2,x]

[Out] (ax*b*e”™3*x)/2 + (b™2%e”3*(c + d*x)~2)/(12*d) + (b~ 2*xe"3*(c + d*x)*ArcTanhl[c
+ d*x])/(2%d) + (b*xe”3*%(c + d*x)~3*(a + bxArcTanh[c + d*x]))/(6%xd) - (e~ 3%

(a + bxArcTanh([c + d*x])~2)/(4*d) + (e”3%(c + d*x) " 4*x(a + bxArcTanh([c + d*x
1)72)/(4xd) + (b~2xe"3*Logl[l - (c + d*x)~2])/(3%*d)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£f_.)*x(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*xx], x] /; FreeQ[{a, b, ¢, 4, e, f, m}, x] && EqQ[d*e - c*f, 0] &
& IGtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b )*(v_ ) /; FreeQ[b, x]]
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Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, 4, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.)) " (p_)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*x(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1)7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2xx~2), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x™n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x )]*x(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b¥ArcTanh[c*x])~(p + 1)/(b*cxdx(p + 1)), x] /; FreeQ[{a, b
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, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rubi steps

Subst ( f e (a +b taunh_l(x))2 dx, x,c + dx)
d

e3 Subst (fx3 (a +b taunh_l(x))2 dx, x,c + dx)
d

f(ce + dex)? (a +btanh (¢ + dx))2 dx =

a+b tanh_l(x))

x4
S+ dx)*(a+b tanh ' (c + dx))2 (be3) Subst (f —z  dxx,

4d 2d

3 4 -1 2 3 2 -1
e’(c + dx) (u + btanh “(c + dx)) s (be ) Subst (fx (a + btanh (x))

44 2d
2
be3(c + dx)? (a +btanh ™ (c + dx)) e3(c + dx)* (a +btanh ™ (c + dx))
- 6d i ad |
3 3 -1 3 -1 2
1 o3 be°(c + dx) (a + btanh “(c + dx)) e (a + btanh “(c + dx))
TpmerT 6d B 4d
1 e (c +dx)tanh ™ (c + dx)  beX(c +dx)> (a + btanh™ (c + dx
= —abe®x + +
2 2d 6d
1 263 2 p2e3 Lt be3(c + dx)3 (a +
:—abe3x+be(c+dx) +be(c+dx)tan (c+dx)+ ( ) (
2 124 2d €

Mathematica [A] time = 0.180823, size = 148, normalized size = 0.93

e (3a2(c +dx)* + 2ab(c + dx)> + 6ab(c + dx) + b(3a + 4b) log(—c — dx + 1) + b(4b — 3a) log(c + dx + 1) + 2b(c + dx) t
12d

Antiderivative was successfully verified.

[In] Integrate[(cxe + d*e*x) 3x(a + bxArcTanh[c + d*x])~2,x]

[Out] (e”3*x(6*xaxbx(c + d*x) + b~ 2+(c + d*x)"2 + 2*axbx(c + d*x)~3 + 3*a"2*x(c + dx*
x)74 + 2xb*x(c + d*x)*(3*%b + b*x(c + d*x)”2 + 3*ax(c + d*x) " 3)*ArcTanh[c + d*

x] + 3%b72%(-1 + (c + d*x)~4)*ArcTanh[c + d*x]~2 + b*(3*%a + 4*xb)*Logl[l - ¢

- d*x] + bx(-3*%a + 4xb)*xLogl[l + c + dx*x]))/(12xd)



110

Maple [B] time = 0.054, size = 732, normalized size = 4.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*exx+c*e) ~3*(atb*arctanh(d*x+c))~2,x)

[Out] 2*d~2*arctanh(d*xx+c)*x~3*axbkxcxe”3+3xd*arctanh (d*xx+c) *x"2xa*xbxc~2*xe”3+1/4/d
*e”3xb~2%arctanh (d*x+c) *1n(d*x+c-1)+1/4*d " 3*arctanh (d*x+c) ~2*x"4*xb"2*xe~3+1/
6xd~2*xarctanh (d*xx+c) *x~3xb"2%e”~3+1/4/d*arctanh (d*xx+c) “2xb"2xc"4*xe”3+1/6/d*a
rctanh (d*xx+c) *b~2*%c~3*e~3+1/2/d*arctanh (d*x+c) *b~2*c*e” 3+arctanh (d*x+c) “2*x
*b~2%c"3*e”3+1/2*arctanh (dxx+c) *x*¥b~2%c " 2%e”3+1/2*x*axbxc " 2xe~3+2*arctanh(d
*xX+c) *x*axbxc~3*ke”3+3/2xd*arctanh (dxx+c) "2xx"2x%b"2%xc " 2%e”"3+1/2/d*arctanh (d*
x+c)*axbxc~4xe”3+1/2+«d*arctanh (d*x+c) *x"2xb"2%c*xe”3+1/3/d*e " 3*b"2*x1n (d*x+c+
1)+1/3/d*e~3%b"2*1n(d*x+c-1)+1/16/d*e"3*b~2*1n (d*x+c-1) "2+1/16/d*e”~3*b~2x1n
(d*x+c+1) "2+1/2*arctanh (d*x+c) *x*xb~2%e~3+1/2*d " 3*arctanh (d*x+c) *x~4*xa*xb*e~3
+d"2*arctanh (d*x+c) "2*%x~3*%b"2*c*ke”3+1/2xd*x"2*xaxbxc*xe”3+1/2/d*a*bxcxe~3+1/6
/d*xaxb*xc”3xe~3+1/6x%d"2*xx"3*axbxe~3-1/4/d*e”3xb"2*arctanh (d*x+c) *1n(d*x+c+1)
-1/8/d*e"3*b"2x1n(d*x+c—1)*1n(1/2+1/2*d*x+1/2*c)+1/8/d*e~3*b"2*1n (-1/2*d*x—
1/2*c+1/2)*1n(1/2+1/2*%d*x+1/2*c)-1/8/d*e~3%b"2*1n(-1/2*d*x-1/2*c+1/2) *1n(d*
x+c+1)+1/4/d*e”3*a*xbx1n(d*x+c-1)-1/4/d*e” 3xa*xb*1n(d*x+c+1)+1/12/d*e”3%b"2*c
“2+1/4/d*a"2*%c”4*xe”3+1/6xe"3xb T2k xkcH+x*a”" 2k c " 3*ke"3+1/2xaxbxe " 3xx+1/4%d"3*x”
4xa~2xe”3+1/12%d*e " 3*%b " 2*x"2+d " 2*x"3*%a " 2xcxe " 3+3/2%d*x"2*a"2*xc"2*%e” 3

Maxima [B] time = 1.9763, size = 1116, normalized size = 7.02

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e) 3% (atb*arctanh(d*x+c))~2,x, algorithm="maxima")

[Out] 1/4%a”2+d"3*e”3*x"4 + a”2kc*xd"2%e”3*%x"3 + 3/2%a"2*c"2*d*e”3*x72 + 3/2%(2*x”
2xarctanh(d*x + c) + d*(2%x/d"2 - (c72 + 2%c + 1)*log(d*x + c + 1)/d"3 + (c
72 - 2xc + 1)xlog(d*x + c - 1)/d"3))*a*xbxc”2*xd*e”3 + (2*x"3*arctanh(d*x + c
) + d*x((d*x"2 - 4*cxx)/d"3 + (c73 + 3*%c”2 + 3xc + 1)xlog(d*x + ¢ + 1)/d"4 -

(c™3 - 3*%c™2 + 3%c - 1)*log(d*x + c - 1)/d”4))*axb*xc*d"2xe”3 + 1/12%(6*x~4
xarctanh(d*x + c) + d*(2%x(d72%x73 - 3*kcxd*x™2 + 3*x(3*%c”2 + 1)*x)/d"4 - 3*(c
T4 + 4%c73 + 6%c”2 + 4xc + 1)xlog(d*x + ¢ + 1)/d75 + 3*%(c™4 - 4*%c”3 + 6%c72
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- 4xc + 1)xlog(d*x + c - 1)/d"b))*axbxd~3*e”3 + a™2%c " 3*%e"3xx + (2x(d*x +
c)*arctanh(d*x + c) + log(-(d*x + c)72 + 1))*axb*c™3*e”3/d + 1/48x(4xb~2%d"
2xe”3xx72 + 8*b"2kc*dxe”3*x + 3x(b72xd"4*e”"3*x74 + 4xbT2xc*kd"3*e”3*x”3 + 6%
b~2%c"2%d"2%e”3%x"2 + 4*b72xc”3xd*e”"3*x + (cT4*e”3 - e73)xb"2)*log(d*x + ¢
+ 1)72 + 3% (b72%d"4*e”3%x74 + 4xb"2%kcxd"3*%e”3*x"3 + 6xbT2xcT2xd"2%e"3*x”2 +

4xb~2%c”3*%d*e"3*x + (c74*e”3 - e73)*b"2)xlog(-d*x - c + 1)72 + 4*(b~2%d"3x
e73%x73 + 3*b72xc*kd"2%e”3%x72 + 3*(cT2*%d*e”3 + d*e”~3)*b72xx + (c"3%e”3 + 3%
c*e”3 + 4xe”3)*b"2)xlog(d*x + c + 1) - 2%x(2%xb~2*d"3*e”"3*x”3 + 6*%b~2*c*kd " 2*e
T3%x72 + 6%(cT2xd*xe”3 + d*e"3)*b72%x + 2% (c”3%e”3 + 3kcke”3 - 4*e”3)*b72 +
3x(b72*%d"4%e"3*x"4 + 4*b"2%c*kd"3*e”"3%x”3 + 6*bT2*%cT2%d"2%e”3%x"2 + 4*b”"2x%c”
3kd*xe”3*x + (c74*e”3 - e73)*b72)*log(d*x + c + 1))*log(-d*x - ¢ + 1))/d

Fricas [B] time = 2.12868, size = 830, normalized size = 5.22

12 a2d*e3x* + 8 (6 a’c + ab)d3e3x3 +4 (18 a%c? + 6abc + bz)d263x2 +8 (6 a?c® +3abc® + b?*c + 3 ab)de3x +4 (3 abc* +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e) 3% (atb*arctanh(d*x+c))~2,x, algorithm="fricas")

[Out] 1/48%(12%a"2*xd"4*e”3*x"4 + 8*(6%a”2%c + axb)*xd~3*%e”3*x"3 + 4*(18%a~2%c™2 +
B*axbxc + b72)*d"2%e"3*x"2 + 8% (6*a"2%c”3 + 3kaxbxcT2 + bT2%kc + 3*axb)*d*e”

3xx + 4x(3*a*xbxc”4 + b72xc”3 + 3*b"2%c - 3*axb + 4xb”2)*e"3*log(d*x + c + 1

) - 4x(3*axbxc”4 + b72xc”3 + 3*%b"2%c - 3*axb - 4xb”2)*e"3xlog(d*x + ¢ - 1)

+ 3% (b72xd"4*e"3%x"4 + 4*b72kcxd"3%e”3*%x"3 + 6*b7T2%xcT2xd"2%e"3*x"2 + 4*b72x%
c"3xd*e”"3xx + (b72%c"4 - b72)*e"3)*log(-(d*x + ¢ + 1)/(d*x + ¢ - 1))72 + 4%
(3*axbxd~4*xe”3*x"4 + (12*axb*c + b72)*d"3*e”3%x"3 + 3*%(6*xaxb*c™2 + b~2%c)*d
T2%e73%x72 + 3% (4xaxb*c”3 + bT2*%c72 + b~2)*d*e”3*x)*log(-(d*x + c + 1)/(d*x
+c-1)))/d

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e)**3* (a+tb*atanh(d*x+c))**2,x)
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[Out] Timed out

Giac [B] time = 1.5108, size = 944, normalized size = 5.94

dx+c+1 dx+c+1

dx+c-1

3 b?d*x*e3 log (—

dx+c-1 dx+c-1

2 2
) + 12 abd*x*e3 log (——) + 12 b?cd®x3e3 log (—M) +12 a?d*x*e3 + 48 abed®x3e3 log (—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e) 3% (atb*arctanh(d*x+c))~2,x, algorithm="giac")

[Out] 1/48%(3*b~2+d"4*x"4*e"3*log(-(d*x + ¢ + 1)/(d*x + ¢ - 1))72 + 12%axbxd~4*x"
4xe”3xlog(-(d*x + ¢ + 1)/(d*x + c - 1)) + 12xb"2*xc*d"3*x"3*e"3*xlog(-(d*x +
c+ 1)/(d*x + c - 1))72 + 12%a”2xd"4*x"4*e”3 + 48*axbkxcxd”~3*x"3*e"3*log(-(d
*x + ¢ + 1)/(d*x + ¢ - 1)) + 18%b~2%c™2xd"2*x"2*e"3xlog(-(d*x + c + 1)/(d*x
+ ¢ - 1))72 + 48%a"2xc*xd"3*x"3*%e”3 + T2kaxbkxcT2xd"2*x"2*%e"3xlog(-(d*x + ¢
+ 1)/(d*x + ¢ - 1)) + 4%b~2*d"3*x"3xe " 3*log(-(d*x + c + 1)/(d*x + ¢ - 1)) +
12xb~2%c"3*d*xx*e”"3xlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1))72 + 72*a"2%c”™2%d"2*x"
2%e~3 + 8xaxbxd"3*x"3%e”3 + 48*axbkxc”3*d*xx*e”"3xlog(-(d*x + ¢ + 1)/(d*x + ¢
- 1)) + 12%xb72*xcxd"2*xx"2*%e"3*log(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) + 3xb™2%c™4x
e”"3*log(-(d*x + ¢ + 1)/(d*x + c - 1))72 + 48%a~2%c 3*d*x*e”™3 + 24xaxbxcxd~2
*xx"2%e”3 + 12xaxbxc”4*e"3*log(d*x + ¢ + 1) - 12%axb*c”4*e”3xlog(d*x + ¢ - 1
) + 12%xb~2%xc”2*d*x*e”"3xlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) + 24*axbxc”2*xd*x*e
T3 + 4xb72xd"2*%x"2%e”3 + 4xb”2xc”3*%e"3*log(d*x + c + 1) - 4xb”2xc”3*%e"3x*log
(d*x + ¢ = 1) + 8*%b~2*ckxd*x*e”3 + 12xb~2*xdxx*e”3*log(-(d*x + ¢ + 1)/(d*x +
c - 1)) + 24xaxbxd*x*e”3 + 12xb~2xc*e”"3*xlog(d*x + c + 1) - 12xb~2*c*e”3*log
(d*x + ¢ - 1) - 3*b™2%e"3*log(-(d*x + c + 1)/(d*x + c - 1))72 - 12%axb*e”3x
log(d*x + ¢ + 1) + 16%b~2*e”"3xlog(d*x + ¢ + 1) + 12*axb*e”3xlog(d*x + c - 1
) + 16%b~2*%e"3*log(d*x + ¢ - 1))/d
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316  [(ce+dex)?(a+btanh™(c+dv)) dx

Optimal. Leaf size=179

c+dx+1

b*e*PolyLog (2, ‘_c_dx+1) &(c +dx)® (a +btanh ™ (c + dx))2 be?(c +dx? (a + btanh ™ (c + dx)) & (a+ bt
- + + +
3d 3d 3d

[Out] (b™2*e”2*x)/3 - (b~ 2%e"2*ArcTanh[c + d*x])/(3*d) + (b*e”2*(c + d*x) " 2*x(a +
b*ArcTanh[c + d*x]))/(3*d) + (e"2*(a + bxArcTanh[c + d*x])~2)/(3*d) + (e~2%

(c + d*x)~3*(a + b*ArcTanh[c + d*x])~2)/(3*d) - (2%b*e”2x(a + b*ArcTanh[c +
d*x])*Log[2/(1 - ¢ - d*x)])/(3%d) - (b"2xe"2*PolyLog[2, -((1 + c + d*x)/(1

- ¢ - d*x))])/(3%d)

Rubi [A] time = 0.237224, antiderivative size = 179, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 10, integrand size = 23, number of rules

= 0.435, Rules used = {6107, 12, 5916, 5980, 321, 206, 5984, 5918, 2402, 2315}

integrand size

c+dx+1

2
b*e*PolyLog (2/ __C_dx+1) é2(c + dx)3 (a +btanh ™ (c + dx)) be?(c + dx)? (a +btanh ™ (c + dx)) e? (a +bt
- + + +
3d 3d 3d

Antiderivative was successfully verified.

[In] Int[(c*xe + d*xexx) 2x(a + bxArcTanh[c + dxx])~2,x]

[Out] (b~2%e”2*x)/3 - (b~2%e”2*ArcTanh[c + d*x])/(3*d) + (b*e™2x(c + d*x) 2*x(a +
b*ArcTanh[c + d*x]))/(3*d) + (e"2*(a + b*xArcTanh[c + d*x])~2)/(3*d) + (e™2%

(c + d*x)~3*(a + b*ArcTanh[c + dxx])~2)/(3*d) - (2*b*e”2*x(a + bxArcTanh[c +
dxx])*Log[2/(1 - ¢ - d*x)])/(3*d) - (b"2xe”2xPolyLog[2, -((1 + ¢ + d*x)/(1

- ¢ - d*x))])/(3%d)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*xe - cxf, 0] &
& 1GtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]
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Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, 4, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.)) " (p_)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*x(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1)7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(a*xc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d ) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x]) " (p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c~2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]
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Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rubi steps

Subst (f e2x? (a +b tanh_l(x))2 dx, x,c + dx)

f (ce + dex)? (a +btanh ™ (c + alx))2 dx =

d
¢? Subst (fx2 (a +b tanh_l(x))2 dx,x,c + dx)
- d
2 x3(a+b tanhfl(x))
é(c + dx)3 (a +btanh™ (c + UIx))2 (Zbe ) Subst (f 1-22 X2
- 3d - 3d

2 3 -1 2 2
e“(c + dx) (u + btanh “(c + dx)) s (2196 ) Subst (fx (a

+btanh™ (x))

3d 3d
2 2 -1 2 -1 2,

be*(c +dx)? (a +btanh™ (c+dx)) & (a+btanh™ (c+dx)) (c+

- 3d ’ 3d ’
2

1 202 be?(c + dx)? (a +b tanh_l(c + dx)) e? (u +btanh ' (c + dx))
TaUert 3d " 3d

1 P22 tanh ™ (c + dx)  be(c + dx)? (a +btanh ™ (c + dx)) e? (
= —b?e%x - + —

3 3d 3d

1 P2 tanh Y (c + dx)  be(c+ dx)? (a +btanh ™ (c + dx)) e? (
= ~b%e?x - + —

3 3d 3d

Mathematica [A] time = 0.450277, size = 150, normalized size = 0.84

&2 (b2 (PolyLog (2, —e-Ztanh‘1<c+dx>) T (c + dx)® tanh ™ (c + dx)? + (c + dx)? tanh ™ (¢ + dx) — tanh ™ (c + dx)? — tanl
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Warning: Unable to verify antiderivative.

[In] Integrate[(cxe + d*e*x) 2x(a + bxArcTanh[c + d*x])~2,x]

[Out] (e™2x(a”2x(c + d*x)~3 + a*bx((c + d*x)~2 + 2x(c + dxx) " 3xArcTanh[c + d*x] +
Log[-1 + (c + d*x)72]) + b™2x(c + d*x - ArcTanh[c + d*x] + (c + d*x) 2xArc
Tanh([c + d*x] - ArcTanh[c + d*x]~2 + (c + d*x) " 3*ArcTanh[c + d*x]~2 - 2*Arc
Tanh[c + d*x]*Log[l + E~(-2%ArcTanh[c + d*x])] + PolyLog[2, -E~(-2*ArcTanh[

c + dxx])1)))/(3%d)

Maple [B] time = 0.058, size = 583, normalized size = 3.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*exx+c*e) ~2*(at+b*arctanh(d*xx+c))~2,x)

[Out] 2*d*arctanh(d*x+c)*x"2*axb*cxe~2+arctanh (d*xx+c) " 2xx*b"2%xc~2%e”2+2/3*arctanh
(d*x+c) *x*¥b"2%cke”2+2/3*kx*axbxckxe”2+1/3*d*x " 2*ax*b*e”2+1/3*xd*arctanh (d*x+c) *
x"2*b"2*%xe"2+1/3/d*arctanh (d*x+c) “2*¥b"2%c"3*e"2+1/3/d*arctanh (d*x+c) *b"2*xc"2
*e"2+1/6/d*e”2xb"2x1n(-1/2*d*x-1/2%c+1/2) *1n(d*x+c+1)+1/3/d*e~2*¥b~2*arctanh
(d*x+c)*1n(d*x+c-1)+1/3/d*e"2*b"2*arctanh (d*x+c) *1n(d*x+c+1)-1/6/d*e” 2xb~ 2%
In(d*x+c-1)*1n(1/2+1/2*d*x+1/2*c)-1/6/d*e”2*xb"2*x1n(-1/2*d*x-1/2*xc+1/2) *1n (1
/2+1/2%d*x+1/2*c)+1/3/d*e"2*xa*xb*1ln(d*x+c-1)+1/3/d*e”2*xaxbx1n (d*x+c+1)+d*x"2
*a " 2%c*ke”2+1/3*b"2%e"2xx+1/3*%d"2%x " 3*%a"2%e"2+1/12/d*e”2xb"2*1n (d*x+c-1) "2-1
/3/dxe”2*xb"2*dilog(1/2+1/2*d*x+1/2%c)-1/12/d*e”2*b"2*1n (d*x+c+1) "2-1/6/d*e”
2%b"2*1In (d*x+c+1)+1/6/d*e”2xb~2*1n (d*x+c-1) +x*a”2*c~2*xe”~2+d*arctanh (d*x+c) ~
2%x"2xb " 2xcxe”2+2/3/d*arctanh (d*xx+c) *axb*c"3%xe"2+1/3/d*a"2xc " 3*e"2+1/3/d*b”
2%cxe~2+1/3*xd " 2*arctanh (d*x+c) "2*%x " 3xb~2%e”2+1/3/d*axb*xc”2xe”2+2*arctanh (dx
x+c) *x*axbkxc 2%xe~2+2/3xd " 2*xarctanh (d*x+c) *x~3*axbxe”2

Maxima [B] time = 1.94724, size = 836, normalized size = 4.67

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e) 2% (atb*arctanh(d*x+c))~2,x, algorithm="maxima")



117

[Out] 1/3%a”2%d"2xe”2*x"3 + a~2kckd*e”2%x”2 + (2*x"2*arctanh(d*x + c) + dx(2%x/d”
2 - (c72 + 2%c + 1)*log(d*x + ¢ + 1)/d"3 + (c72 - 2%c + 1)*log(d*x + ¢ - 1)
/d”3) ) *xaxbxckxd*e”2 + 1/3%(2*x"3*arctanh(d*x + c) + d*x((d*x"2 - 4*cxx)/d"3 +
(c7™3 + 3%c”2 + 3*c + 1)*xlog(d*x + c + 1)/d"4 - (c”3 - 3*xc™2 + 3*c - 1)*log
(d*x + ¢ - 1)/d~4))*axb*d"2*e”2 + a~2*c”2xe " 2xx + (2*(d*x + c)*arctanh(d*x
+ ¢c) + log(-(d*x + c)72 + 1))*axbxc™2%e”2/d + 1/3%(log(d*x + c + 1)*xlog(-1/
2xd*x - 1/2%c + 1/2) + dilog(l/2*d*x + 1/2%c + 1/2))*b"2%xe”2/d + 1/6%(c"2x*e
T2 - e72)*b"2xlog(d*x + ¢ + 1)/d - 1/6%(c"2*%e”2 - e72)*b"2xlog(d*x + ¢ - 1)
/d + 1/12%(4xb~2*d*e”2xx + (b72%d"3%e"2xx"3 + 3*%b~2%c*d"2%e"2%x"2 + 3*b"2xcC
“2xd*e”2*%x + (c73%e”2 + e72)*b"2)*log(d*xx + ¢ + 1)72 + (b72xd"3%e”2*x"3 + 3
*b"2%ckdT2%eT24x72 + 3xbT2%cT2kd*e"2%x + (c73%e”2 - e72)*b"2)xlog(-d*x - ¢
+ 1)72 + 2% (b72%d"2%e”2%x72 + 2%b~2*cxd*e”2xx)*log(d*x + ¢ + 1) - 2x(b72*d”
2%e"2%x72 + 2xb72xckd*e”2*x + (bT2*d"3%e"2%x”3 + 3*%b"2%kcxd"2%e”2%x"2 + 3*b”
2xcT2*d*e”2*%x + (c"3*%e”2 + e72)*b"2)*log(d*x + ¢ + 1))*log(-d*x - ¢ + 1))/d

Fricas [F] time = 0., size = 0, normalized size = 0.
mmgﬁWf¥¥f+2a%@%4ﬂ%%z+@%%%?+2WM¥x+W¥¥%nMnh@x+dz+2@M%%2+me¥x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e) 2% (atb*arctanh(d*x+c))~2,x, algorithm="fricas")

[Out] integral(a™2*xd"2*e”2%x72 + 2*a”2kcxd*e”2%x + a~2xc”2*%e”2 + (b72*d"2%e”2*x"2
+ 2*b72xckxd*xe"2xx + bT2%c”2*e”2)*arctanh(dxx + ¢)72 + 2*(axbxd"2*e"2*xx"2 +
2*%axbxckdxe~2%x + axbxc”2*e”2)*arctanh(d*x + c), x)

Sympy [F] time = 0., size = 0, normalized size = 0.
e ( f a?c? dx + f a?d®x? dx + f b2 atanh? (c + dx) dx + f 2abc? atanh (c + dx) dx + f 2a%cdx dx + f b>d%x? ata

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+cke)**2* (a+b*atanh(d*x+c))**2,x)

[Out] ex*2x(Integral (a**2*cx*2, x) + Integral (ax*2xd**x2*x**2, x) + Integral (b**2%
ck*2*xatanh(c + d*x)**2, x) + Integral (2*axbkxcx*2*atanh(c + d*x), x) + Integ
ral (2xax*2%c*xd*x, x) + Integral (b¥*2xd**2*xx**2%atanh(c + d*x)**2, x) + Inte
gral (2xaxb*d*x*2xx**x2*atanh(c + d*x), x) + Integral (2¥bx*2xc*d*x*atanh(c + d
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*xx)**%2, x) + Integral(4*xaxbkxcxd*x*atanh(c + d*x), x))

Giac [F] time = 0., size = 0, normalized size = 0.

f (dex + ce)z(b artanh (dx + ¢) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e) 2% (atb*arctanh(d*x+c))~2,x, algorithm="giac")

[Out] integrate((d*exx + c*e) 2*(b*arctanh(d*x + c) + a)~2, x)
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3.17 f (ce + dex) (a +b tanh_l(c + dx))2 dx

Optimal. Leaf size=95

-1 2 -1 2 -
e(c + dx)? (a +btanh  (c + dx)) e (u +btanh " (c + dx)) b?elog (1 —(c+ dx)z) b2e(c + dx) tanh (¢
¥ - ¥ + abex + ¥ + 7

[Out] a*bxexx + (b"2*%ex(c + d*x)*ArcTanh[c + d*x])/d - (ex(a + bxArcTanh[c + d*x]
)72)/(2%d) + (ex(c + d*x)"2*(a + bxArcTanh([c + d*x])"2)/(2+d) + (b~2xe*xLogl
1 - (c + d*x)~2])/(2*d)

Rubi [A] time = 0.135102, antiderivative size = 95, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 21, LT

integrand size
0.333, Rules used = {6107, 12, 5916, 5980, 5910, 260, 5948}

) - 2 -1 2 2 2 -1
e(c + dx) (a +btanh “(c + dx)) e (a + btanh “(c + dx)) beelog (1 —(c+dx) ) b2e(c + dx) tanh ™ (c
¥ - ¥ + abex + ¥ + 7

Antiderivative was successfully verified.

[In] Int[(c*e + dxexx)*(a + b*ArcTanh[c + d*x])~2,x]

[Out] ax*bxexx + (b~ 2*%ex(c + d*x)*ArcTanh[c + d*x])/d - (ex(a + b*ArcTanh[c + dxx]
)72)/(2xd) + (ex(c + d*xx)~2*x(a + bxArcTanh[c + dxx])~2)/(2xd) + (b~2*xexLogl
1 - (c + d*x)~2])/(2*d)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQ[d*e - c*xf, 0] &
& IGtQ[p, 0]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match

Qlu, ( )*(v_) /; FreeQ[b, x]]

Rule 5916
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh([c*x])“p)/(d*(m + 1)), x] - Dist[(bxc
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b¥ArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bxA
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] & IGtQ[p, 0]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rubi steps
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Subst ( f ex (a +btanh™} (x))2 dx,x,c + dx)

f (ce + dex) (a +b tanh_l(c + dx))2 dx 7

e Subst (fx (a +b tanh_l(x))2 dx,x,c+ dx)

d

(e dx)? (a +btanh™ (c + dx))2 (be) Subst (f 1-x2

xz(a+b tanh_l(x))

dx,x,c+

2d

d

e(c +dx)? (a + btanh™ (c + dx))2 (be) Subst ([ (a + btanh™ (x)) dx,x,
= +

+ —

2d d
e (a +btanh ™ (c + dx))2 e(c + dx)? (a +btanh ™ (c + dx))2 (b2
= abex — +
2d 2d
_ 2
b2e(c + dx) tanh (c + dx) e (ﬂ +btanh ™ (c + dx)) e(c + dx)?
= abex + - +
d 2d
_ 2
b2e(c + dx)tanh '(c+dx) e (ﬂ +btanh™ (c + dx)) e(c + dx)?
= abex + - +

d

Mathematica [A] time = 0.102423, size = 134, normalized size = 1.41

2d

. a?(c + dx)? N (ﬂb + bz) log(—c—dx +1) . (bz - ab) log(c +dx +1) . ab(c + dx) s b(c + dx) tanh ™ (c + dx)(a(c +

2d 2d 2d d

Antiderivative was successfully verified.

[In] Integrate[(cxe + dxe*xx)*(a + b*ArcTanh[c + d*x])~2,x]

d

[Out] ex((axbx(c + d*x))/d + (a™2%(c + d*x)"2)/(2*d) + (b*(c + d*x)*(b + ax(c + d
*x))*ArcTanh[c + d*x])/d + ((-b"2 + b"2x(c + d*xx)"2)*ArcTanh[c + dx*xx]~2)/(2
xd) + ((axb + b™2)*Logl[l - ¢ - d*x])/(2%d) + ((-(axb) + b~2)*Logl[l + c + dx

x])/(2%d))

Maple [B] time = 0.052, size = 390, normalized size = 4.1

a’ex*d a’c?e N d (Artanh (dx + c))2 x?b%e

2d 2

2

+ xa?ce + + (Artanh (dx + ¢))® xb?ce +

(Artanh (dx + ¢))* b2c%e

2d

+ Artan
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*exx+cxe)x* (a+b*arctanh(d*x+c)) ~2,x)

[Out] 1/2*a”2*e*xx~2xd+x*a~2*cke+1/2/d*a”2*xc " 2*e+1/2xd*arctanh (d*x+c) "2*x~2*b~2*e+
arctanh (d*x+c) "2*xx*b~2*xc*xe+1/2/d*arctanh (d*x+c) “2*b~2*c” 2xe+arctanh (d*xx+c) *
x*b~2%e+1/d*arctanh (d*xx+c) *b~2*c*xe+1/2/d*exb”2*arctanh (d*x+c) *1n(d*x+c-1)-1
/2/d*xexb”2*xarctanh (d*x+c)*1n(d*x+c+1)+1/8/d*exb " 2x1n (d*x+c-1) "2-1/4/d*exb"2
*1n(d*x+c-1)*1n(1/2+1/2*d*x+1/2%c)+1/2/d*e*xb”2x1n(d*x+c-1)+1/2/d*e*xb"2*1n(d
*x+c+1)-1/4/d*exb™2x1n(-1/2*xd*x-1/2%c+1/2) *In(d*x+c+1)+1/4/d*e*xb~2*1n(-1/2%
dxx-1/2*%c+1/2)*1n(1/2+1/2*d*x+1/2*c)+1/8/d*exb”2*x1n (d*x+c+1) ~2+d*arctanh (dx*

x+c) *x"2xaxbxe+2*arctanh (d*x+c) *x*axbxcxe+1/d*arctanh (d*x+c) *axbxc~2xe+axb*
e*xx+1/d*axbxcxe+1/2/d*exaxb*1n(d*x+c—-1)-1/2/d*e*axbx1ln(d*x+c+1)

Maxima [B] time = 1.90262, size = 427, normalized size = 4.49

1 1
— a?dex? + = [2x% artanh (dx + ¢) + d| = — +
2 2 d2

2 2+2c+1)log(dx+c+1) (2=2c+1)log(dx+c—1)
> ( )ng ( )d3g abde + a?c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e)* (atb*arctanh(d*x+c))”~2,x, algorithm="maxima"

[Out] 1/2*a”2xdxe*xx”2 + 1/2%(2*xx"2%arctanh(d*x + c) + d*x(2*x/d"2 - (c72 + 2%c + 1
)*¥log(d*x + ¢ + 1)/d”3 + (c72 - 2%c + 1)*log(d*x + c¢c - 1)/d”3))*axb*d*e + a
“2%ckxexx + (2x(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)72 + 1))*axb*c*e/d

+ 1/8%x((b7™2xd"2*%e*xx"2 + 2*xb~2*cxd*exx + (c"2xe - e)*b”2)*log(d*x + ¢ + 1)~

2 + (b72*%d"2%e*xx"2 + 2%b72xc*kd*exx + (c"2%e - e)*b"2)*xlog(-d*x - ¢ + 1)72 +
4x(b~2*d*e*xx + (cxe + e)*xb”2)*log(d*x + c + 1) - 2x(24b~2xd*e*xx + 2x(cxe -
e)*b72 + (b72%d"2*xe*x”2 + 2*xb~2kcxd*exx + (c72%e - e)*b”2)*log(d*x + ¢ + 1
))*log(-d*x - ¢ + 1))/d

Fricas [B] time = 1.98767, size = 436, normalized size = 4.59

4a’d%ex? + 8 (azc + ab)dex +4 (abc2 +b’c—ab+ bz)e log (dx +c+1) -4 (abcz +b%c —ab - bz)e log (dx +c—1) + (b21
8d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*e*x+c*e)* (atb*arctanh(d*x+c))”~2,x, algorithm="fricas")

[Out] 1/8%(4*a”2*%d"2xe*xx"2 + 8x(a”2xc + a*b)*d*exx + 4*(axb*c™2 + b™2%c - a*b + b
“2)xexlog(d*x + ¢ + 1) - 4x(axb*c™2 + b~2*c - a*b - b"2)*exlog(d*x + ¢ - 1)

+ (b72*%d"2%e*x"2 + 2%b72xc*d*exx + (b~2*c”2 - b~2)*e)*log(-(d*x + ¢ + 1)/(
dxx + ¢ - 1))72 + 4x(axb*d"2%exx"2 + (2%a*xb*c + b~2)*dxexx)*log(-(d*x + c +
1)/(d*x + ¢ - 1)))/d

Sympy [A] time = 6.19507, size = 238, normalized size = 2.51

abeatanh (c+dx)  b2c2e atanh’

2dex?  abc®eatanh (c+d
2 e’ dbceatanh () | 5 pheex atanh (c + dx) + abdex? atanh (c + dx) + abex y + ¥

accex + y
cex (a + batanh (c))2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e)*(atb*atanh(d*x+c))**2,x)

[Out] Piecewise((a*x*2xcxexx + a*x*2*xd*e*xx**2/2 + axbxcxx2xexatanh(c + d*x)/d + 2x*a
*b*cke*x*atanh(c + d*xx) + axbxd*exx**2*atanh(c + d*x) + axbxexx - axbkexata

nh(c + d*x)/d + b**2*c**2*xe*xatanh(c + d*xx)**2/(2+*d) + b**2*xckexx*atanh(c +

d*x) **2 + bx*x2xckxexatanh(c + d*x)/d + bk*2kxd*exx*x*2xatanh(c + d*x)**2/2 + b
xk2xe*xxkatanh(c + d*x) + bx*2xexlog(c/d + x + 1/d)/d - bx*2xe*atanh(c + d*x
)**x2/(2%d) - bx*2%exatanh(c + d*x)/d, Ne(d, 0)), (ckxe*x*(a + bxatanh(c))**2

, True))

Giac [B] time = 1.34392, size = 470, normalized size = 4.95

2 2
p*d*x%elog (—:{Jr—ﬁl) + 4 abd?x%elog (—dx+c+1) + 2 b?cdxelog (—dﬁ—ﬁl) + 4 a?d?x%e + 8 abcdxelog (—Zf{i—ij) + b2

+c—1 dx+c-1 dx+c-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e)*(a+b*arctanh(d*x+c))”~2,x, algorithm="giac")

[Out] 1/8%(b~2xd"2*xx"2*exlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1))72 + 4*xaxb*xd~2*x"2*ex*lo
g(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) + 2xb~2*cxd*x*exlog(-(d*x + ¢ + 1)/(d*x + ¢
- 1))72 + 4*%a”2*%d"2*x"2%e + 8*axbxckdxx*exlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1)
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) + b72xc72xexlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1))72 + 8xa~2*ckd*kx*e + 4*axb*c
“2xexlog(d*x + ¢ + 1) - 4*axbxc™2xexlog(d*x + c - 1) + 4xb~2xd*x*exlog(-(dx*
Xx +c+ 1)/(d*x + ¢ - 1)) + 8*axb*d*xx*e + 4*xb"2xc*exlog(d*x + c + 1) - 4*b~
2xcxexlog(d*x + ¢ - 1) - b™2*exlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1))72 - 4xaxbx
exlog(d*x + ¢ + 1) + 4xb"2xexlog(d*x + c + 1) + 4xaxbxexlog(d*x + ¢ - 1) +
4xb~2*xexlog(d*x + ¢ - 1))/d
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2
318 f (a+b tanh_l(c+dx)) i

ce+dex

Optimal. Leaf size=168

2 - 2 -
bPolyLog (2,1 - m) (u +btanh ™ (c + dx)) bPolyLog (2, T 1) (u +btanh ™' (c + dx)) b*PolyLog

de * de *

[Out] (2x(a + b*ArcTanh[c + d*x]) 2*%ArcTanh[1l - 2/(1 - ¢ - d*x)])/(d*e) - (bx(a +
b*ArcTanh[c + dxx])*PolyLog[2, 1 - 2/(1 - ¢ - d*x)])/(d*e) + (b*(a + bx*Arc
Tanh[c + d*x])*PolyLogl[2, -1 + 2/(1 - ¢ - d*x)])/(d*e) + (b~2*PolyLogl[3, 1

- 2/(1 - ¢ - d*x)])/(2xd*e) - (b~2xPolyLogl3, -1 + 2/(1 - ¢ - d*x)])/(2xd*e

)

Rubi [A] time = 0.302744, antiderivative size = 168, normalized size of antiderivative =

. . b f rul
1., number of steps used = 8, number of rules used = 7, integrand size = 23, T

integrand size
0.304, Rules used = {6107, 12, 5914, 6052, 5948, 6058, 6610}

2 - 2 -
bPolyLog (2,1 - m) (a +btanh ™ (c + dx)) . bPolyLog (2, - 1) (a +btanh ™ (c + dx)) b?PolyLog

de de *

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c + d*x])~2/(c*xe + d*xex*x),x]

[Out] (2x(a + bxArcTanh[c + d*x]) 2xArcTanh[l - 2/(1 - ¢ - d*x)])/(d*e) - (bx(a +
b*ArcTanh[c + dxx])*PolyLog[2, 1 - 2/(1 - ¢ - d*x)])/(d*e) + (b*(a + bx*Arc
Tanh([c + d*x])#*PolyLogl[2, -1 + 2/(1 - ¢ - d*x)])/(d*e) + (b~2%PolyLogl[3, 1

- 2/(1 - ¢ - d*x)])/(2xd*e) - (b~2xPolyLogl3, -1 + 2/(1 - ¢ - d*x)])/(2xdxe

)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*(b_.)) " (p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQld*e - cxf, 0] &
& IGtQ[p, 0]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5914

Int[((a_.) + ArcTanh[(c_.)*x(x_)]*(b_.))"(p_)/(x_), x_Symbol] :> Simp[2*(a +
bxArcTanh[c*x]) “p*ArcTanh[1 - 2/(1 - c*x)], x] - Dist[2*b*c*p, Int[((a + b
*ArcTanh[c*x])~(p - 1)*ArcTanh[1l - 2/(1 - c*x)]1)/(1 - ¢™2%x72), x], x] /; F
reeQ[{a, b, c}, x] && IGtQ[p, 1]

Rule 6052

Int[(ArcTanh([u_]*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.))/((d_ ) + (e_.)*(
x_)72), x_Symbol] :> Dist[1/2, Int[(Logl[l + ul*(a + b*ArcTanh[c*x])~p)/(d +
exx~2), x], x] - Dist[1/2, Int[(Logl[l - ul*(a + b*ArcTanh[c*x])"p)/(d + ex
x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d + e, O
] &% EqQ[u™2 - (1 - 2/(1 - c*x))~2, 0]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x )]*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*cxdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6058

Int[(Loglu_]*((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*x(x_)"
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) p*xPolyLogl[2, 1 - ul)/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d +
e, 0] & EqQ[(1 - w~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simpl[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rubi steps
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2 Subst| [ —(Hbtanh_l(x))z dx,x,c +dx
(a +btanh ™ (c + dx)) ex "
f ce + dex *= d
(a+b tanh*l(x))2
Subst f — dx,x,c+ dx
- de
) tanhfl(l—%)(zﬁb tanh ™t
2 (a +b tanh_l(c + dx)) tanh ™! (1 -z ) (4b) Subst f 1-x2
_ 1-c—dx _
B de de
(a+b tanh_l(x)) log 2—%
2 (a + btanh_l(c + dx))2 tanh ™ (1 _ ) (2b) Subst f 1-x2 ( - )
_ 1-c—dx _
B de de
2 (a +btanh ™' (c + dx))2 tanh™" (1 - 1—c2—dx) b (u +btanh ™' (c + dx)) Li, (1 - 1Tc2
- de - de
2
2 (a + btanh_l(c + dx)) tanh™! (1 - 1_62_dx) b (a +btanh™ (c+ dx)) Li, (1 - rcz
B de - de

Mathematica [C] time = 0.368635, size = 424, normalized size = 2.52

1 ~2tanh ™} (c+dx) _2tanh Y(c+dx) | _ 4
i (4PolyLog (2,e anh -{ctax ) + 4PolyLog (2, estanh {e+dy)) — 4imlog

2

. S -1 2 _ a4
m) 8tanh (¢ + dx) — 4imt

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c + d*x])~2/(c*e + dxex*x),x]

[Out] (a"2xLoglc + d*x] + 2xa*bxArcTanh[c + d*x]*(-Logl[1/Sqrt[1 - (c + d*x)~2]] +
Log[(I*(c + d*x))/Sqrt[1l - (c + d*x)"2]]) - (axb*x(Pi~2 - (4*I)*Pi*ArcTanh[
c + d*x] - 8*ArcTanh[c + d*x]~2 - 8xArcTanh[c + d*x]*Log[l - E~(-2*ArcTanh[
c + dxx])] + (4*xI)*PixLogl[l + E~(2xArcTanh[c + d*x])] + 8*ArcTanh[c + d*x]*
Logl[l + E"(2*%ArcTanh[c + d*x])] - (4*I)*Pi*Log[2/Sqrt[1l - (c + d*x)~"2]] - 8
xArcTanh[c + d*xx]*Log[2/Sqrt[1 - (c + d*x)~2]] + 8*ArcTanh[c + d*x]*Log[((2
xI)x(c + d*x))/Sqrt[l - (c + d*x)~2]] + 4*PolyLog[2, E~(-2%ArcTanh[c + d*x]
)] + 4xPolyLog[2, -E~(2*ArcTanh[c + d*x])]))/4 + b~2x((I/24)*Pi~3 - (2%ArcT
anh[c + d*x]~3)/3 - ArcTanh[c + d*x]~2*Log[l + E~(-2*ArcTanh[c + d*x])] + A
rcTanh[c + d*x]"2%Logl[l - E~(2xArcTanh[c + d*x])] + ArcTanh[c + d*x]*PolyLo
gl2, -E7(-2xArcTanh[c + d*x])] + ArcTanh[c + d*x]*PolyLog[2, E~(2xArcTanhl[c
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+ d*x])] + PolyLogl[3, -E~(-2*%ArcTanh[c + d*x])]/2 - PolyLogl[3, E~(2*ArcTan
hlc + d*x])]1/2))/(dxe)

Maple [C] time = 0.316, size = 893, normalized size = 5.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*xx+c)) 2/ (d*e*x+c*e) ,x)

[Out] 1/d*a”2/e*1ln(d*x+c)+1/d*b~2/e*1ln(d*x+c)*arctanh(d*x+c)~2-1/d*b~2/e*arctanh(
dxx+c)*polylog(2,-(d*x+c+1)~2/(1-(d*x+c)~2))+1/2/d*b~2/e*polylog(3, - (d*x+c+
1)72/(1-(d*x+c) "2))-1/d*b~2/e*arctanh (d*x+c) "2*x1n((d*x+c+1) "2/ (1-(d*x+c) ~2)
-1)+1/d*b~2/e*arctanh (d*x+c) "2%1n (1-(d*x+c+1) / (1-(d*x+c)~2) ~(1/2))+2/d*b"2/
exarctanh (d*xx+c)*polylog(2, (d*x+c+1)/(1-(d*x+c)~2)~(1/2))-2/d*b~2/e*xpolylog
(3, (dxx+c+1)/(1-(d*x+c)~"2) ~(1/2))+1/d*xb"2/exarctanh (d*x+c) "2*1n(1+(d*x+c+1)
/(1-(d*x+c)~2)~(1/2))+2/d*b~2/e*arctanh (d*x+c)*polylog(2, - (d*x+c+1)/(1-(d*x
+c)~2)7(1/2))-2/d*b"2/e*polylog(3,-(d*x+c+1) /(1-(d*x+c)~2) " (1/2))-1/2%I/d*b
~2/exPixcsgn(I*x((d*x+c+1) "2/ (1-(d*x+c)~2)-1))*csgn(I*((d*x+c+1) 72/ (1-(d*x+c
)72)-1)/((d*x+c+1) "2/ (1-(d*x+c) "2)+1)) "2*arctanh (d*x+c) “2+1/2+I/d*xb~2/e*xPix
csgn(Ix((d*xx+c+1)72/(1-(d*x+c)~2)-1)/((d*x+c+1) "2/ (1-(d*x+c)~2)+1)) "3*arcta
nh(d*x+c)~2-1/2*I1/d*b~2/exPixcsgn(I/ ((d*x+c+1) "2/ (1-(d*x+c) ~2)+1)) *csgn (I*(
(d*x+c+1) 72/ (1-(d*x+c)"2)-1) / ((d*x+c+1) 72/ (1-(d*x+c) "2)+1) ) "2*arctanh (d*x+c
)"2+1/2%1/d*b~2/exPi*csgn (Ix ((dxx+c+1) 72/ (1-(d*x+c)~2)-1))*csgn(I/ ((d*x+c+1
)72/ (1-(d*x+c)"2)+1) ) *csgn(I* ((d*x+c+1) "2/ (1-(d*x+c) "2)-1) / ((d*x+c+1) "2/ (1-
(d*x+c)~2)+1) ) *arctanh (d*x+c) “2+2/d*a*b/e*1n(d*x+c) *arctanh (d*x+c)-1/d*axb/
exdilog(d*x+c)-1/d*axb/exdilog(d*x+c+1)-1/d*a*b/e*1n(d*x+c)*1n(d*x+c+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

a? log (dex + ce) . f v2(log (dx + ¢ + 1) — log (—dx — ¢ + 1)) .\ ab(log (dx + c +1) — log (-=dx — c + 1)) i
de 4 (dex + ce) dex + ce

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~2/(d*e*x+c*e),x, algorithm="maxima"

[Out] a"2*log(dxexx + c*e)/(d*e) + integrate(1/4*b"2x(log(d*x + ¢ + 1) - log(-d*x
- c + 1))72/(dxe*xx + c*e) + axbx(log(d*x + ¢ + 1) - log(-d*x - ¢ + 1))/(dx
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exx + c*e), X)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 artanh (dx + ¢)* + 2 abartanh (dx + ¢) + a2 x)

int |
tntegra ( dex + ce

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/(d*e*x+c*e),x, algorithm="fricas")

[Out] integral((b~2*arctanh(d*x + c)~2 + 2xaxb*arctanh(d*x + c) + a”2)/(d*e*xx + c

xe), X)

Sympy [F] time = 0., size = 0, normalized size = 0.

f a2 dx + szatanhz (c+dx) dx + fZabatanh(c+dx) dx

c+dx c+dx c+dx

e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**2/(d*e*xx+c*e) ,x)

[Out] (Integral(ax*2/(c + d*x), x) + Integral(b*x*2xatanh(c + d*x)**2/(c + d*x), x
) + Integral(2*axb*atanh(c + d*x)/(c + d*x), x))/e

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (dx +¢) + a)2
dx
dex + ce

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/(d*e*x+c*e),x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~2/(d*e*xx + cxe), x)
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2
(a+b tanh ™t (c+dx))

3.19 dx

(ce+dex)?
Optimal. Leaf size=104

2 2 2 2 -1
b*PolyLog (2/ v 1) (a+btanh ' (c+dx))”  (a+btanh™ (c+dx)) . 2blog (2 - C+dx+1) (a+btanh™(c

de? de2(c + dv) " de2 de2

[Out] (a + b*ArcTanh[c + d*x])~2/(d*xe”2) - (a + b*ArcTanh[c + d*x])~2/(dxe”2*(c +
d*x)) + (2%bkx(a + b*ArcTanh[c + d*x])*Logl[2 - 2/(1 + ¢ + d*x)])/(d*e”2) -
(b~™2*%PolyLog[2, -1 + 2/(1 + ¢ + d*x)])/(d*e”2)

Rubi [A] time = 0.180662, antiderivative size = 104, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 23, e e .

0.261, Rules used = {6107, 12, 5916, 5988, 5932, 2447}

integrand size

2 2 2 -1
b?PolyLog (2, el 1) (a+btanh™ (c + dx))2 (a+btanh™'(c+dx))” 2blog (2 - C+dx+1) (a+btanh™ (o

de? de?(c + dx) - de? * de?

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*xx])~2/(cxe + d*xex*x) 2,x]

[Out] (a + b*ArcTanh[c + d*x])~2/(d*e”2) - (a + b*ArcTanh[c + dx*x])~2/(d*e"2x(c +
d*x)) + (2%b*x(a + b*ArcTanh[c + d*x])*Logl[2 - 2/(1 + ¢ + d*x)])/(d*e”2) -
(b~2*PolyLog[2, -1 + 2/(1 + ¢ + d*x)])/(d*e”2)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &
& IGtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]
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Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, 4, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x )1*(b_.))"(p_.)/((x)*((d) + (e_)*x(x.)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxdx(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh([c*x]) p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2*d + e, 0] && GtQ[p, O]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x )I*(b_.))"(p_.)/((x)*((d) + (e_.)*(x))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*xLog[2 - 2/(1 + (exx)/d)]1)/d, x] -
Dist [(bk*cxp)/d, Int[((a + bxArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (e*x)/d)])
/(1 - ¢c™2%x72), x], x] /; FreeQ[{a, b, ¢, d, e}, x] && IGtQ[p, 0] && EqQ[c™
2%d~2 - e~2, 0]

Rule 2447

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/Dlu, x]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rubi steps
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2
btanh™!
Subst f (a+&:2+(x)) dx,x,c + dx

i 2
(a +btanh “(c + dx))
f (ce + dex)? *= d

2
btanh™!
Subst f (a+axn—2(x)) dx,x,c+ dx

de?
a+b tanh_l(x)

(a + btanh_l(c + dx))z (2b) Subst (f W dx,x,c + dx)
- de?(c + dx) " de2

_ 2 ~ btanh *(x)
(a + btanh 1(c + dx)) (a + btanh 1(c - dx))2 (2b) Subst (f ’Hx(dl—mx dx, x, ¢

de? de?(c + dx) * de?

(a +btanh™ (c + dx))2 (u +btanh ™ (c + dx))2 2b (5’ +0b tanh_l(c + dx)) log (2 '

= i B de2(c + dx) " 2
(a +Db tanh_l(c + dx))2 (a +b tanh_l(c + alx))2 2b (’1 +b t?Mlh_l(c + dx)) log (2 '
B de? - de?(c + dx) " de?

Mathematica [A] time = 0.25711, size = 126, normalized size = 1.21

12 -2 tanhfl(c+dx)) ( ( cdx ) _ ) -1 ( ( -2
b*(c + dx)PolyLog (2, e + a(2b(c + dx) log Ny a)+2btanh “(c+dx)|b(c + dx)log|1l —e
de?(c + dx)

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c + d*x])~2/(c*xe + dxe*x)~2,x]

[Out] (b"2%(-1 + c + d*x)*ArcTanh[c + d*x]~2 + 2*bxArcTanh[c + d*x]*(-a + b*x(c +
dxx)*Log[1 - E~(-2xArcTanh[c + d*x])]) + a*x(-a + 2xb*(c + d*x)*Logl[(c + d*x
)/Sqrt[1 - (c + d*x)~2]]) - b™2*(c + d*x)*PolyLog[2, E~(-2*ArcTanh[c + d*x]
)1)/(d*e”2%(c + d*x))

Maple [B] time = 0.063, size = 396, normalized size = 3.8

~ a? ~ b (Artanh (dx + ¢))? ~ b?Artanh (dx + c) In (dx +c - 1) o b?In (dx + c) Artanh (dx + ¢) ~ b?Arta
de? (dx + c) de? (dx + c) de? de?
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) 2/ (d*e*xx+c*e) " 2,x)

[Out] -1/d*a~2/e"2/(d*x+c)-1/d*b"2/e~2/(d*x+c)*arctanh(d*x+c) "2-1/d*xb~2/e " 2*%arcta
nh(d*x+c)*1n(d*x+c-1)+2/d*b"2/e”2*1n (d*x+c) *arctanh (d*x+c)-1/d*b~2/e"2*arct

anh (d*x+c)*1n(d*x+c+1)-1/4/d*b"2/e”2x1n(d*x+c-1) "2+1/d*b~2/e"2xdilog(1/2+1/
2%d*x+1/2*c)+1/2/d*b"2/e"2x1n (d*x+c-1) *1n(1/2+1/2*d*x+1/2*c)-1/2/d*b"2/e" 2%
In(-1/2*%d*x-1/2*c+1/2)*1n(d*x+c+1)+1/2/d*b"2/e"2*1n(-1/2*d*x-1/2%c+1/2) *1n(
1/2+1/2*d*x+1/2xc)+1/4/d*b"2/e”2x1n(d*x+c+1) "2-1/d*b"2/e"2*dilog(d*x+c)-1/d
*b~2/e"2xdilog(d*x+c+1)-1/d*b"2/e”2*%1n (d*x+c)*1n(d*x+c+1)-2/d*a*xb/e~2/ (d*x+
c)*arctanh (d*x+c)-1/d*a*b/e”2x1n(d*x+c-1)+2/d*a*b/e”2*1n(d*x+c)-1/d*a*xb/e"2
*1n(d*x+c+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

(4 log(dx+c+1) 2 log(dx+c) log(dx+c—-1)\ 2 artanh (dx+c) b lbz log (—dx — ¢ +1)2 N f_(d:
d2e2 d2e2 d2e? 2yt i |V 4 d2e2x + cde?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (d*e*x+c*e) 2,x, algorithm="maxima"

[Out] -(d*(log(d*x + c + 1)/(d"2%e”2) - 2*log(d*x + c)/(d"2%e”2) + log(d*x + c -
1)/(d"2%e~2)) + 2%arctanh(d*x + c)/(d"2xe”"2*x + cxd*e”2))*axb - 1/4xb~2%(lo
g(-d*x - c + 1)72/(d"2*%e"2*x + c*d*e”2) + integrate(-((d*x + c - 1)*log(d*x
+c+ 1)72 + 2x(d*x - (d*x + ¢ - 1)*log(d*x + ¢ + 1) + c)xlog(-d*x - ¢c + 1
))/(d"3*%e"2%x73 + c73%e”2 - c72%e”2 + (3*kckd"2xe”2 - d72%xe"2)*x"2 + (3*cT2%
d*xe”2 - 2xcxd*e”2)*x), x)) - a~2/(d"2*%xe"2*xx + c*xdxe”2)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 artanh (dx + ¢)* + 2 abartanh (dx + ¢) + a2 )
,X

integral
& ( d?e2x2 4+ 2 cde?x + c2e?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c)) 2/ (d*e*x+c*e)”2,x, algorithm="fricas")
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[Out] integral((b~2*arctanh(d*x + c)~2 + 2*axb*arctanh(d*x + c) + a~2)/(d"2%e"2xx
T2 + 2%ckdxeT2%x + c72%e”2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

2 2 2
a b atanh” (c+dx 2ab atanh (c+dx
fz 2.2 f 2 (zz)dx"'f 2 (22)
c?+2cdx+d?x c?+2cdx+dx c?+2cdx+d*x
2
e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**2/(d*e*xx+c*e)**2,x)

[Out] (Integral(a**2/(c**2 + 2xckxd*x + d**2*x**2), x) + Integral(b**2xatanh(c + d
*xx)*%2/ (c*k*x2 + 2%ckd*x + d**2%x**2), x) + Integral(2*axbxatanh(c + d*x)/(c*

*¥2 + 2¥xckdxx + dk*2¥xkx2), X)) /ex*2

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (dx +¢) + a)2
dx

(dex + ce)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~2/(d*e*x+c*e)”2,x, algorithm="giac")

[Out] integrate((bxarctanh(d*x + c) + a)~2/(d*e*x + c*e)”2, x)
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2
(a+b tanh ™t (c+dx))

3.20 dx

(ce+dex)3

Optimal. Leaf size=119

-1 -1 2 -1 2
b(a+btanh™(c+dx)) (a+btanh™(c+dx)) (a+btanh™ (c+dx))  Plog(c+dr) b?log(l—(c+dx
- de3(c + dx) - 2de3(c + dx)? - 2de3 - ded - 2de3

[Out] -((b*x(a + bxArcTanh[c + d*x]))/(d*e”3*(c + d*x))) + (a + bxArcTanh[c + dxx]
)72/ (2xd*e”3) - (a + bxArcTanh[c + d*xx])~2/(2xd*e”3*(c + d*x)~2) + (b"2xLog
[c + d*x])/(d*e”3) - (b~ 2*xLogl[l - (c + dx*x)~2])/(2*d*e”3)

Rubi [A] time = 0.174176, antiderivative size = 119, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 9, integrand size = 23, number of rules

0.391, Rules used = {6107, 12, 5916, 5982, 266, 36, 31, 29, 5948}

integrand size

-1 -1 2 -1 2 2 \
b (u + btanh “(c + dx)) (a + btanh “(c + dx)) (u + btanh “(c + dx)) b log(c + dx) b°log (1 —(c+dx
T B+ d) T 2+ d? 2463 T e 2463

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*xx])~2/(cxe + d*xex*x)~3,x]

[Out] -((bx(a + bxArcTanh[c + d*x]))/(d*e”3*(c + d*x))) + (a + b*ArcTanh[c + d*x]
)72/ (2xd*e”3) - (a + bxArcTanh[c + d*xx])~2/(2xd*e”3*(c + d*x)~2) + (b"2xLog
[c + d*x])/(d*e”3) - (b~2*xLogl[l - (c + dx*x)~2])/(2xd*e”3)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*x(b_.))"(p_.)*((e_.) + (£f_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQld*e - cxf, 0] &
& 1GtQ[p, O]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match

Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5916
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh([c*x])“p)/(d*(m + 1)), x] - Dist[(bxc
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + b*ArcTanh[c*x])"p)/(d + e*xx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 36

Int[1/(((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- a*xd), Int[1/(a + bxx), x], x] - Dist[d/(b*c - a*d), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], xI]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x )]*(b_.))"(p_.0/((d.) + (e_.)*(x_)"2), x_Symb
0ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, pt, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rubi steps
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(a+b tanh_l(x))2

e3x3

Subst f

dx,x,c+ dx

(a +btanh™ (c + )
f (ce + dex)3

d

2
btanh™!
Subst f (a+axn—3(x)) dx,x,c + dx

de3
2 a+b tanhfl(x)
(a+btanhc+dy)  LOUDSE (f ) enet dx)
2de3(c + dx)? - de3
-1
(a +btanh™ (c + dx))Z b Subst (f a+bt6+h(x) dx,x,c + dx) b Subst (f [Hbti
2de3(c + dx)? - ded " 1
-1 -1 2 -1 2 bz
b(a+btanh™ (c +dx)) N (a+btanh™(c +dx))” (a+btanh™ (c+dx))
de3(c + dx) 2de3 2de3(c + dx)?
2 2
b (a +b tanh_l(c + dx)) . (a +b tanh_l(c + dx)) (a +b tanh_l(c + dx)) b*
ded(c + dx) 2de3 2de3(c + dx)?
2 2
b(a+btanh™ (c +dx)) N (a+btanh™'(c+dx))”  (a+btanh™ (c + dx)) b
de3(c + dx) 2de3 2de3(c + dx)?
-1 -1 2 -1 2
b(a+btanh™ (c + dx)) . (a+btanh™ (c + dx)) ) (a+btanh™ (c + dx)) »
de3(c + dx) 2de3 2de3(c + dx)?

Mathematica [A] time = 0.178121, size = 136, normalized size = 1.14

a? 2ab
(c+dx)?2  c+dx

—b(a+ b)log(—c —dx +1) + b(a — b)log(c +dx +1) —

2btanh ™ (c+dx)(a+b(c+dx)) + h2(02+2cdx+d2x2—1) tanh ™
(c+dx)? (c+dx)2

2de3

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c + d*x])~2/(c*e + dxex*x)”3,x]

[Out] (-(a”2/(c + d*x)~2) - (2%a*b)/(c + d*x) - (2%bx(a + bx(c + d*x))*ArcTanh[c
+ d*x])/(c + d*x)72 + (b72%(-1 + c72 + 2xc*d*x + d72*x”2)*ArcTanh[c + d*x]~
2)/(c + d*x)"2 - b*(a + b)*Log[l - ¢ - d*x] + 2xb~2*Logl[c + d*x] + (a - b)*
bxLog[l + ¢ + d*x])/(2*d*e”3)
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Maple [B] time = 0.064, size = 371, normalized size = 3.1

a? P (Artanh (dx + ¢))*>  b?Artanh (dx +c¢) bPArtanh (dx + ¢) In (dx +c - 1) s b?Artanh (dx + ¢
2.ded (dx + c)? 2de3 (dx + c)® de? (dx + c) 2de3 2de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) "2/ (d*exx+c*e)~3,x)

[Out] -1/2/d*a"2/e”~3/(d*x+c)~2-1/2/d*%b"2/e"3/(d*x+c) "2*arctanh (d*x+c) "2-1/d*b"2/e
~3*arctanh (d*x+c)/(d*x+c)-1/2/d*b"2/e"3*arctanh (d*x+c)*1n(d*x+c-1)+1/2/d*b"
2/e”3xarctanh (d*x+c)*1n(d*x+c+1)-1/8/d*b"2/e"3*1n(d*x+c-1) "2+1/4/d*b"2/e~ 3%
In(d*x+c-1)*1n(1/2+1/2*d*x+1/2%c)-1/2/d*b"2/e"3*1n(d*x+c—1)+b~2*1n (d*x+c) /d
/e”3-1/2/d*b"2/e”3*x1n(d*x+c+1)-1/4/d*%b"2/e”3*1n(-1/2*xd*x-1/2*c+1/2) *1n(1/2+
1/2%d*x+1/2%c)+1/4/d*b"2/e " 3%1n(-1/2*d*x-1/2*c+1/2) *1In(d*x+c+1)-1/8/d*b"2/e
~3*1ln(d*x+c+1) "2-1/d*axb/e~3/ (d*x+c) "2*arctanh (d*x+c)-1/d*axb/e~3/ (d*x+c)-1
/2/d*xaxb/e”3x1n(d*x+c-1)+1/2/d*a*b/e”3x1n(d*x+c+1)

Maxima [B] time = 1.02258, size = 444, normalized size = 3.73
1( ( 2 log(dx+c+1)+log(dx+c—1)) 2 artanh (dx + c) ) b_l[dz(log(dx+c+1)2_f

2 "\ dBeBx + cd2ed d?e’ d?e3 d3e3x? + 2 cd?e3x + c2de’ 8
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (d*e*x+c*e) 3,x, algorithm="maxima")

[Out] -1/2%(d*(2/(d"3*e"3*x + cxd"2*e"3) - log(d*x + c + 1)/(d"2*e"3) + log(d*x +
c - 1)/(d"2*e"3)) + 2*xarctanh(d*x + c)/(d"3*e"3*x"2 + 2xc*xd " 2xe”3%x + c~2%
d*e”3))*axb - 1/8+%(d"2*((log(d*x + c + 1)72 - 2xlog(d*x + c + 1)xlog(d*x +

c - 1) + log(d*x + ¢ - 1)72 + 4xlog(d*x + ¢ - 1))/(d"3%e”3) + 4*xlog(d*x + ¢

+ 1)/(d"3*%e”3) - 8xlog(d*x + c)/(d"3%e73)) + 4*d*x(2/(d"3*e"3*x + c*d"2%xe”3

) - log(d*x + c + 1)/(d"2%e"3) + log(d*x + c - 1)/(d"2%e”3))*arctanh(d*x +
c))*b"2 - 1/2%b"2*arctanh(d*x + c)~2/(d"3*e”3*xx"2 + 2*cxd"2%e”"3*x + c”2xd*e

73) - 1/2%a”2/(d73%e”3%x72 + 2kc*xd"2%e”3%x + c"2*d*e”3)

Fricas [B] time = 2.23881, size = 598, normalized size = 5.03

8 abdx + 8 abc — (bzdzx2 + 2 bcdx + b?c? - bz) log (—iz:—ij)z +4a%-4 ((ub - 172)612x2 +2 (ab - bz)cdx + (ab - bz)c2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/(d*e*x+c*e)”3,x, algorithm="fricas")

[Out] -1/8*(8*axb*d*x + 8xaxb*xc - (b72*d"2%x"2 + 2*b~2%c*d*x + b~2%c”2 - b~2)*log
(-(d*x + ¢ + 1)/(d*x + ¢ - 1))72 + 4xa”2 - 4*x((axb - b~2)*d"2%x"2 + 2*x(axb

- b72)*ckd*x + (axb - b~2)*c”2)*log(d*x + ¢ + 1) - 8*(b"2xd"2*x"2 + 2%b~2*c

xd*x + b72xc”2)*log(d*x + c) + 4x((axb + b~2)*d"2xx"2 + 2% (a*xb + b72)*c*d*x

+ (axb + b™2)*c"2)xlog(d*x + ¢ — 1) + 4*x(b72xd*x + b™2xc + axb)*log(-(d*x

+c+ 1)/(d*x + ¢ - 1)))/(d"3%e”3*%x"2 + 2%c*xd"2xe"3*x + c"2*d*e”3)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**2/(d*e*xx+c*e)**3,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (dx + ¢) + a)°
dx

(dex + ce)®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) ~2/(d*exx+c*e)~3,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~2/(d*exx + c*e)”3, x)
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2
(a+b tanh ™t (c+dx))

3.21 dx

(ce+dex)?

Optimal. Leaf size=180

2 2 2

b*PolyLog (2/ el _1) b(a+btanh_1(c+dx)) (a+btanh_1(c+dx)) (a+btanh_1(c+dx)) 2b log(
- 3de* 3det(c + dx)? 3de*(c + dx)3 " 3de* "

[Out] -b~2/(3*d*e”~4*x(c + d*x)) + (b~2%ArcTanh[c + d*x])/(3*d*e~4) - (b*(a + b*xArc
Tanh[c + d*x]))/(3xd*e"4*x(c + d*x)~2) + (a + bxArcTanh[c + dx*x])~2/(3xd*e” 4
) - (a + bxArcTanh[c + d*xx])~2/(3*d*xe"4*x(c + d*x)~3) + (2xbx(a + bxArcTanhl[
c + d*x])*Log[2 - 2/(1 + ¢ + d*x)])/(3xd*e”4) - (b~2*PolyLog[2, -1 + 2/(1 +

c + d*x)])/(3*d*xe"4)

Rubi [A] time = 0.270127, antiderivative size = 180, normalized size of antiderivative

1., number of steps used = 10, number of rules used = 9, integrand size = 23, number of rules _

0.391, Rules used = {6107, 12, 5916, 5982, 325, 206, 5988, 5932, 2447}

integrand size

2 2 2
b*PolyLog (21 a1l 1) b (a +b tanh_l(c + dx)) (a +b tanh_l(c + dx)) (a +b tanh_l(c + dx)) 2b log(
B 3deh T Bddc+dr | sdéc+dp 3deh "

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c + d*x])~2/(cxe + dxexx) ~4,x]

[Out] -b~2/(3*d*e~4*(c + d*x)) + (b~2xArcTanh[c + d*x])/(3*d*xe~4) - (bx(a + b*Arc
Tanh([c + d*x]))/(3*d*e~4*x(c + d*x)~2) + (a + bxArcTanh[c + d*x]) ~2/(3*%d*xe"4

) - (a + b¥ArcTanh[c + d*xx])~2/(3*d*xe"4*(c + d*x)~3) + (2*bx(a + bxArcTanh[

c + d*x])*Log[2 - 2/(1 + ¢ + d*x)])/(3*d*e”4) - (b"2xPolyLog[2, -1 + 2/(1 +

c + d*xx)])/(3xd*xe"4)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQld*e - cxf, 0] &
& IGtQ[p, O]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b¥ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + bxArcTanh[c*x])"p)/(d + e*xx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 325

Int[((c_)*(x D))" )*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c*
x)"(m + 1)*(a + b*x™n) " (p + 1))/(axcx(m + 1)), x] - Dist[(b*(m + nx(p + 1)
+ 1))/(a*c”nx(m + 1)), Int[(cxx)"(m + n)*(a + b*x"n)"p, x], x] /; FreeQl{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x)*((d_ ) + (e_.)*x(x_)"2)),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*dx(p + 1)), x] + Dist[1/
d, Int[(a + bxArcTanh([c*x]) p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && GtQ[p, O]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x )]1*x(b_.))"(p_.)/((x)*((d_) + (e_.)*x(x_))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*Log[2 - 2/(1 + (e*x)/d)])/d, x] -
Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (exx)/d)])
/(1 - c™2%x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] &% EqQ[c~
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2xd"2 - e~2, 0]

Rule 2447

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/Dlu, x11}, Simp[C*PolyLogl2, 1 - ul, x] /; FreeQ[C, x]]1 /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]1]

Rubi steps

(a+b tanhfl(x))z

f (a +b tanh_l(c + dx))2 Subst (f ! dx,x,c+ dx)

dx =
(ce + dex)* x d

ptanh ' (0)
Subst (f (a+tax—4(x)) dx, x,c + dx)

de*

a+b tanhfl(x)

(a +b tanh_l(c + dx))z (2b) Subst (f T‘xz) dx,x,c+ dx)

- 3de*(c + dx)3 - 3de*
-1
(a+b tanh ™ (c + clx))2 (2b) Subst (f W dx, x, ¢ + dx) (2b) Subst (f :
- 3de*(c + dx)3 - 3de* -
b(a+btanh™ (c+dx)) (a+btanh™'(c+ dx))2 (a+btanh™ (c+ dx))z (2b)
3+ d? 346 T 3deic+ da)p —
2
b2 b (a +b tanh_l(c + dx)) (a +btanh™ (c+ dx)) (a +b tanh_l(c
T 3ddc+dy) | ddc+do? 3dch T Bde(c+ d
b? Ptanh ' (c +dx) b (a +btanh ™ (c + dx)) (a +btanh ™ (c + dx
T 3de*(c + dx) - 3de* - 3det(c + dx)? 3det

Mathematica [A] time = 0.534509, size = 218, normalized size = 1.21

b2 ((c + dx)®PolyLog (2, e2tanh ™ 0| 4 (¢ 4+ dx)2 + (c + dx)2 tanh ™ (c + dx)? + (1 = (c + dx)2) tanh ™" (c + dx)? + (.
yLog

Warning: Unable to verify antiderivative.
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[In] Integratel[(a + bxArcTanh[c + d*x])~2/(c*xe + dxex*x)~4,x]

[Out] -(a”2 - axbx(-2xArcTanh[c + d*x] + (c + d*x)*(-1 + c72 + 2*ckd*x + d72*xx72
+ 2% (c + d*x)"2*xLogl[(c + d*x)/Sqrt[l - (c + d*x)~2]]1)) + b™2x((c + d*x)"2 +

(¢ + d*x)"2*ArcTanh[c + d*x]"2 + (1 - (c + d#*x)"2)*ArcTanh[c + d*x]~2 + (c

+ dxx)*ArcTanh[c + d*x]*(1 - (c + d*x)72 - (c + dxx) " 2*ArcTanh[c + d*x] -

2x(c + d*x) " 2xLog[l - E~(-2xArcTanh[c + d*x])]) + (c + dxx)~3*PolyLogl[2, E~
(=2%ArcTanh[c + d*x])]1))/(3*d*xe"4*(c + d*x)~3)

Maple [B] time = 0.066, size = 492, normalized size = 2.7

~ a? ~ b (Artanh (dx + ¢))? ~ b?Artanh (dx + ) In (dx + c - 1) ~ b?Artanh (dx + c) s 20%1n (dx +¢) A
3det (dx + c)’® 3det (dx + c)’ 3 det 3det (dx + c)? 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) "2/ (d*xexx+c*e)~4,x)

[Out] -1/3/d*a~2/e”4/(d*x+c)~3-1/3/d*b"2/e”4/(d*x+c) ~3*arctanh (d*x+c) ~2-1/3/d*xb~2
/e"4dxarctanh (d*x+c)*1n(d*x+c-1)-1/3/d*b~2/e"4*arctanh (d*x+c) / (d*x+c) "2+2/3/
dxb~2/e"4x1n(d*x+c) *arctanh (d*x+c)-1/3/d*b"2/e"4*xarctanh (d*x+c) *1n(d*xx+c+1)
-1/3%b"2/d/e"4/(d*x+c)-1/6/d*b"2/e"4*1n(d*x+c-1)+1/6/d*b"2/e"4*1n (d*x+c+1) -
1/12/d*b~2/e”4*x1n(d*x+c-1)"2+1/3/d*b"2/e"4*dilog(1/2+1/2*%d*x+1/2%c)+1/6/d*Db
~2/e”4xIn(d*x+c-1)*1n(1/2+1/2*d*x+1/2*c)+1/6/d*¥b"2/e"4*1n(-1/2*d*x-1/2*c+1/
2)*1n(1/2+1/2*d*x+1/2%c)-1/6/d*b"2/e~4*x1n(-1/2*d*x-1/2*c+1/2) *1n(d*x+c+1)+1
/12/d*b~2/e”4x1n (d*x+c+1) "2-1/3/d*b~2/e"4*dilog(d*x+c)-1/3/d*b~2/e~4*dilog(
dxx+c+1)-1/3/d*b"2/e"4x1n(d*x+c) *1n(d*x+c+1)-2/3/d*axb/e~4/ (d*xx+c) "3*arctan
h(d*x+c)-1/3/d*a*b/e"4*1n(d*x+c-1)-1/3/d*a*xb/e~4/ (d*x+c) ~2+2/3/d*a*xb/e~4*1n
(d*x+c)-1/3/d*a*b/e"4*1n(d*x+c+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

1 1 log(dx+c+1) 2log(dx+c) log(dx+c—-1) 2 artanh (dx +
3\ \d4etx2 + 2 cdBetx + c2d?et d?et d?et d2et d4e4x3 + 3 cd3etx? + 3 c2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (d*e*x+c*e) 4,x, algorithm="maxima")
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[Out] -1/3%(d*(1/(d"4*e"4*x"2 + 2%c*d"3*e”4*x + c”2*%d"2*e”4) + log(d*x + ¢ + 1)/(
d"2xe~4) - 2xlog(d*x + c)/(d"2xe"4) + log(d*x + c - 1)/(d"2xe"4)) + 2xarcta
nh(d*x + c)/(d"4*e"4*x"3 + 3xc*d~3xe”4*x"2 + 3*c™2+d"2xe"4*x + c"3*d*e”4))x*

axb - 1/12xb"2*x(log(-d*x - c + 1)72/(d"4*e"4*x"3 + 3*c*kd"3*e”4*x"2 + 3*c™2%
d"2xe"4*x + c"3xd*e”4) + 3*integrate(-1/3*(3*(d*x + ¢ - 1)*log(d*x + c + 1)

72 + 2%(d*x - 3*x(d*x + ¢ - 1)xlog(d*x + c + 1) + c)*log(-d*x - ¢ + 1))/(d"5
xe~4*xx"5 + c"bxe”4 - cT4*xe”4 + (BxckxdT4xe”4 - dT4xe”4)*x74 + 2x(B5xcT2xd"3%e

T4 - 2xckd73%e74)*x"3 + 2% (5kcT3*xd72%e”4 - 3kcT2*d"2%e”4)*x"2 + (BxcT4xdxe”

4 — 4xc”3%d*e”4)*x), x)) - 1/3*%a"2/(d"4*xe"4*x"3 + 3kcxd"3*ke"4xx"2 + 3*c”2*xd
“2%e”4xx + c”3*d*e”4)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 artanh (dx + ¢)? + 2 ab artanh (dx + ¢) + )

integral
& (d4e4x4 + 4 cd3etx3 + 6 c2d2etx? + 4 c3detx + ctet’

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctanh(d*x+c)) 2/ (d*e*x+c*e) 4,x, algorithm="fricas")

[Out] integral((b~2*arctanh(d*x + c)~2 + 2*axb*arctanh(d*x + c) + a”2)/(d"4xe 4xx
T4 + 4kckdT3xe"4*x73 + 6%cT2%dT2%e"4*x72 + 4xc”3*d*e"4xx + c"4%e"4), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

2

a
dx +
f cA+4c3dx+6c2d%x% +4cd3x3 +d4at

f b2 atanh? (c+dx) f 2ab atanh (c+dx)
cA+4c3dx+6c2d?x2+4cd3x3+d4xt cA+4c3dx+6c2d?x2 +4cd3x3+dtxt
4
4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**2/(d*e*xx+c*e)**4, x)

[Out] (Integral(ax*2/(c**4 + 4Axc*k*3*kd*x + G*Ck*2kd**k2xx*%2 + 4d*xckd**3*x**3 + d*x4
xx*x4) , x) + Integral(bx*2xatanh(c + d*x)**2/(c*k*4 + 4dkcx*3*d*x + BkCkx*2xdx*
*2kxk*k2 + Akcxdk*3*kxk*k3 + dkkdkxx**x4), x) + Integral(2*xaxb*atanh(c + d*xx)/(c
*k4 4+ Axck*x3kd*x + BkCkk2kAR*2kx*kk2 + Akxckd*Rk3*kxk*k3 + dkkdkxk*x4), x))/exx4d
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Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (dx + ¢) + a)2
f dx

(dex + ce)4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (d*e*x+c*e)”4,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~2/(d*exx + c*e)”4, x)
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2
(a+b tanh ™t (c+dx))

3.22 dx
(ce+dex)?
Optimal. Leaf size=172
b (a +b tanh_l(c + dx)) b (a +b tanh_l(c + dx)) (a +b tanh_l(c + dx))2 (a +b tanh_l(c + dx))2 b2
- 2de>(c + dx) - 6de5(c + dx)3 - 4de>(c + dx)* " 4deb " 12dé5(c +

[Out] -b~2/(12xd*e”5*(c + d*x)~2) - (b*(a + b*ArcTanh[c + d*x]))/(6xd*e”5x(c + d*
x)73) - (bx(a + b¥ArcTanh[c + d*x]))/(2*xd*xe”5*(c + d*x)) + (a + b*ArcTanh[c

+ d*x]) "2/ (4xd*e”5) - (a + b¥ArcTanh[c + d*xx])~2/(4xd*xe”5*(c + d*x)~4) + (
2xb~2*Loglc + d*x])/(3*d*e”5) - (b"2xLogl[l - (c + d*x)~2])/(3*d*e”5)

Rubi [A] time = 0.262447, antiderivative size = 172, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 10, integrand size = 23, e e e

= 0.435, Rules used = {6107, 12, 5916, 5982, 266, 44, 36, 31, 29, 5948}

integrand size

b(a+btanh ' (c+dv) b(a+btanh ' +dv) (a+btanhc+dv) (a+btanh(c+dx) 2

2de5(c + dx) 6de>(c + dx)3 4ded(c + dx)* - 4ded  12dé5(c +

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*xx])~2/(cxe + d*xex*x)”5,x]

[Out] -b~2/(12*d*e”5*(c + d*x)~2) - (b*(a + b*ArcTanh[c + d*x]))/(6*d*e”5x(c + d*
x)7"3) - (bx(a + b*ArcTanh[c + d*x]))/(2*xd*e"5x(c + d*x)) + (a + bx*ArcTanhl[c

+ d*x])"2/(4*xd*e”5) - (a + b*ArcTanh[c + d*xx])~2/(4xd*e”5*(c + d*x)"4) + (
2%b~2xLog[c + d*x])/(3*d*e”5) - (b~ 2xLogl[l - (c + dxx)~2])/(3xd*e”5)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*xe - cxf, 0] &
& 1GtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]
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Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, 4, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.)) " (p_)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b¥ArcTanh[c*x]) p, x]
, x] - Distle/(d*f72), Int[((f*x)"(m + 2)*(a + b¥ArcTanh[c*x]) p)/(d + exx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 44

Int[((a_) + (b_.)*(x_)) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*d, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n + 2, 0])

Rule 36

Int[1/(((a_.) + (b_)*(x))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(bxc - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], xI]

Rule 5948
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Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rubi steps

(u+b tanh_l(x))2

(a +btanh ™ (c + dx))2 Subst (f - dx,x,c + dx)

f (ce + dex)® ax =

d

a+btanh ™ (x 2
Subst (f (HX—S()) dx,x,c+ dx)

ded
2 a+btanh ™ (x)
(a +btanh }(c + dx)) b Subst (f —x4(1_x2) dx,x,c+ dx)
- 4de’(c + dx)* - 2de5

btanh™' (v) a+b tan]
(a +btanh ™ (c + dx))z b Subst (f a+a;—4x dx, x,c + dx) bSubst (f 2(1-

b(a+btanh™(c+dx) (a+btanh™(c+dv)  bSubst ( J

WA+t 2de5 " 2

a+btanh™ (x
x—z() dx,x,c

6de>(c + dx)3 4ded(c + dx)* - 2ded

b(a+btanh ' (c+dx)) b(a+btanh ' (c+dx)) (a+btanh™(c+ dx))2 (a-

6de>(c + dx)3 2de5(c + dx) 4ded
2

b (a +b tanh_l(c + dx)) b (a +b tanh_l(c + dx)) (a +btanh™ (c+ dx)) (a .
T 6ded(c + dx)? - 2ded(c + dx) 4de> o
b2 b(a+btanh ™ (c+dx)) b(a+btanh™ (c+dx)) (a+btanh
12deS(c + dx)2 6de>(c + dx)3 - 2de5(c + dx) " 4de
2 b(a+btanh™(c+dx)) b(a+btanh™(c+dx)) (a+btanh”
12de5(c + dx)2 6ded(c + dx)? - 2de5(c + dx) * Ade

Mathematica [A] time = 0.267043, size = 218, normalized size = 1.27

342 2btanh™! (c+dx) (3a+b(9czdx+3c3+9Cd2x2+c+3d3x3+dx)) 6ab 2ab

+ — + —— + b(3a + 4b) log(—c — dx + 1) — b(3a — 4b) log(c

_ (crdx)t + (c+dx)* c+dx  (c+dx)3

12de®

Antiderivative was successfully verified.
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[In] Integratel[(a + bxArcTanh[c + d*x])~2/(c*e + dxe*x)”5,x]

[Out] -((3*a"2)/(c + d*x)~4 + (2xa*xb)/(c + d*x)"3 + b~2/(c + d*x)~2 + (6*axb)/(c
+ d*xx) + (2*b*x(3*a + bx(c + 3*%c™3 + d*kx + 9*kc™2xd*x + O*xc*xd"2*x"2 + 3*d"3*x
~3))*ArcTanh[c + d*x])/(c + d*x)"4 - (3*%b"2*%(-1 + c™4 + 4*c~3xd*x + 6*c™2*d
~2%x"2 + 4xckd"3%x"3 + d"~4xx"4)*ArcTanh[c + d*x]~2)/(c + d*x)~4 + bx(3*a +
4xb)*Log[1l - ¢ - dxx] - 8*b~2*Loglc + d*x] - (3*a - 4x%b)*b*xLog[l + c + dx*x]

)/ (12*d*e~5)

Maple [B] time = 0.076, size = 431, normalized size = 2.5

a? _ b? (Artanh (dx + c))2 _ b?Artanh (dx + ) In (dx + c - 1) _ b?Artanh (dx + c) _ b?Artanh (dx +
4de (dx +¢)* 4.de5 (dx + c)* 4.deS 6 de’ (dx + ¢)° 2deS (dx +c)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) 2/ (d*e*xx+c*e)”5,x)

[Out] -1/4/d*a"2/e"5/(d*x+c) ~4-1/4/d*xb"2/e” 5/ (d*x+c) “4*arctanh(d*x+c) ~2-1/4/d*xb"2
/e 5*arctanh(d*x+c)*1n(d*x+c-1)-1/6/d*b"2/e " 5*xarctanh (d*x+c)/(d*x+c) ~3-1/2/
d*b~2/e"5*xarctanh (d*x+c)/(d*x+c)+1/4/d*b~2/e  5*arctanh (d*x+c) *1n(d*x+c+1) -1
/16/d*b"2/e"5*x1n(d*x+c-1) "2+1/8/d*b"2/e"5x1n(d*x+c—1) *1n(1/2+1/2*d*x+1/2%*c)
+1/8/d*b"2/e"5x1n(-1/2*%d*x-1/2*c+1/2) *In(d*x+c+1)-1/8/d*b"2/e"5*x1n(-1/2*d*x
-1/2%c+1/2)*1n(1/2+1/2*d*x+1/2%c)-1/16/d*b"2/e"5*1n(d*x+c+1) "2-1/3/d*b"2/e"
5%¥1n(d*x+c-1)-1/12%b"2/d/e~5/ (d*x+c) "2+2/3*b"2*x1n(d*x+c) /d/e”5-1/3/d*b~2/e”
5%1n(d*x+c+1)-1/2/d*axb/e~5/ (d*x+c) “4*arctanh(d*x+c)-1/4/d*axb/e”5*1n(d*x+c
-1)-1/6/d*axb/e”5/(d*x+c) ~3-1/2/d*axb/e”5/ (d*xx+c)+1/4/d*axb/e” 5x1n(d*x+c+1)

Maxima [B] time = 1.1316, size = 828, normalized size = 4.81

1 2(3d2x2+6cdx+3c2+1) 3log(dx+c+1) 3log(dx+c-1) . 6 artan
12| | 4°€®x3 + 3 cd*edx? + 3 c2d3e®x + c3d?ed d2ed d2ed doeSx* + 4 cd4edx3 + 6 ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (d*e*x+c*e) 5,x, algorithm="maxima"

[Out] -1/12%(d*(2%(3*d"2*x"2 + 6*ckd*x + 3*c™2 + 1)/(d"5*%e”5*x"3 + 3*xcxd 4*e bxx"
2 + 3%c72%d"3*e”5*x + c”3*%d"2%e”5) - 3*log(d*x + ¢ + 1)/(d"2*e”5) + 3xlog(d
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xx + ¢ - 1)/(d"2xe”5)) + 6xarctanh(d*x + c)/(d"5*e 5*x"4 + 4*xcxd"4*e”"5*x~3

+ 6*%CT2xd73*%e"5*x "2 + 4%c”3*%d"2%e”b*x + cT4xd*e”5))*axb - 1/48*%(d"2*x((3x(d”
2%x72 + 2%ckdxx + c”2)*log(d*x + ¢ + 1)72 + 3*%(d"2*x"2 + 2*cxd*x + c”2)*log
(d*x + ¢ - 1)72 + 2%(8*d"2*x"2 + 16%c*d*x + 8*c™2 - 3*x(d™2*%x"2 + 2%c*d*x +

c"2)xlog(d*x + c - 1))*log(d*x + ¢ + 1) + 16%(d™2*x"2 + 2*c*xd*x + c~2)*log(
dxx + ¢ - 1) + 4)/(d"b*e”b*x"2 + 2%c*d"4*e"b*x + c72xd"3%e”5) - 32%log(d*x

+ ¢c)/(d"3%e”5)) + 4*xdx(2x(3*xd"2%x"2 + 6*ckd*x + 3*%c”2 + 1)/(d"5*e”5xx"3 + 3
xckd"4*e”b*xx"2 + 3*%cT2+d"3*e”5*x + c73*%d"2%e”5) - 3*log(d*x + ¢ + 1)/(d"2x*e
~5) + 3xlog(d*x + c - 1)/(d"2%e”5))*arctanh(d*x + c))*b~2 - 1/4xb~2*arctanh
(d*x + ¢)72/(d"5*e"5*x"4 + 4d*xc*d " 4*e”5*x”3 + 6%c™2xd"3*e”5*x"2 + 4*c”3*d"2x*
e”b*x + cT4xd*e”5) - 1/4xa~2/(d"5*e"5*x"4 + 4dxckxd"4*e"5xx"3 + 6%c”2*%d"3*e”5
*X72 + 4*c73%d"2*e”5*x + c"4*xd*e”5)

Fricas [B] time = 2.41814, size = 1181, normalized size = 6.87

24 abd3x® + 24 abc® + 4 (18 abc + bz)dzxz +4b%c% + 8abc + 8 (9 abc? + b%c + ab)dx -3 (b2d4x4 + 4 V%ed3x® + 6 b22d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~2/(d*e*x+c*e)”5,x, algorithm="fricas")

[Out] -1/48%(24*axbxd~3xx~3 + 24*a*xb*c™3 + 4*x(18*axbxc + b~2)*d"2*x"2 + 4*xb~2*xc”2
+ 8*axbkxc + 8% (9*xaxbxc”2 + b72%c + axb)*dxx - 3*x(b"2*xd"4xx"4 + 4xb"2*c*d”3
*X"3 + 6*%b72%cT2%d72%x"2 + 4*b72%c73xd*x + b72xc”4 - b72)*log(-(d*x + c + 1
)/ (d*x + ¢ - 1))72 + 12*%a”2 — 4x((3*a*xb - 4*b"2)*d"4*x"4 + 4*x(3*axb - 4%b~2
Y*xc*xd"3%x"3 + 6*%(3*kaxb — 4*xb"2)*c"2%d"2*x"2 + 4*(3*kaxb - 4*xb"2)*c”3*d*x + (
3xaxb - 4*%b"2)*c"4)*log(d*x + ¢ + 1) - 32%x(b72%d"4*x"4 + 4*b72%c*d"3*x”3 +
B*b"2%CcT2+%d"2%xx"2 + 4*b72%c”73*d*x + b72xc”4)*log(dxx + c) + 4*x((3*axb + 4*b
"2)*%d74*x74 + 4x(3xaxb + 4xb72)*c*d"3*x”3 + 6% (3xaxb + 4xb72)*cT2*xd72*x72 +
4x(3xa*xb + 4*b~2)*c”3xd*x + (3*a*xb + 4*xb~2)*c"4)*log(d*x + ¢ - 1) + 4*(3*Db
"2%d73%x73 + 9*bT2*xckd"2*xx"2 + 3*¥b72%c”3 + bT2*c + (9*bT2*c”2 + bT2)*d*x +
3*%axb)*log(-(d*x + ¢ + 1)/(d*x + c - 1)))/(d"b*e”5*x"4 + 4*cxd 4*e”b*x"3 +
B6xc"2xd"3*%e"5*x"2 + 4%c”3*xd"2*e"5*x + c4*d*e”5)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**2/(d*e*xx+c*e)**5,x)

[Out] Timed out

Giac [B] time = 1.64732, size = 608, normalized size = 3.53

e
——— 1
d>
12 b2%e log[ —’“";CC ]

dxetce

e 2
]
3% log ( dxe:CEJrl) -

- ~12ablog (-—— +1) =162 log (-—— +1) +12ablog (-—— -1) - 16

dxe+ce dxe+ce

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c)) 2/ (d*e*x+c*e)”~5,x, algorithm="giac")
g g g

[Out] 1/48%(3*b~2xlog((e/(d*x*e + c*e) + 1)/(e/(d*x*e + cxe) - 1))72 - 12xb~2%ex1l
og((e/(d*xxe + cxe) + 1)/(e/(d*x*e + c*xe) - 1))/(d*x*e + c*xe) - 12xaxbxlog(
-e/(d*x*e + cxe) + 1) - 16xb"2xlog(-e/(d*x*e + c*e) + 1) + 12*axbxlog(-e/(d

xx*e + cxe) - 1) - 16xb"2xlog(-e/(d*x*e + cxe) - 1) - 24xaxbke/(dxxxe + cxe

) — 4xb~2xe”2/(d*x*e + c*e)”2 - 4xb"2xe"3xlog((e/(d*x*e + c*xe) + 1)/(e/(d*x

*xe + cxe) - 1))/(dxx*e + cxe)”3 - 3*b"2xe"4xlog((e/(d*x*e + cxe) + 1)/(e/(d

xx*e + cke) - 1))72/(d*x*e + cke)”4 - 8xaxb*xe”3/(d*x*e + c*e)”3 - 12xaxb*e”
4xlog((e/(d*x*e + c*xe) + 1)/(e/(d*x*e + cxe) - 1))/(d*x*e + cxe)”4 - 12xa~2
xe~4/(dxx*e + cxe) 4)*e”(-5)/d
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323  [(co+dex)?(a+btanh™(c+dv)) dx

Optimal. Leaf size=263

12e2PolyLog (2,1 - ﬁ) (a+btanh(c+dx))  B*e*PolyLog (3,1 _ 2 )

o—drtl be? (a +b tanh_l(c +
+ + ab%e?x —

d 2d 2d

[Out] ax*b™2*xe”2*x + (b~3*e”2*(c + d*x)*ArcTanh[c + d*x])/d - (b*e”2*x(a + b*ArcTan
hlc + d*x])~2)/(2%d) + (b*e 2%(c + d*x) 2x(a + b*ArcTanh[c + dx*x])~2)/(2*d)

+ (e72x(a + bxArcTanh[c + d*x])~3)/(3*d) + (e”"2*(c + d*x)~3*(a + b*ArcTanh

[c + d*x])~3)/(3*d) - (b*e"2*(a + bxArcTanh[c + d*x]) 2*Log[2/(1 - ¢ - d*x)

1)/d + (b”3%e"2*Log[l - (c + d*x)~2])/(2xd) - (b"2xe"2*x(a + b*ArcTanh([c + d
xx])*PolyLog[2, 1 - 2/(1 - ¢ - d*x)])/d + (b~3xe”2*PolyLog[3, 1 - 2/(1 - ¢

- d*xx)])/(2%d)

Rubi [A] time = 0.46688, antiderivative size = 263, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 11, integrand size = 23, e o e
integrand size

= 0.478, Rules used = {6107, 12, 5916, 5980, 5910, 260, 5948, 5984, 5918, 6058, 6610}

2 -1 2
— ) (a+btanh e+ ) P@PolyLog(31- =) b (a+ branh (e
+ + ab“ex —

d 2d 2d

b?e*PolyLog (2,1 -

Antiderivative was successfully verified.

[In] Int[(c*e + d*exx) 2%(a + bxArcTanh[c + d*xx])~3,x]

[Out] ax*b™2*e”"2*x + (b~3*e”2*(c + d*x)*ArcTanh[c + d*x])/d - (b*e”2*(a + b*ArcTan
hlc + d*x])~2)/(2%xd) + (b*e 2*(c + d*x) 2x(a + b*ArcTanh[c + dx*x])~2)/(2*d)

+ (e72%(a + bxArcTanh[c + d*x])~3)/(3*d) + (e”2*(c + d*x)~3*(a + b*ArcTanh

[c + d*x])~3)/(3*d) - (b*e™2*x(a + bxArcTanh[c + d*x]) 2*Log[2/(1 - ¢ - d*x)

1)/d + (b”3%e"2*xLog[1l - (c + d*x)~2])/(2xd) - (b"2xe"2*x(a + b*ArcTanh[c + d
xx])*PolyLog[2, 1 - 2/(1 - ¢ - d*x)])/d + (b~3*e"2*PolyLog[3, 1 - 2/(1 - ¢

- d*xx)])/(2%d)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &
& 1GtQ[p, 0]
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x )I*(b_.))"(p_.)*((f_.)*(x))"(m ))/((d ) + (
e_.)*x(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
D7p, x1, x] - Dist[(d*f~2)/e, Int[((f*x)"(m - 2)*(a + b¥ArcTanh[c*x]) p)/(
d + exx"2), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] & GtQ[p, 0] && GtQ[m, 1
]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bxA
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c2xx72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]11/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_ )]1*(b_.))"(p_.)/((d)) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b¥ArcTanh[c*x])~(p + 1)/(bxcxdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p_.)*(x_))/((d) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQLc~2%d + e, 0] && IGtQlp, O]
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Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c~2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2, 0
]

Rule 6058

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.))/((d) + (e_.)*(x_)~
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) p*PolyLog[2, 1 - ul)/(2%c*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*xd +
e, 0] && EqQ[(1 - w)~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rubi steps
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Subst ( f e2x? (a +b tanh_l(x))3 dx, x,c + dx)
d

e Subst (fxz (a +b tanh_l(x))3 dx, x,c + dx)

B d

f (ce + dex)? (a +btanh (¢ + dx))3 dx =

3(a+btanh ™t (x))2
be?) Subst X(H—
e*(c + dx)3 (a +btanh ™ (c + dx))3 ( ¢ ) s [f 12

3d d

dx, x

e?(c + dx)® (u +btanh ' (c + alx))3 (bez) Subst (fx (11 +b tfﬂlh_l(x))z
= +
3d d

be?(c + dx)? (a +btanh ™ (c + dx))2 e (a +btanh ™ (c + clx))3 e2(c +
= + +
2d 3d

b(c+d? (a+btanhc+dx) & (a+btanh c+dv) e+
= + +
2d 3d

be? (a +b tanh_l(c + dx))2 be?(c + dx)? (a +b tanh_l(c + dx))

_ 12,2

= ab“e“x ¥ + o
_ 2
, o bPe(c+dy) tanh '(c + dx)  beé? (ﬂ +btanh™ (c + dx)) be?(
= ab%e“x + - +—
d 2d
Be2(c + dx) tanh ™ (c + dx)  be? (a+btanh™ (c+ dx))2 be*(
= ab?e®x + - b

d 2d

Mathematica [A] time = 0.720965, size = 336, normalized size = 1.28

e? (6ab2 (PolyLog (2, —e7? tanh_l(”d")) + (¢ + dx)3 tanh ™ (c + dx)? + (¢ + dx)? tanh ™' (c + dx) — tanh ™ (c + dx)? — ta

Warning: Unable to verify antiderivative.

[In] Integratel[(c*e + d*exx)”"2x(a + b¥ArcTanh[c + d*x])~3,x]

[Out] (e"2%(3%a"2xbx(c + d*x)"2 + 2%xa”3*%(c + d*x)~3 + 6*a~2*xb*x(c + d*x) ~3*ArcTanh
[c + d*xx] + 3*xa”2+b*Logl[l - (c + d*x)"2] + 6%a*b”™2*x(c + d*x - ArcTanh[c + d
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*x] + (¢ + dxx) " 2xArcTanh[c + d*x] - ArcTanh[c + d*x]~2 + (c + d*x) 3*ArcTa
nh[c + d*x]72 - 2%ArcTanh[c + d*x]*Log[l + E~(-2*ArcTanh[c + d*x])] + PolyL
ogl2, -E~(-2%ArcTanh[c + dx*x])]) + b~3*(6*(c + d*x)*ArcTanh[c + d*x] - 3x*(1
- (¢ + d*x)~2)*ArcTanh[c + d*x]~2 - 2*ArcTanh[c + d*x]~3 + 2*(c + d#*x)*Arc
Tanh[c + d*x]~3 - 2%(c + d*x)*(1 - (c + d*x)~2)*ArcTanh[c + d*x]~3 - 6*xArcT
anh[c + d*x]~2*xLog[l + E~(-2*%ArcTanh[c + d*x])] - 6xLogl[1/Sqrt[l - (c + d*x
)~2]] + 6xArcTanh[c + d*x]*PolyLog[2, -E~(-2%ArcTanh[c + d*x])] + 3*PolyLog
[3, -E~(-2xArcTanh[c + d*x])])))/(6x*d)

Maple [C] time = 0.468, size = 1768, normalized size = 6.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*e*x+c*xe) 2% (a+b*arctanh(d*x+c))”~3,x)

[Out] 1/3/d*a~3%c~3*e”2+a*xb~2%e”2*x+1/4%I/d*e”2xb~3*%arctanh (d*x+c) “2*Pi*csgn (I*(d
xx+c+1) 72/ ((d*xx+c) "2-1) ) kcsgn (I (d*x+c+1) "2/ ((d*x+c) ~2-1) / ((d*x+c+1) "2/ (1-(
dxx+c)"2)+1))"2-1/2*I/d*e”2+b~3*arctanh (d*x+c) "2*Pi*csgn (I* (d*x+c+1) "2/ ((d*
x+c)72-1)) "2*csgn(I* (d*x+c+1) / (1-(d*x+c) ~2) 7 (1/2))-1/4%I/d*e”2%b~3*arctanh(
d*x+c) "2+Pi*xcsgn (I/ ((d*x+c+1) 72/ (1-(d*x+c) "2)+1) ) *csgn (I* (d*x+c+1) "2/ ((d*x+
c)"2-1)/((d*x+c+1) "2/ (1-(d*x+c)"2)+1) ) "2-1/4*1/d*e”2*b~3*arctanh (d*xx+c) ~2*P
i*csgn (I*(d*x+c+1) "2/ ((d*x+c)~2-1)) *csgn(I*(d*x+c+1)/(1-(d*x+c)~2)"(1/2))"2
+d*arctanh (d*x+c) “3*x"2%b"3*c*e”2+d" 2*arctanh (d*x+c) "2*x"3*a*xb”2*xe”2+d*arct
anh (d*x+c) *x~2*a*b~2*xe~2+d " 2*arctanh (d*x+c) *x~3*a”"2*xb*xe~2+1/d*arctanh (d*x+c
) T2xaxb"2%c"3*%e”2+1/2/d*e”2xb”"3*arctanh (d*x+c) "2*1n(d*x+c-1)+1/d*arctanh (d*
X+c)*axb~2xc"2*xe”2+1/d*arctanh (d*xx+c) *a~2xb*xc~3*%e"2+1/d*e” 2*a*b”~2*arctanh (d
*x+c) *In(d*x+c-1)+1/d*e"2*xaxb~2*arctanh (d*x+c) *1n (d*x+c+1)-1/2/d*e"2*xa*xb™ 2%
In(d*x+c-1)*1n(1/2+1/2*d*x+1/2*c)+1/2/d*e”2*a*xb~2x1n(-1/2*d*x-1/2*c+1/2) *1n
(d*x+c+1)-1/2/d*e"2*xa*xb~2*x1n(-1/2%d*x-1/2*c+1/2) *1n(1/2+1/2*d*x+1/2%c) +3*ar
ctanh (d*x+c) “2*x*a*xb~2*c”2xe 2+2*arctanh (d*x+c) *x*a*xb~2*c*xe~2+3*arctanh (d*x
+C)*x*a”~2*b*c"2xe"2-1/2*I/d*e"2*b~3*arctanh (d*x+c) “2xPi+1/3/d*e~2xb~3*arcta
nh(d*x+c) "3+1/3*%d"2*x"3*a"3*e”2+1/d*e"2*xb"3*arctanh (d*x+c) -1/d*e”2xb~3*1n ((
dxx+c+1) 72/ (1-(d*x+c)"2)+1)+1/2/d*a"2xb*c”~2xe~2+1/2/d*e”2xb~3*polylog(3,-(d
*x+c+1) 72/ (1-(d*x+c) "2))-1/2/d*e " 2*axb”~2*x1n (d*x+c+1)+1/2/d*e”2*a*b”2*1n (d*x
+c-1)+1/d*axb™2xcxe 2+x*a”~3*c”"2*%e”2+1/2/d*e”2*xb~3*arctanh (d*x+c) ~2*x1n (d*x+c
+1)+1/2/d*e”2*a~2xb*1n(d*x+c-1)+1/2/d*e~2*xa”2*b*1n (d*xx+c+1)-1/d*e~2*b~3*arc
tanh (d*x+c) "2x1n(2)-1/2/d*e”2*b~3*arctanh (d*x+c) ~2+arctanh (d*x+c) *x*b~3*e”2
+x*a”2xbxcke 2+1/2xd*x"2%a"2xbxe”~2+d*x"2*a”~3*c*e”2+1/d*arctanh (d*x+c) *b~3*c
*e"2+1/3/d*arctanh (d*x+c) “3*%b~3*c"3*%e"2+1/2/d*arctanh (d*x+c) "2*¥b~3*c"2*e” 2+
1/4%1/d*e”2xb~3%arctanh (d*x+c) "2*Pi*csgn(I/ ((d*x+c+1) 72/ (1-(d*x+c)~2)+1))*c
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sgn (I*(d*x+c+1) "2/ ((d*x+c) "2-1) ) *csgn (I* (d*x+c+1) "2/ ((d*x+c) "2-1) / ((d*x+c+1
)72/ (1-(d*x+c) "2)+1))-1/4%1/d*e”2*xb~3*arctanh (d*x+c) “2*Pi*csgn (I* (d*x+c+1)~
2/ ((d*x+c)~2-1)/((d*x+c+1) "2/ (1-(d*x+c) "2)+1)) "3+1/2+I/d*e”2xb~3*arctanh (dx*
x+c) "2*xPikxcsgn(I/ ((d*x+c+1) "2/ (1-(d*x+c) "2)+1)) “2+3*d*arctanh (d*x+c) “2%x~ 2%
axb~2*ckxe”2+3xd*arctanh (d*x+c) *x~2*%a~2*bxc*xe~2-1/2*I1/d*e”2*b”3*arctanh (d*x+
c) "2xPixcsgn(I/((d*x+c+1) 72/ (1-(d*x+c) "2)+1))~3-1/4*I/d*e”2%b~3*arctanh (d*x
+c) "2xPixcsgn (I* (d*x+c+1) 72/ ((d*x+c) "2-1)) “3+arctanh (d*x+c) ~3*x*b~3*c " 2%e™2
+arctanh (d*x+c) "2xx*b~3*c*e”2-1/d*e”2xb~3*arctanh (d*x+c) *polylog(2, - (d*x+c+
1)72/(1-(d*x+c)~2))-1/d*e"2*b~3*arctanh (d*x+c) "2x1n ((d*x+c+1) / (1-(d*x+c)~2)
~(1/2))+1/2*d*arctanh (d*x+c) "2*x~2xb~3%e~2+1/3*d"2*arctanh (d*x+c) "3*x~3xb~3
xe”2+1/4/dxe”2%axb”"2x1n (d*x+c-1) "2-1/d*e”2*a*b~2*dilog(1/2+1/2*d*x+1/2%c) -1
/4/d*e”2xaxb~2x1n (d*x+c+1) 72

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e) 2*(atb*arctanh(d*x+c))~3,x, algorithm="maxima")

[Out] 1/3*a”3*d"2*e"2*xx"3 + a~3*c*d*e”2*x™2 + 3/2*x(2*xx"2xarctanh(d*x + c) + d*x(2x*
x/d”2 - (c72 + 2%c + 1)*log(d*x + ¢ + 1)/d"3 + (c™2 - 2%c + 1)*log(d*x + ¢
- 1)/d73))*a"2*xbxcxd*xe”2 + 1/2%(2+*x"3*arctanh(d*x + c) + d*((d*x"2 - 4*c*x)
/d~3 + (c73 + 3%c”2 + 3*c + 1)*log(d*x + ¢ + 1)/d"4 - (c”3 - 3%c™2 + 3*c -
1 *log(d*x + ¢ - 1)/d74))*a"2%bxd"2%e”2 + a”3*c™2%e™2xx + 3/2%(2*(d*x + c)*
arctanh(d*x + c) + log(-(d*x + c)72 + 1))*a”2*bxc"2*%e"2/d - 1/24*%((b~3%d~3x
e”2%x"3 + 3*b " 3kckd"2xe"2xx"2 + 3*b73*c”2*kd*e”2*x + (c"3%e”2 - e72)*b"3)*1o
g(-d*x - c + 1)73 - 3x(2%a*b~2*d"3*e”2*x"3 + (6*a*b~2*c*xd"2*%e”2 + b~ 3*d"2xe
T2)*x72 4+ 2% (3kaxbT2xcT2xd*e”2 + b7 3kckd*e”2)*x + (b73*d"3*e"2%x”3 + 3*b"3*
ckd"2%e"2%x"2 + 3%b73kcT2*kd*e"2%x + (c73%e”2 + e72)*b"3)xlog(d*x + c + 1))*
log(-d*x - c + 1)72)/d - integrate(-1/8*((b~3*d"3*e"2%x"3 + (3*c*xd™2%e”2 -
d"2*%e”2)*b"3*x72 + (3*%cT2*d*e”2 - 2*kckd*e”"2)*b"3xx + (cT3%e”2 - cT2*e”2)*b”
3)*log(d*x + ¢ + 1)73 + 6*x(a*b™2*%d"3%e”2xx"3 + (3*c*d™2*e”2 - d72%e”2)*axb”
2%x72 + (3xcT2xdxe”2 - 2kcxd*e”2)*axb"2xx + (c"3%e”2 - c"2%e”2)*axb”2)*Llog(
d*x + ¢ + 1)72 - (4*axb~2*%d"3*e"2*x"3 + 2% (6*a*xb"2xcxd"2%e”2 + b~ 3*d"2*e”2)
*x72 + 3% (b73*d"3*%e"2*x"3 + (3xc*d"2%e”2 - d72*%e”2)*b"3*x"2 + (3%c"2*d*e”2
- 2xc*d*e”2)*b73*x + (c73%e”2 - c"2%e”2)*b"3)*log(d*x + ¢ + 1)72 + 4x(3*axb
T2%cT2%d*e”2 + bT3xckdxe"2)*x + 2% (6% (cT3*%e”2 - cT2xe"2)*xa*xb”2 + (c"3*e”2 +
e”2)*b"3 + (6*axb”2*xd"3*e”2 + b~ 3*%d"3*%e”2)*x"3 + 3*x(b"3kckd"2%e”2 + 2% (3*c
*d"2%e”2 - d72*%e”2)*axb"2)*x"2 + 3k (b"3*kcT2*kd*e”2 + 2% (3*xc"2xd*e”2 - 2kckd*
e"2)*axb”2)*x)*log(d*x + ¢ + 1))*log(-d*x - c + 1))/(d*x + ¢ - 1), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral (a3d262x2 + 2 a3cde®x + aPc2e? + (b3d232x2 + 2 b3cde®x + b3C2€2) artanh (dx + ¢)° + 3 (abzdzezxz + 2 ab?cde®x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e) 2% (atb*arctanh(d*x+c))~3,x, algorithm="fricas")

[Out] integral(a™3*d"2*e”2%x72 + 2*%a”3k%cxd*e”2%x + a~3*c”2*%e”2 + (b7 3*d"2%e”2*x"2
+ 2*b73*kckxd*e”2*%x + bT3*xc"2*%e"2)*xarctanh(d*x + c)”3 + 3*x(axb”"2xd"2*e”"2xx"2

+ 2*%axb"2xckdxe”2%x + axb”2*c”2*e”2)*arctanh(d*x + c¢)72 + 3*(a"2*xb*d"2*xe”2

*x72 + 2%a"2xbxckxdxe”2*xx + a”2xb*c " 2%e”2)*arctanh(d*x + c), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e)**2* (atb*atanh(d*x+c))**3,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (dex + ce)Z(b artanh (dx + ¢) + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e) 2% (atb*arctanh(d*x+c))~3,x, algorithm="giac")

[Out] integrate((d*exx + c*e) 2*(b*arctanh(d*x + c) + a)~3, x)
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824  [(ce+dex)(a+btanh ™ (c+dx) dx

Optimal. Leaf size=160

c+dx+1 2 -
3b°cPolyLog (2/ R ) 3b%elog ( ) (a+btanh™( +dx)  3pe (a+ btanh™ (c+dv))  Sbe(c +dv
- +

—c—dx+1 _ —c—dx+1 +
2d d 2d

[Out] (3*b*ex(a + bxArcTanh[c + d*x])~2)/(2*d) + (3*bxex(c + d*x)*(a + b*ArcTanhl[
c + d*x])72)/(2*d) - (ex(a + bxArcTanh[c + d*x])~3)/(2+d) + (e*x(c + d*xx) 2%

(a + bxArcTanh[c + d*x])~3)/(2*%d) - (3*b"2*ex(a + bxArcTanh[c + d*x])*Log[2

/(1 - c - d*x)])/d - (3*b~3xexPolyLog[2, -((1 + ¢ + d*x)/(1 - ¢ - d*x))])/(

2xd)

Rubi [A] time = 0.262531, antiderivative size = 160, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 10, integrand size = 21, il
integrand size

= 0.476, Rules used = {6107, 12, 5916, 5980, 5910, 5984, 5918, 2402, 2315, 5948}

dx+1 2 1
3b%ﬂkﬂyL0g(2r_C+x+ ) 3b%40g(_04xu)(“*'btanh (C*'dx»_+3be(a4-btanh_%c+-dx»2_F3b4c4—dx)

—c—dx+1

2d d 2d

Antiderivative was successfully verified.

[In] Int[(cxe + d*xexx)*(a + bxArcTanh[c + d*x])~3,x]

[Out] (3*%bxex(a + b*ArcTanh[c + d*x])~2)/(2%d) + (3*b*ex(c + d*x)*(a + b*ArcTanh[
c + d*x])72)/(2xd) - (ex(a + b*ArcTanh[c + d*x])~3)/(2%d) + (ex(c + d*x) 2%

(a + bxArcTanh[c + d*x])~3)/(2xd) - (3*b"2xe*(a + b*ArcTanh[c + d*x])*Logl[2

/(1 - ¢ - d*x)])/d - (3*b~3*%exPolyLogl[2, -((1 + ¢ + d*x)/(1 - ¢ - d*x))])/(

2*d)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*xe - cxf, 0] &
& 1GtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]
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Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, 4, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.)) " (p_)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*x(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1)7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bx*A
rcTanh[c*x])“"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c”2*%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*x(x_))/((d_) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + bx*ArcTanh[c*x]) “p*Logl[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, gt, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
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Int[Logl[(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -
c*¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*x(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb

ol]

:> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b

, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rubi steps

f (ce + dex) (a +b tanh_l(c + dx))3 dx

Subst (f ex (a +btanh™} (x))3 dx,x,c + dx)

d

e Subst (fx (a +b tamh_l(x))3 dx,x,c + dx)

d

xz(a+btanh71(x))2
] 3 (3be) Subst| [ O 4y
e(c + dx)? (a +btanh ™' (c + dx)) (3be) Subs (f 1-2 X xc
2d - 2d

e(c + dx)? (a +btanh ' (c + dx))3 (3be) Subst (f (ﬂ +b taﬂh_l(x))2 dx,

2d

+

2d

_1 2 _1 3
3be(c + dx) (a + btanh “(c + dx)) e (a + btanh “(c + dx)) e(c + dx)
= +

2d 2d
-1 2 -1 2
3be (a + btanh " (c + dx)) 3be(c + dx) (u + btanh “(c + dx)) e (a +
- 24 ’ 24 )
1 2 1 2
3be (a + btanh “(c + dx)) 3be(c + dx) (a + btanh “(c + dx)) e (a +
B 2d i 2d )
q 2 1 2
3be (a + btanh “(c + dx)) 3be(c + dx) (a + btanh “(c + dx)) e (a +
B 2d i 2d )
q 2 4 2
3be (a + btanh “(c + dx)) 3be(c + dx) (a + btanh “(c + dx)) e (a +
= +

2d

2d
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Mathematica [A] time = 1.16106, size = 213, normalized size = 1.33

¢ (6b3PolyLog (2, —e-2tanh (a0 4 4 (34 (2 ~1 log(=c —dx +1) + 3ab (c® — 1) log(c + dx + 1) + 2adx(2ac + adx
yLog

Warning: Unable to verify antiderivative.

[In] Integrate[(cxe + d*e*xx)*(a + b*ArcTanh[c + d*x])~3,x]

[Out] (ex(6*%b72*%(-1 + ¢ + d*x)*(b + a*(1 + ¢ + d*x))*ArcTanh[c + d*x] "2 + 2xb~3x(
-1 + ¢c72 + 2%ckxd*x + d"2*%x"2)*ArcTanh[c + d*x]~3 + 6%b*ArcTanh[c + d*x]*(ax*
(2%b*x(c + d*x) + a*xd*xx*(2%c + d*x)) - 2xb~2xLog[l + E~(-2*ArcTanh[c + d*x])

1) + ax(2*axd*x*(3*%b + 2xa*xc + a*xd*x) - 3*xaxbx(-1 + c”2)*Log[l - c - dxx] +
3kaxbx (-1 + c"2)*Log[l + c + d*x] - 12¥b"2xLog[1/Sqrt[1l - (c + d*x)~2]]) +
6*xb~3*%PolyLog[2, -E~(-2%ArcTanh[c + d*x])]))/(4xd)

Maple [C] time = 0.43, size = 6834, normalized size = 42.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*e*x+c*e)*(at+b*arctanh(d*x+c)) 3,x)

[Out] result too large to display

Maxima [B] time = 1.94895, size = 849, normalized size = 5.31

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e)* (atb*arctanh(d*x+c))”~3,x, algorithm="maxima")

[Out] 1/2*a”3*dxe*xx”2 + 3/4*(2xx"2%arctanh(d*x + c) + d*x(2*x/d"2 - (c72 + 2%c + 1
)*¥log(d*x + c + 1)/d™3 + (c72 - 2xc + 1)*log(d*x + ¢ - 1)/d"3))*a”2xbxd*e +
a~3*ckexx + 3/2%(2x(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)72 + 1))*a"2
xbxcxe/d + 3/2x(log(d*x + ¢ + 1)*log(-1/2%d*x - 1/2%c + 1/2) + dilog(1l/2x*dx



163

X + 1/2%c + 1/2))*b"3xe/d + 3/2x(c*e + e)*a*b"2xlog(d*x + ¢ + 1)/d - 3/2*(c
xe — e)*xaxb"2xlog(d*x + ¢ - 1)/d + 1/16%(24*xa*b”2*d*exx*log(d*x + ¢ + 1) +

(b™3*%d"2%e*xx"2 + 2*b7"3*ckd*e*xx + (c"2%e - e)*b~3)*xlog(d*x + ¢ + 1)73 - (b~3
xd"2%exx”2 + 2%b~3*ckd*xexx + (c"2xe - e)*b”3)*log(-d*x - c + 1)73 + 6x(axb”
2%d"2xexx"2 + (c"2%e - e)*axb”2 + (ckxe + e)*b”3 + (2*xaxb~2xc*d*e + b~ 3*dx*e)
*xx)*log(d*x + ¢ + 1)72 + 3% (2%a*xb™2*%d™2%e*xx"2 + 2x(c™2%e - e)*a*xb”2 + 2x(cx
e - e)*b~3 + 2x(2%axb~2xckd*e + b~ 3xdxe)*x + (b73xd"2xexx"2 + 2%b~3kckd*xe*x
+ (c72%e - e)*b"3)*xlog(d*x + c + 1))*log(-d*x - c + 1)72 - 3*(8*a*xb~2*d*ex
x + (b73xd"2*%exx"2 + 2%b~3*ckd*e*xx + (c"2%e - e)*b”3)*log(d*x + c + 1)72 +

4x(axb~2xd"2%e*xx"2 + (c"2%e - e)*a*b”2 + (cxe + e)*xb~3 + (2*a*b"2*xcxd*xe + b
“3xd*e) *x)*log(d*x + ¢ + 1))*log(-d*x - c + 1))/d

Fricas [F] time = 0., size = 0, normalized size = 0.
integral (a3dex + adce + (badex + b3ce) artanh (dx +¢)® + 3 (abzdex + abzce) artanh (dx + ¢)* + 3 (azbdex + azbce) a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e)* (atb*arctanh(d*x+c))”~3,x, algorithm="fricas")

[Out] integral(a~3*dxe*x + a~3xc*e + (b~3*d*e*x + b~ 3*c*e)*arctanh(d*x + c)~3 + 3
* (axb”~2*d*exx + axb”2*c*e)*arctanh(d*x + c)”2 + 3x(a”2*b*d*exx + a”2*b*cxe)
*arctanh(d*x + c), x)

Sympy [F] time = 0., size = 0, normalized size = 0.
e (f ascdx + fa3dx dx + fb3c atanh® (c + dx) dx + fSabzc atanh? (c + dx) dx + f3a2bc atanh (c + dx) dx + fl

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e)* (atb*atanh(d*x+c))**3,x)

[Out] e*(Integral(a*x3*c, x) + Integral(a*x3*d*x, x) + Integral(b**3*c*atanh(c +
dxx)**3, x) + Integral(3xa*xbx*2xc*atanh(c + d*x)**2, x) + Integral (3kax*2xb
xc*atanh(c + d*x), x) + Integral (b**3*xd*x*atanh(c + d*x)**3, x) + Integral(
3xaxbx*2xd*x*atanh(c + d*x)**2, x) + Integral (3xa**x2*bxd*x*atanh(c + dxx),

x))
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Giac [F] time = 0., size = 0, normalized size = 0.

f (dex + ce)(bartanh (dx + ¢) + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e)*(atb*arctanh(d*x+c))~3,x, algorithm="giac")

[Out] integrate((d*exx + c*e)*(b*arctanh(d*x + c) + a)~3, x)
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3
3.95 f (a+b tanh_l(c+dx)) i

ce+dex

Optimal. Leaf size=257

3b*PolyLog (3,1 - —) (u +btanh ™ (c + dx)) 3b*PolyLog (3, # - 1) (u +btanh ™ (c + dx)) 3bPolyL

—c—dx+1

2de 2de

[Out] (2x(a + bxArcTanh[c + d*x])~3*ArcTanh[l - 2/(1 - ¢ - d*x)])/(d*e) - (3*bx*(a
+ b*ArcTanh[c + d*x])~2#PolylLog[2, 1 - 2/(1 - ¢ - d*x)])/(2*d*e) + (3*b*x(a

+ bxArcTanh[c + d*x])~2*PolyLogl[2, -1 + 2/(1 - ¢ - d*x)])/(2xd*e) + (3%b~2

*(a + b*ArcTanh[c + d*x])#*PolyLogl[3, 1 - 2/(1 - c - d*x)])/(2xd*e) - (3xb~2

x(a + bxArcTanh[c + d*x])*PolyLog[3, -1 + 2/(1 - ¢ - d*x)])/(2%d*e) - (3*b~
3xPolyLog[4, 1 - 2/(1 - ¢ - d*x)])/(4xd*e) + (3*xb~3*PolyLog[4, -1 + 2/(1 -

c - d*x)])/(4xdxe)

Rubi [A] time = 0.491768, antiderivative size = 257, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 8, integrand size = 23, e

integrand size
0.348, Rules used = {6107, 12, 5914, 6052, 5948, 6058, 6062, 6610}

3b?PolyLog (3,1 - m) (a+btanh(c+dx))  3b?PolyLog (3, - 1) (a+btanh ™ (c+dx))  3bPolyL

2de 2de

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*x])~3/(c*xe + d*ex*x),x]

[Out] (2x(a + bxArcTanh[c + d*x])~3*ArcTanh[1l - 2/(1 - c - d*x)])/(d*e) - (3*b*(a
+ b¥ArcTanh([c + d*x]) 2xPolyLog[2, 1 - 2/(1 - ¢ - d*x)])/(2*dxe) + (3*bx(a

+ b¥ArcTanh[c + d*x]) 2%PolyLogl[2, -1 + 2/(1 - ¢ - d*x)])/(2xd*e) + (3*b~2

x(a + bxArcTanh[c + d*x])*PolyLog[3, 1 - 2/(1 - ¢ - d*x)])/(2%d*e) - (3%b~2

*(a + bxArcTanh[c + d*x])*PolyLogl[3, -1 + 2/(1 - ¢ - d*x)])/(2*d*e) - (3*b~
3*%PolyLogl[4, 1 - 2/(1 - ¢ - d*x)])/(4*d*e) + (3*b~3xPolyLogl[4, -1 + 2/(1 -

c - dxx)])/(4xdxe)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) "m*(a + b*ArcTanh[x]) p, x]
, X, ¢ +d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - c*xf, 0] &
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& IGtQ[p, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5914

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))"(p_)/(x_), x_Symbol] :> Simp[2*(a +
bxArcTanh[c*x]) “pxArcTanh[1 - 2/(1 - c*x)], x] - Dist[2*b*c*p, Int[((a + b
*ArcTanh[c*x])~(p - 1)*ArcTanh[1 - 2/(1 - c*x)]1)/(1 - c™2*x"2), x], x] /; F
reeQ[{a, b, c}, x] && IGtQ[p, 1]

Rule 6052

Int[(ArcTanh[u_l*((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.))"(p_.))/((d_) + (e_.)*(
x_)"2), x_Symbol] :> Dist[1/2, Int[(Logl[l + ul*(a + b*ArcTanh[c*x])~p)/(d +
exx”2), x], x] - Dist[1/2, Int[(Logl[l - ul*(a + b*ArcTanh([c*x])"p)/(d + ex
x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d + e, O
] && EqQ[u™2 - (1 - 2/(1 - c*x))"2, 0]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, pt, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6058

Int[(Loglu_J*((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.))/((d.) + (e_.)*(x_)"
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) “p*PolyLog[2, 1 - ul])/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + bxArcTanh[c*x])~(p - 1)*PolyLogl[2, 1 - ul)/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*xd +
e, 0] & EqQ[(1 - w~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6062

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*PolyLoglk_, u_]1)/((d_) + (e_
D*(x_)"2), x_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*PolyLoglk + 1, ul)/(2
xc*d), x] - Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLoglk + 1,
ul)/(d + e*xx”2), x1, x] /; FreeQ[{a, b, c, d, e, k}, x] & IGtQ[p, 0] && Eq
Qlc™2xd + e, 0] && EqQ[u~2 - (1 - 2/(1 - c*x))~2, 0]
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Rule 6610

Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl]] /; FreeQ[n, x]

Rubi steps
btanh~ (1)
_1 3 Subst f (Htan—(x)) dx,x,c+ dx
(a +btanh “(c + dx)) ex
X =
f ce + dex d

Subst dx,x,c + dx

f (a+b tanh_l(x))3
x

de

2 (6b) Subst f
l—c—dx)

2 (a +b tanh_l(c + clx))3 tanh ™ (1 -

de de
(u+b tanh_l(x))2 log(z__

2 (a +b tanh_l(c + dx))3 tanh ™ (1 - L) (3b) Subst f 1-x2
_ 1—-c—dx _
B de de

-1 3 -1 2

2(a+btanh™(c +dv) tanh (1 - dx) 3b (a + btanh™(c + dv)) L12(

- de 2de
3 2

B 2 (a +b tanh_l(c + dx)) tanh ™! (1 - 1_C2_dx) ) 3b (a + btanh_l(c + dx)) Li, (1 -1
B de 2de

2(a+btanh™(c +dx)) tanh ™ (1- —2—)  3b(a+ btanh™(c + dv))’ Liy (1
B (a +btanh “(c + x)) an - T (a +btanh “(c + x)) ip(1—-
B de 2de

Mathematica [C] time = 0.507758, size = 599, normalized size = 2.33

—96ia?b (—iPolyLog (2, e‘“anh_l(”dx)) - iPolyLog (2, —e? tanh” (C+d")) e (n 2itanh™'(c + dx)) +itanh ™ (c + d

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c + d*x])~3/(c*xe + dxex*x),x]
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[Out] (64*a~3*Loglc + d*x] + 192%a~2*b*ArcTanh[c + d*x]*(-Log[1/Sqrt[1 - (c
)72]] + Logl[(Ix(c + d*x))/Sqrt[l - (c + d*x)~2]]) - (96*I)*a~2%b*x((-I/4)*(P
i - (2#I)*ArcTanh[c + d*x])~2 + I*ArcTanh[c + d*x]~2 + (2*I)*ArcTanh[c + dx
x]*Log[1l - E~(-2*%ArcTanh[c + d*x])] + (Pi - (2*I)*ArcTanh[c + d*x])*Logl[l +
E~(2%ArcTanh[c + d*x])] - (Pi - (2*I)*ArcTanh[c + d*x])*Log[2/Sqrt[1 - (c
+ d*x)"2]] - (2xI)#ArcTanh[c + d*x]*Log[((2xI)*(c + dx*x))/Sqrtl[l - (c + d*x
)"2]] - IxPolyLogl[2, E~(-2%ArcTanh[c + d*x])] - I*PolyLog[2, -E~(2*%ArcTanh[
c + dxx])]) + 8*xaxb”2+(I*Pi~3 - 16%ArcTanh[c + d*x]~3 - 24xArcTanh[c + dx*x]
~“2%Log[1 + E~(-2%ArcTanh[c + d*x])] + 24xArcTanh[c + d*x]~2xLogl[l - E~(2xAr
cTanh[c + d*x])] + 24*ArcTanh[c + dxx]*PolyLog[2, -E~(-2*%ArcTanh[c + d*x])]
+ 24xArcTanh[c + d*x]*PolyLog[2, E~(2*ArcTanh[c + d*x])] + 12%PolyLogl[3, -
E~(-2xArcTanh[c + d*x])] - 12*%PolyLogl[3, E~(2%ArcTanh[c + d*x])]) + b~3*(Pi
~4 - 32xArcTanh[c + d*x]~4 - 64*ArcTanh[c + d*x]~3*Log[l + E~(-2*ArcTanh[c
+ d*x])] + 64xArcTanh[c + d*x]"3*Log[l - E~(2*ArcTanh[c + d*x])] + 96%*ArcTa
nh[c + dxx]~2*PolyLog[2, -E~(-2xArcTanh[c + d*x])] + 96*%ArcTanh[c + d*x] 2%
PolyLog[2, E~(2%ArcTanh[c + d*x])] + 96%ArcTanh[c + d*x]*PolyLogl[3, -E~(-2%
ArcTanh[c + dxx])] - 96xArcTanh[c + d*x]*PolyLogl[3, E~(2*ArcTanh([c + d*x])]
+ 48%PolyLog[4, -E~(-2xArcTanh[c + d*x])] + 48+PolyLogl[4, E~(2%ArcTanh[c +
d*x])1))/ (64*dxe)

Maple [C] time = 0.256, size = 1842, normalized size = 7.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) "3/ (d*exx+c*e),x)

+ d*x

[Out] 1/d*a”~3/ex1ln(d*x+c)-3/4/d*b~3/expolylog(4,-(d*x+c+1)~2/(1-(d*x+c)~2))+6/d*b

~3/expolylog(4, (dxx+c+1)/(1-(d*x+c)~2)~(1/2))-1/2%1/d*b~3/exPi*xcsgn(I/ ((d*x
+c+1)72/(1-(d*x+c)"2)+1) ) *csgn (I* ((d*x+c+1) "2/ (1-(d*x+c) ~2)-1) / ((d*x+c+1) "2
/ (1-(d*x+c)~2)+1)) "2*arctanh (d*x+c) "3-1/2*%I/d*b~3/e*Pi*csgn (I* ((d*x+c+1)~2/
(1-(d*x+c)~2)-1) ) *xcsgn(I*x ((d*x+c+1) "2/ (1-(d*x+c) ~2)-1)/ ((d*x+c+1) "2/ (1- (d*x
+c)~2)+1)) "2*arctanh (d*x+c) “3+3/2%I/d*a*xb”2/e*Pik*csgn (I* ((d*x+c+1)~2/(1-(dx*
x+c)”"2)-1)/((d*x+c+1) 72/ (1-(d*x+c) "2)+1)) “3*arctanh(d*x+c) "2+3/d*b~3/exarct
anh (d*x+c) “2xpolylog(2, - (d*x+c+1)/(1-(d*x+c)~2)~(1/2))-6/d*b~3/e*xarctanh (dx*
x+c)*polylog(3,-(d*x+c+1)/(1-(d*x+c)~2)~(1/2))+1/d*b~3/e*1n(d*x+c)*arctanh (
d*xx+c) ~3-6/d*axb~2/e*polylog(3,-(d*x+c+1)/(1-(d*x+c)~2)~(1/2))-3/2/d*a"2*b/
exdilog(d*x+c)+3/2/d*a*xb”~2/e*polylog(3,-(d*x+c+1) 2/ (1-(d*x+c) ~2))-6/d*a*xb”
2/expolylog(3, (d*x+c+1)/(1-(d*x+c)~2)~(1/2))-1/d*b~3/e*arctanh (d*x+c) ~3*1n(
(d*x+c+1) 72/ (1-(d*x+c)~2)-1)-3/2/d*b~3/e*arctanh (d*x+c) “2*polylog(2,-(d*x+c
+1) 72/ (1-(d*x+c) ~2))+3/d*b~3/e*arctanh (d*x+c) "2*xpolylog(2, (d*x+c+1) /(1-(d*x
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+c)~2)7(1/2))-6/d*b~3/e*arctanh (d*x+c)*polylog(3, (d*x+c+1)/(1-(d*x+c)~2)~ (1
/2))-3/2/d*a"2*xb/e*xdilog(d*x+c+1)+3/d*a*xb~2/e*arctanh (d*x+c) "2*1n(1- (d*x+c+
1)/ (1-(d*x+c)~2)~(1/2))+6/d*a*xb~2/exarctanh (d*x+c) *polylog(2, (d*x+c+1)/(1-(
dxx+c)~2)~(1/2))+3/d*a*b”~2/e*xarctanh (d*x+c) “2*1n(1+(d*x+c+1) /(1-(d*x+c)~2)~
(1/2))+3/2/d*b~3/e*arctanh (d*x+c) *polylog(3,-(d*x+c+1) "2/ (1-(d*x+c)~2))+1/d
*b~3/e*arctanh (d*x+c) "3*1n(1-(d*x+c+1)/(1-(d*x+c)~2)~(1/2))+1/d*b~3/e*arcta
nh (d*x+c) "3*1n(1+(d*x+c+1) /(1-(d*x+c) ~2) ~(1/2))-3/2*%I/d*axb~2/e*Pi*csgn(I/(
(d*x+c+1) 72/ (1-(d*x+c) "2)+1) ) *csgn(Ix ((d*xx+c+1) "2/ (1-(d*x+c)~2)-1) / ((d*x+c+
1)72/(1-(d*x+c)~2)+1)) "2*arctanh (d*x+c) “2+1/2%I1/d*b~3/exPixcsgn (I* ((d*x+c+1
)72/ (1-(d*x+c)~2)-1)) *csgn(I/ ((dxx+c+1) "2/ (1-(d*x+c) ~2)+1) ) *csgn (I* ((d*x+c+
1)72/(1-(d*x+c) "2)-1) / ((d*x+c+1) "2/ (1-(d*x+c) "2)+1) ) *arctanh (d*x+c) ~3-3/2*I
/d*axb~2/exPixcsgn (I* ((d*x+c+1) 2/ (1-(d*x+c)~2)-1))*csgn(I*((d*x+c+1)~2/(1-
(d*x+c)~2)-1) / ((d*x+c+1) "2/ (1-(d*x+c) "2)+1)) "2*arctanh (d*x+c) "2+1/2*I/d*b~3
/exPixcsgn (I*((d*x+c+1)72/(1-(d*x+c)~2)-1)/((d*x+c+1)~2/(1-(d*x+c)~2)+1))"3
xarctanh (d*x+c) ~3-3/d*a*xb~2/e*arctanh (d*x+c)*polylog(2,-(d*x+c+1) "2/ (1-(d*x
+c)72))-3/d*a*b”2/e*xarctanh (d*x+c) “2*1n((d*x+c+1) "2/ (1- (d*x+c) ~2)-1)+6/d*ax
b~2/exarctanh (d*x+c)*polylog(2,-(d*x+c+1)/(1-(d*x+c)~2) " (1/2))+3/d*a"2%b/ex
1n(d*x+c)*arctanh (d*x+c)-3/2/d*a”2%b/e*1n(d*x+c)*1n(d*x+c+1)+3/d*a*b”2/e*1ln
(d*x+c)*arctanh (d*xx+c) ~2+6/d*b~3/e*polylog(4,-(d*x+c+1)/(1-(d*x+c)~2)~(1/2)
)+3/2%1/d*a*xb”2/e*Pixcsgn (I* ((d*x+c+1) "2/ (1-(d*x+c)~2)-1))*csgn(I/ ((d*x+c+1
)72/ (1-(d*x+c) ~2)+1) ) *csgn (I* ((d*x+c+1) "2/ (1-(d*x+c)~2)-1) / ((d*xx+c+1)~2/(1-
(d*x+c)~2)+1))*arctanh (d*x+c) "2

Maxima [F] time = 0., size = 0, normalized size = 0.

a3 log (dex + ce) J“b3ﬂog(dx+—c4—1)—log(—dx——c4—1»3 3ab?(log (dx + ¢ +1) = log (—dx —c +1))* 3 a2b(l
+ + +
de 8 (dex + ce) 4 (dex + ce)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3/(d*e*x+c*e),x, algorithm="maxima"

[Out] a~3*log(d*e*xx + c*e)/(d*e) + integrate(1/8*b~3*(log(d*x + c + 1) - log(-d*x
- c + 1))73/(dxe*xx + c*e) + 3/4*xaxb"2x(log(d*x + ¢ + 1) - log(-d*x - ¢ + 1

)) "2/ (d*exx + cxe) + 3/2*%a"2*b*x(log(d*x + ¢ + 1) - log(-d*x - c + 1))/(d*ex

X + cxe), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

b3 artanh (dx + ¢)° + 3 ab? artanh (dx + ¢)* + 3a2bartanh (dx + ¢) + a®
X
dex + ce ’

integral (
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3/(d*e*x+c*e),x, algorithm="fricas")

[Out] integral((b~3*arctanh(d*x + c)~3 + 3xa*xb~2*arctanh(d*x + c)~2 + 3*a~2*b*arc
tanh(d*x + c) + a”3)/(dxe*x + cxe), Xx)

Sympy [F] time = 0., size = 0, normalized size = 0.

3

a 13 atanh® (c+dx) 3ab? atanh? (c+dx) 3a2b atanh (c+dx)
f c+dx dx + f c+dx dx + f c+dx dx + f c+dx dx

e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**3/(d*exx+c*e) ,x)

[Out] (Integral(a*x*3/(c + d*x), x) + Integral(bx*3*atanh(c + d*x)**3/(c + d*x), x
) + Integral(3*axb*x2*atanh(c + d*x)**2/(c + d*x), x) + Integral(3*ax*2xbxa
tanh(c + d*x)/(c + d*x), x))/e

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (dx + ¢) + a)3
dx
dex + ce

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3/(d*exx+c*e),x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~3/(d*exx + cxe), x)
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3
(a+b tanh ™t (c+dx))

3.26 dx

(ce+dex)?

Optimal. Leaf size=143

2 -1 2
_3b2PolyLog (2, e 1) (11 +btanh “(c+ dx)) ) 3b°PolyLog (3, v o 1) ) (,1 +btanh (¢ + dx))3 (a +
de? 2de? de?(c + dx)

[Out] (a + b*ArcTanh[c + d*x])~3/(d*xe”2) - (a + b*ArcTanh[c + d*x])~3/(d*e”2*(c +
d*x)) + (3*bx(a + b*ArcTanh[c + d*x]) 2*Log[2 - 2/(1 + ¢ + d*x)])/(d*e”2)

- (3*b~2*(a + b*ArcTanh[c + d*x])*PolyLog[2, -1 + 2/(1 + c + dx*x)])/(d*e”2)

- (3*b~3*%PolyLog[3, -1 + 2/(1 + c + d*x)])/(2*d*e"2)

Rubi [A] time = 0.304231, antiderivative size = 143, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 8, integrand size = 23, e e .

0.348, Rules used = {6107, 12, 5916, 5988, 5932, 5948, 6056, 6610}

2 -1 2 3
3b?PolyLog (2, - 1) (a+btanh™'(c +dx)) 3b°PolyLog (3, " 1) (a+ btanh™(c + i) (a+

de? 2de? de?(c + dx)

integrand size

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*xx])~3/(cxe + d*xexx) 2,x]

[Out] (a + bxArcTanh[c + d*x])~3/(d*e”2) - (a + b¥ArcTanh[c + d*x])~3/(d*e”2*(c +
d*x)) + (3*bkx(a + b*ArcTanh[c + d*x])~2*Log[2 - 2/(1 + c + d*x)])/(d*e~2)

- (3*b~2*(a + b*ArcTanh[c + d*x])*PolyLog[2, -1 + 2/(1 + c + dx*x)])/(d*e”2)

- (3*%b~3*PolyLogl[3, -1 + 2/(1 + c + d*x)])/(2xd*e~2)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*xe - cxf, 0] &
& 1GtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]
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Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, 4, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x )1*(b_.))"(p_.)/((x)*((d) + (e_.)*x(x_)"2)),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])"(p + 1)/(b*dx(p + 1)), x] + Dist[1/
d, Int[(a + b¥ArcTanh([c*x]) " p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2*d + e, 0] && GtQ[p, O]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*xLogl[2 - 2/(1 + (exx)/d)])/d, x] -
Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (exx)/d)])
/(1 - c”2%x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~
2xd"2 - e~2, 0]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x )]1*x(b_.))"(p_.0/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b¥ArcTanh[c*x])~(p + 1)/(bkc*xd*x(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6056

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d_) + (e_.)*x(x_)"
2), x_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*PolyLogl[2, 1 - ul)/(2*c*d), x
1 - Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLogl[2, 1 - u])/(d +
exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQlp, 0] && EqQlc™2+d + e
, 0] && EqQ[(1 - w™2 - (1 - 2/(1 + c*x))"2, 0]

Rule 6610
Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rubi steps
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(a+b tanhfl(x))s

) dx,x,c +dx

Subst f

a1 3
(a+btanh™ (c + dx)) ]
f (ce + dex)? *= d

3
btanh '
Subst f (Maxn—z(x)) dx,x,c + dx

de?
(a+btanh ()"

_ (a +btanh ™' (c + dx))3 x(1-22)

de?(c + dx) " de?
(a +b tanh_l(c + dx))3 (a +b tanh_l(c + dx))

(3b) Subst| [ dx, x,c + dx]

(a+b tanhfl(x))2

x(1+x)

3 (3b)Subst ( i dx

i de2(c + dv) " i

(u +b tanh_l(c + dx))3 (a +b tanh_l(c + rilx))3 3b (” +b tanh_l(c + dx))z log (

e de2(c + dx) * e

(a +b tanh_l(c + dx))3 (a +b tanh_l(c + alx))3 3b (“ +b tanh_l(c + dx))z log (

- de? - de?(c + dx) " de?
-1 2
(a +b tanh_l(c + dx))3 (u +b tanh_l(c + dx))3 3b (” +btanh (c+ dx)) log (
= i B de2(c + d) " i

Mathematica [C] time = 0.597521, size = 248, normalized size = 1.73

6ab? (tanh_l(c + dx) (( ) tanh_l(c +dx) + 2log (1 —e? tanh_l(”d’c))) — PolyLog (2, e? tanh_l(”d’c))) +2b° (3

1
11— —
c+dx

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c + dxx])~3/(c*e + d*xexx)~2,x]

[Out] ((-2%a"3)/(c + d*x) - (6%a”2*xb*ArcTanh[c + d*x])/(c + d*x) + 6*a”2xb*Loglc
+ d*x] - 3*a”2xbxLog[l - c72 - 2*cxd*x - d"2*x"2] + 6%a*b”2*(ArcTanh[c + dx
x]*((1 - (c + d*x)~(-1))*ArcTanh[c + d*x] + 2*xLog[l - E~(-2*ArcTanh[c + d*x
1)1) - PolyLogl[2, E~(-2*ArcTanh[c + d*x])]) + 2xb~3*((I/8)*Pi~3 - ArcTanh[c
+ d*x] "3 - ArcTanh[c + d*x]~3/(c + d*x) + 3*ArcTanh[c + d*x] 2%Log[l - E~(
2xArcTanh[c + d*x])] + 3*%ArcTanh[c + d*x]*PolyLog[2, E~(2*%ArcTanh[c + d*x])
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1 - (3%PolyLogl3, E~(2%ArcTanh[c + d*x])])/2))/(2*d*e”2)

Maple [C] time = 0.338, size = 2001, normalized size = 14.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) "3/ (d*xexx+c*xe)~2,x)

[Out] 3/2/d*axb”2/e”2*%1n(-1/2%d*x-1/2%c+1/2)*1n(1/2+1/2*d*x+1/2%c)-3/d*a*xb~2/e"2x
1n(d*x+c)*1n(d*x+c+1)-3/d*a”2%b/e~2/ (d*x+c)*arctanh (d*x+c)-3/d*a*xb~2/e72/(d
xx+c)*arctanh (d*x+c) “2-3/d*a*b”~2/e”2xarctanh (d*x+c) *1n(d*x+c-1)+6/d*a*xb~2/e
~2*arctanh (d*x+c)*1n(d*x+c)+3/2*I1/d*b~3/e " 2*Pi*arctanh (d*x+c) "2-3/d*a*xb~2/e
“2xarctanh (d*x+c) *1n(d*x+c+1)+3/2/d*a*xb~2/e 2+1n(d*x+c-1) *1n(1/2+1/2*d*x+1/
2%c)-3/2/d*axb~2/e”2x1n(-1/2*d*x-1/2%c+1/2) *1n(d*x+c+1)+3/d*axb~2/e"2*dilog
(1/2+1/2*d*xx+1/2xc)+3/4/d*a*xb~2/e”2*1n(d*x+c+1) "2-3/d*a*xb”2/e"2*xdilog (d*x+c
)+3/4%1/d*b~3/e"2*%Pixcsgn(I/((d*x+c+1) "2/ (1-(d*x+c) ~2)+1) ) *csgn(I*(d*x+c+1)
=2/ ((d*x+c)~2-1) / ((d*x+c+1) "2/ (1-(d*x+c) "2)+1) ) "2*arctanh (d*x+c) "2-3/2*%I/dx*
b~3/e”2*¥Pi*csgn (I* ((d*x+c+1) 72/ (1-(d*x+c)~2)-1))*xcsgn(I*((d*x+c+1)~2/(1-(d*
x+c)72)-1)/((d*x+c+1) 72/ (1-(d*x+c) "2)+1)) "2*arctanh (d*x+c) "2-3/2*I/d*b~3/e”
2*¥Pi*csgn(I/ ((d*x+c+1)72/(1-(d*x+c)~2)+1))*csgn(Ix((d*x+c+1) "2/ (1-(d*x+c) "2
)-1)/((d*x+c+1) "2/ (1-(d*x+c) "2)+1)) “2*arctanh (d*x+c) “2+3/4*1/d*xb~3/e"2*Pix*c
sgn (I*(d*x+c+1)/(1-(d*x+c)~2)~(1/2)) "2*csgn(I*(d*x+c+1) "2/ ((d*x+c)~2-1))*ar
ctanh (d*x+c) “2+3/2%I/d*b~3/e 2*Pixcsgn (I* ((d*x+c+1) "2/ (1-(d*x+c) "2)-1)) *csg
n(I/((d*x+c+1) 72/ (1-(d*x+c) "2)+1) ) *csgn(Ix ((d*x+c+1)~2/(1-(d*x+c)~2)-1)/((d
*xx+c+1) 72/ (1-(d*x+c)~2)+1))*arctanh (d*x+c) "2-3/4/d*a*b~2/e”2*1n(d*x+c-1) "2~
3/4%1/d*b~3/e"2*Pixcsgn(I/ ((d*x+c+1) 2/ (1-(d*x+c) ~2)+1))*csgn(I*(d*x+c+1) 2
/ ((d*xx+c)~2-1) ) *csgn(I*(d*x+c+1) "2/ ((d*x+c)~2-1) / ((d*x+c+1) "2/ (1-(d*x+c)~2)
+1))*arctanh (d*x+c) "2+3/2*I/d*b~3/e " 2xPixcsgn (I* (dxx+c+1) /(1-(d*x+c)~2)~(1/
2) ) *csgn(I*x(d*xx+c+1) "2/ ((d*x+c) "2-1)) "2xarctanh(d*x+c) "2-3/4*I/d*b~3/e”2*Pi
xcsgn (I* (dxx+c+1) "2/ ((d*x+c) "2-1) ) *csgn (I* (d*x+c+1) ~2/ ((d*x+c) "2-1) / ((d*x+c
+1)72/(1-(d*x+c) "2)+1) ) "2*arctanh (d*x+c) "2-1/d*a~3/e~2/ (d*x+c)-1/d*b~3/e” 2%
arctanh (d*x+c) ~"3-6/d*b~3/e"2*polylog(3,-(d*x+c+1)/(1-(d*x+c)~2)~(1/2))-6/dx*
b~3/e"2*polylog(3, (d*x+c+1)/(1-(d*x+c)~2)~(1/2))+3/2*I/d*b~3/e " 2xPixcsgn(I*
((d*x+c+1) 72/ (1-(d*x+c)~2)-1) / ((d*x+c+1) "2/ (1-(d*x+c) "2)+1) ) “3*arctanh (d*x+
c)"2+3/4%1/d*b~3/e"2*Pi*csgn (I* (d*x+c+1) "2/ ((d*x+c) "2-1)) "3*arctanh (d*x+c)”
2-3/2xI1/d*b~3/e"2xPixcsgn(I/ ((d*x+c+1) "2/ (1-(d*x+c) "2)+1)) ~2*arctanh(d*x+c)
~2+3/2%1/d*b~3/e"2*Pi*csgn(I/ ((d*x+c+1) "2/ (1-(d*x+c)~2)+1)) “3*arctanh (d*x+c
)"2+3/4*%1/d*b"3/e " 2xPixcsgn(I* (dxx+c+1) "2/ ((d*x+c) ~2-1) / ((d*x+c+1)~2/(1-(d*
x+c)"2)+1)) "3*arctanh (d*x+c) “2-3/d*b~3/e"2*arctanh (d*x+c) “2*1n((d*x+c+1) "2/
(1-(d*x+c)~2)-1)-3/2/d*b~3/e"2*arctanh (d*x+c) "2*1n (d*x+c-1)-3/2/d*b"3/e"2*a
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rctanh (d*xx+c) “2*1n(d*x+c+1)+3/d*b~3/e”2*1n (d*x+c)*arctanh (d*x+c) ~2+3/d*b~3/
e"2xarctanh (d*x+c) "2*1n(2)-3/2/d*a"2*b/e” 2*1n(d*x+c-1)+3/d*a"2*b/e”2*1n (d*x
+c)-3/2/d*a"2%b/e"2*1n(d*x+c+1)-3/d*axb~2/e"2*dilog(d*x+c+1)+3/d*b~3/e"2*ar
ctanh (d*x+c) "2*%1n(1+(d*x+c+1) / (1-(d*x+c) ~2) ~(1/2))+6/d*b"3/e"2*xarctanh (d*x+
c)*polylog(2,-(d*x+c+1)/(1-(d*x+c)~2)~(1/2))+3/d*b~3/e"2*arctanh (d*x+c) ~2*1
n((d*x+c+1)/(1-(d*x+c)~2)~(1/2))-1/d*b~3/e~2/ (d*x+c) *arctanh (d*x+c) ~3+6/d*b
~3/e"2*arctanh (d*x+c) *polylog(2, (d*x+c+1)/(1-(d*x+c)~2)~(1/2))+3/d*b~3/e"2x
arctanh (d*x+c) ~2*1n(1- (d*x+c+1)/(1-(d*x+c)~2)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

3 p log(dx+c+1) 2log(dx+c) log(dx+c—-1) 2 artanh (dx + ¢) 2 a3 (b3dx +b3(c—
2 d2e? d2e? d2e? d?e2x + cde? d2e2x + cde?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 3/ (d*e*x+c*e) 2,x, algorithm="maxima")

[Out] -3/2%(d*(log(d*x + c + 1)/(d"2%e”2) - 2*log(d*x + c)/(d"2xe"2) + log(dx*x +
c - 1)/(d"2*e"2)) + 2*xarctanh(d*x + c)/(d"2*e"2*x + c*d*e”2))*a"2%b - a~3/(
d"2xe"2%x + cxdxe”2) - 1/8%((b~3*d*x + b~3x(c - 1))*log(-d*x - c + 1)73 + 3
*(2xaxb”™2 + (b73*d*x + b7"3*(c + 1))*log(d*x + ¢ + 1))*log(-d*x - c + 1)72)/
(d"2*%e"2*x + c*dxe”2) - integrate(-1/8*((b~3*d*x + b~3*(c - 1))*log(d*x + ¢

+ 1)73 + 6x(a*xb”2xd*x + a*xb”2*(c - 1))*log(d*x + c + 1)72 + 3% (4*xaxb”2xd*x

+ 4xaxb~2*%c - (b7™3*d*x + b~3*(c - 1))xlog(d*x + c + 1)72 + 2x(b~3*d"2*x"2

+ (c72 + c)*b"3 - 2*a*xb"2x(c - 1) + ((2%c*d + d)*b~3 - 2*a*b”~2xd)*x)*1log(d*

x + ¢ + 1))xlog(-d*x - ¢ + 1))/(d"3%e”2*x"3 + c"3%e”2 - c"2%e”2 + (3*kcxd"2%

e”2 - d72%e72)*x72 + (3*xcT2xd*e”2 - 2kcxd*e”2)*x), X)

Fricas [F] time = 0., size = 0, normalized size = 0.

b3 artanh (dx + ¢)° + 3ab? artanh (dx + ¢)* + 3a2bartanh (dx + ¢) + x)

integral
& ( d?e2x2 + 2 cde?x + c2e?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 3/ (d*e*x+c*e)”2,x, algorithm="fricas")
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[Out] integral((b~3*arctanh(d*x + c)~3 + 3*axb~2*arctanh(d*x + c)~2 + 3%a~2*b*arc
tanh(d*x + c) + a”3)/(d"2*%e”2*%x"2 + 2kckd*e”™2*x + c"2%e”2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

3 3 3 2 2 2
a b° atanh” (c+dx 3ab- atanh” (c+dx 3a“batanh (c+dx
fz 2.2 f 2 (22)dx+f 2 (22)dx+f 2 (22)
c?+2cdx+dx c%+2cdx+d4x c?+2cdx+dx c?+2cdx+d?%x
2
e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**3/(d*e*xx+c*e)**2,x)

[Out] (Integral(ax*3/(c**2 + 2xckd*x + dx*2xx*%2), x) + Integral(bx*3*atanh(c + d
*xx)*%3/ (c*k*2 + 2xckd*x + d**2*x**2), x) + Integral(3*axbx*2*atanh(c + d*x)*
*x2/ (c**2 + 2%ckxd*x + d**x2*x**2), x) + Integral (3*a*x*2xb*atanh(c + d*x)/(cxx*

2 + 2xckdkx + dkk2xx**2), x))/exx2

Giac [F] time = 0., size = 0, normalized size = 0.

f (bartanh (dx +¢) + a)3 i
(dex + ce)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 3/ (d*e*x+c*e)”2,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~3/(d*exx + c*e)”2, x)
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3
(a+btanh;%c+dxﬂ

3.27 dx

(ce+dex)3

Optimal. Leaf size=166

2

2 -1 2
3b*PolyLog (2, el 1) . 31? log (2 - C+dx+1) (a +btanh (c+ dx)) 3p (a +btanh ™ (c + dx)) 3p (a + bt

2de3 ded 2de3(c + dx)

[Out] (3*b*(a + b*ArcTanh[c + d*x])~2)/(2*d*e”3) - (3*b*x(a + bxArcTanh[c + d*x])~
2)/(2*%d*e”3*(c + d*xx)) + (a + b¥ArcTanh[c + d*x])~3/(2xd*e”3) - (a + b*ArcT
anh[c + d*x])~3/(2*d*e”3*%(c + d*x)~2) + (3*%b"2x(a + bxArcTanh[c + d*x])*Log

[2 - 2/(1 + ¢ + d*x)])/(d*e”3) - (3*b~3*PolylLog[2, -1 + 2/(1 + ¢ + d*x)])/(
2*d*e”3)

Rubi [A] time = 0.33502, antiderivative size = 166, normalized size of antiderivative

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 23, fomer o e

0.348, Rules used = {6107, 12, 5916, 5982, 5988, 5932, 2447, 5948}

integrand size

2

2 -1 2
_3b3PolyLog (2, - 1) . 312 log (2 - c+dx+1) (a +btanh (c + dx)) ) 3h (g +btanh (¢ + dx)) s 3b (a + bt

2de3 ded 2de3(c + dx)

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c + d*x])~3/(cxe + d*xex*x)”3,x]

[Out] (3*bx(a + bxArcTanh[c + d*x])~2)/(2*d*e~3) - (3*bx(a + bxArcTanh[c + d*xx])~
2)/(2%d*e"3*(c + d*x)) + (a + b¥ArcTanh[c + d*x])~3/(2*xd*e"3) - (a + b*ArcT

anh[c + d*x])~3/(2*%d*e”3*%(c + d*x)~2) + (3%b"2x(a + bxArcTanh[c + d*x])*Log

[2 - 2/(1 + ¢ + d*x)])/(d*e”3) - (3*b~3*PolyLog[2, -1 + 2/(1 + ¢ + d*x)])/(
2%d*e”3)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQld*e - cxf, 0] &
& 1GtQ[p, O]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b¥ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + bxArcTanh[c*x])"p)/(d + e*xx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x )1*(b_.))"(p_.)/((x)*((d) + (e_.)*x(x_)"2)),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*dx(p + 1)), x] + Dist[1/
d, Int[(a + b¥ArcTanh([c*x]) p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2*d + e, 0] && GtQ[p, O]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*xLogl[2 - 2/(1 + (exx)/d)])/d, x] -
Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (exx)/d)])
/(1 - c™2%x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~
2xd"2 - e~2, 0]

Rule 2447

Int[Log[u 1*(Pq )~ (m_.), x_Symbol]l :> With[{C = FullSimplify[(Pq~m*(1 - u))

/Dlu, x]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxc*xdx(p + 1)), x] /; FreeQ[{a, b
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, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rubi steps

[ (a+btanh ()’

e3x3

Subst dx,x,c+ dx

4 3
(a + btanh “(c + dx)) p
f (ce + dex)? *= d

btanh~()’
Subst fwdx,x,c+dx

ded

(a+btanh™ (1)
(a+btanh™ (c + clx))3 I 2(1-2)
- 2de3(c + dx)? - 2de3

12
1 3 (3b) Subst M dx,x,c+dx| (3b)Subst
(a + btanh “(c + dx)) 22

- 2de3(c + dx)? - 2de3 -

(3b) Subst dx,x,c + dx

= 2 1 3 1 3
3b(a+btanh™'(c+dx))” (a+btanh ' (c+dx)) (a+btanh™(c +dx))
2de3(c + dx) - 2de3 - 2de3(c + dx)?

1 2 1 2 1 3
3b(a+btanh™'(c+dx))  3b(a+btanh ™ (c+dx)) (a+btanh™ (c+dx))
2063 B 2463(c + d) * 2063

1 2 -1 2 -1 3
3b (u +btanh “(c + dx)) 3b (a + btanh “(c + dx)) (a +btanh “(c + dx))
2463 B 2463(c + dx) " 2463

. 2 1 2 1 3
3b(a+btanh™'(c+dx))  3b(a+btanh ' (c+dx)) (a+btanh™ (c+dx))
2de3 - 2de3(c + dx) - 2de3

Mathematica [C] time = 1.12085, size = 335, normalized size = 2.02

~12b3(c + dx)*PolyLog (2, e2 tanhfl(”dx)) —12a%bc — 12a%bdx — 4a3 + 12b tanh ™ (c + dx) (a (a (02 + 2cdx + d?x? - 1:

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTanh[c + d*x])~3/(c*xe + dxe*x)”3,x]
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[Out] (-4*a”3 - 12*a"2*b*c + I*b"3*c”3%Pi~3 - 12%a~2xbkxd*x + (2*I)*b~3*c”2xd*Pi~3
*x + I*b73*kckd"2*Pi~3%x72 + 124072+ (-1 + ¢ + d*x)*(bx(c + d*x) + a*x(1 + ¢ +
d*xx))*ArcTanh[c + d*x]~2 + 4*xb~3*(-1 + c”2 + 2*cxd*x + d~2*x"2)*ArcTanh[c
+ d*x]~3 + 12xbxArcTanh[c + d*x]*(a*x(-2*b*x(c + d*x) + a*x(-1 + c™2 + 2*c*xd*x
+ d72*x72)) + 2xb~2*(c + d*x) 2xLogl[l - E~(-2*%ArcTanh[c + d*x])]) + 24xax*Db
~2%c"2xLog[(c + d*x)/Sqrt[l - (c + d*x)~2]] + 48*axb~2*cxd*x*Logl[(c + d*x)/
Sqrt[1 - (c + d*x)72]] + 24xaxb”™2xd”"2xx"2*xLog[(c + d*x)/Sqrt[l - (c + d*x)~
2]] - 12*%b73*(c + d*x) "2*PolyLog[2, E~(-2*%ArcTanh[c + d*x])])/(8*d*e~3*(c +
d*xx)~2)

Maple [C] time = 0.437, size = 5796, normalized size = 34.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) 3/ (d*e*xx+c*xe) 3,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3/(d*exx+c*e) 3,x, algorithm="maxima"

[Out] -3/4x(d*(2/(d"3*e"3*x + c*d"2%e”3) - log(d*x + c + 1)/(d"2*%e”3) + log(d*x +
c - 1)/(d"2*e"3)) + 2*xarctanh(d*x + c)/(d"3*e"3*x"2 + 2xc*xd"2xe”3*x + c~2%
d*xe~3))*a"2xb - 3/8%(d"2x((log(d*x + c + 1)72 - 2xlog(d*x + c + 1)xlog(d*x
+ ¢ - 1) + log(d*x + c - 1)72 + 4xlog(d*x + ¢ - 1))/(d"3%e"3) + 4*log(d*x +
c + 1)/(d"3*%e”3) - 8xlog(d*x + c)/(d"3%e73)) + 4*d*x(2/(d"3*e”3*x + c*d 2xe
~3) - log(d*x + c + 1)/(d"2xe"3) + log(d*x + c - 1)/(d"2%e"3))*arctanh(d*x
+ c))*axb”2 - 1/16%b~3*%(((d"2%x72 + 2*%c*d*x + c¢”2 - 1)*log(-d*x - ¢ + 1)73
+ 3% (2*d*x - (d72%x72 + 2%cxd*x + c¢72 - 1)*log(d*x + c + 1) + 2xc)*log(-d*x
- ¢ + 1)72)/(d"3*%e"3*x"2 + 2%kc*xd"2%e”3*x + c"24d*e”3) + 2*xintegrate(-((d*x
+ ¢ - D*xlog(d*x + c + 1)73 + 3%(2%d"2*x"2 + 4*c*xd*x - (d*x + ¢ - 1)*log(d
*X + ¢ + 1)72 + 2%xc72 - (d73%x73 + 3kckd"2%x72 + ¢73 + (3*%c72xd - d)*x - c)
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xlog(d*x + ¢ + 1))*log(-d*x - c + 1))/(d"4*e"3%x"4 + c™4%e”3 - c"3%xe”3 + (4
*c*d"3%e”3 - d73*%e”3)*x"3 + 3% (2%cT2+%d"2%e”3 - c*xd"2*xe"3)*x"2 + (4*c”3*d*e”
3 - 3%c”2xd*e"3)*x), x)) - 3/2*xaxb"2*xarctanh(d*x + c)~2/(d"3%e”3*%x"2 + 2*cx*
d"2*%e”3*x + c"2xd*e”3) - 1/2%a”3/(d"3*e"3*x"2 + 2*xcxd"2*e”3*x + c " 2*d*e”3)

Fricas [F] time = 0., size = 0, normalized size = 0.

- b3 artanh (dx + ¢)° + 3 ab? artanh (dx + ¢)* + 3a2bartanh (dx + ¢) + a®
integra ,X
& d3e3x3 + 3 cd?e3x? + 3 c2dedx + c3e3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 3/ (d*e*x+c*e)”3,x, algorithm="fricas")

[Out] integral((b~3*arctanh(d*x + c)~3 + 3xa*xb~2*arctanh(d*x + c)~2 + 3*a~2*b*arc
tanh(d*x + c) + a”3)/(d"3%e"3*%x"3 + 3xckd"2%e"3*x”2 + 3xcT2kd*e”3xx + c”3%e
"3), %)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**3/(d*e*xx+c*e)**3,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (dx + ¢) + a)3

(dex + ce)3

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3/(d*e*x+c*e)”3,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~3/(d*exx + c*e)”3, x)
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3
(a+b tanh ™t (c+dx))

3.28 dx

(ce+dex)?

Optimal. Leaf size=269

2 -1 2
1PolyLog (2,— —1) (a+btanh(c+dx))  bPPolyLog (3m —1) 2 (0 + btanh e+ ) b(a+b

c+dx+1

de* 2de* de*(c + dx)

[Out] -((b~2*(a + b*ArcTanh[c + d*x]))/(d*e"4x(c + d*x))) + (b*(a + b*ArcTanh[c +
d*x])~2)/(2xd*e”4) - (b*(a + bxArcTanh[c + dxx])~2)/(2xdxe"4*x(c + d*x)~2)

+ (a + bxArcTanh([c + d*x])~3/(3*d*e”4) - (a + bxArcTanh[c + d*x])~3/(3*d*e”

4x(c + dxx)~3) + (b"3xLoglc + dxx])/(d*xe”4) - (b~3*Log[l - (c + d*x)~2])/(2

xd*e~4) + (b*(a + bxArcTanh[c + d*x]) 2xLogl[2 - 2/(1 + ¢ + d*x)])/(d*xe”4) -
(b”2%(a + b*ArcTanh[c + d*x])*PolyLogl[2, -1 + 2/(1 + c + d*x)])/(d*e”4) -
(b~3*%PolyLog[3, -1 + 2/(1 + ¢ + d*x)])/(2*d*e~4)

Rubi [A] time = 0.513624, antiderivative size = 269, normalized size of antiderivative =
1., number of steps used = 16, number of rules used = 13, integrand size = 23, n,mnber—()fn_ﬂes
integrand size

= 0.565, Rules used = {6107, 12, 5916, 5982, 266, 36, 31, 29, 5948, 5988, 5932, 6056, 6610}

2 -1 2
b*PolyLog (2, — 1) (a +btanh “(c+ dx)) b*PolyLog (3, 1 1) B2 (a +btanh ™ (c + dx)) b (u +b

2

de* 2de* de*(c + dx)

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*x])~3/(cxe + d*xexx) 4,x]

[Out] -((b~2x(a + bxArcTanh[c + d*x]))/(d*xe"4x(c + d*x))) + (bx(a + b*ArcTanh[c +

d*x])~2)/(2*d*e”4) - (b*(a + bxArcTanh[c + dxx])~2)/(2xd*e"4*x(c + d*x)~2)
+ (a + bxArcTanh[c + d*x])~3/(3*d*e”4) - (a + bxArcTanh[c + d*x])~3/(3*d*e”
4x(c + d*x)~3) + (b"3xLoglc + dxx])/(d*xe”4) - (b~ 3xLog[l - (c + d*x)~2])/(2
xd*e~4) + (b*(a + bxArcTanh[c + d*x]) 2xLogl[2 - 2/(1 + ¢ + d*x)])/(d*xe”4) -
(b~2*(a + b*ArcTanh[c + d*x])*PolyLog[2, -1 + 2/(1 + ¢ + dxx)])/(d*e”4) -

(b~3*PolyLogl[3, -1 + 2/(1 + ¢ + d*x)])/(2xd*e"4)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) "m*(a + b*ArcTanh[x]) p, x]
, X, ¢ +d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - c*xf, 0] &

2
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& 1GtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*x((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh([c*x])"p)/(d*(m + 1)), x] - Dist[(bxc
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + bxArcTanh[c*x]) p)/(d + e*xx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(mn_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - D *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 36

Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(bxc - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 5948
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Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*dx(p + 1)), x] + Dist[1/
d, Int[(a + bxArcTanh[c*x]) p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] & EqQlc~2%d + e, 0] && GtQlp, O]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.0/((x)*((d_) + (e_.)*x(x_))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*Logl[2 - 2/(1 + (e*x)/d)])/d, x] -
Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (exx)/d)])
/(1 - c”2%x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~
2%d"2 - 72, 0]

Rule 6056

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.))/((d ) + (e_.)*(x_)"
2), x_Symbol] :> Simp[((a + b¥ArcTanh[c*x]) “p*PolyLogl[2, 1 - ul])/(2%cxd), x
] - Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d +
exx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d + e
, 0] && EqQ[(1 - w)~™2 - (1 - 2/(1 + c*x))"2, 0]

Rule 6610
Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simpl[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rubi steps
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(a +b tanh_l(c + dx))3

b Subst

I}

(a+btanh™ (c+ dx))3 Subst| [ dx,x,c +dx
(ce + dex)* dx = F

Subst fde X,C+dx

A Y
) det
(a+b tanh_l(x))2
(a +btanh ™ (c + alx))3 bSubst f B dx,x,c +dx
3de(c + dx)3 ot

(u+b taunh_l(x))2

X3

dx,x,c+dx| bSubst f (a—+

3de*(c + dx)3

+

det

+

b (a +b tanh_l(c + dx))2 (a +btanh™ (c+ dx))3 (11 +b tanh_l(c + dx))3

2de*(c + dx)?

3de*

3de*(c + dx)3

b (a +b tanh_l(c + dx))2 (a +btanh™ (c+ dx))3 (a +b tanh_l(c + dx))3 b

2de*(c + dx)?

3det

3de*(c + dx)3

P (a+btanh ' (c+dv)  b(a+btanh (+dv)  b(a+btanh” (e +dx))’

de*(c + dx)

2det

2de*(c + dx)?

b? (a + btanh_l(c + dx)) b (a +b tanh_l(c + clx))2 b (a +btanh™ (c+ ¢7lx))2

de*(c + dx)

2det

2de*(c + dx)?

P (a+btanh ' (c+dv)  b(a+btanh (+dv)  b(a+btanh” (c +dx))’

de*(c + dx)

2det

2de*(c + dx)?

b? (11 +b tanh_l(c + dx)) b (a +b tanh_l(c + dx))2 b (a +btanh™ (c+ dx))2

de*(c + dx)

_ (c+dx)2+tanh71(c+alx)2

(c+dx)3

2de*

+ tanh_l(c + dx) (—

time = 1.24494, size = 393, normalized size = 1.46

1—(c+dx)?
(c+dx)?

2de*(c + dx)?

+ tanh_l(c + dx) + 2log (1 —e

Warning: Unable to verify antiderivative.
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[In] Integratel[(a + bxArcTanh[c + d*x])~3/(c*xe + dxe*x)~4,x]

[Out] ((-2*a~3)/(c + d*x)~3 - (3*a"2*b)/(c + d*x)~"2 - (6*xa~2*b*ArcTanh[c + d*xx])/
(c + d*x)~3 + 6%a”2xb*xLoglc + d*x] - 3*a”2xb*Log[l - c72 - 2*cxd*x - d~2*x”
2] + 6*xa*xb”2x(-(((c + d*x)"2 + ArcTanh[c + d*x]~2)/(c + d*x)"3) + ArcTanh[c
+ dkx]*(-((1 - (c + d*x)72)/(c + d*x)~2) + ArcTanh[c + d*x] + 2xLog[l - E~
(-2xArcTanh[c + d*x])]) - PolyLogl[2, E~(-2%ArcTanh[c + d*x])]) + 6xb~3*((I/
24)*Pi~3 - ArcTanh[c + d*x]/(c + d*x) - ((1 - (c + d*x)~2)*ArcTanh[c + d*x]
~2)/(2%(c + d*x)"2) - ArcTanh[c + d*x]~3/3 - ArcTanh[c + d*x]~3/(3*(c + d*x
)) - ((1 - (¢ + d*x)~2)*ArcTanh[c + d*x]~3)/(3*(c + d*x)~3) + ArcTanh[c + d
*xx] "2*Log[1 - E~(2*%ArcTanh[c + d*x])] + Logl[(c + d*x)/Sqrt[l - (c + dxx)~2]
] + ArcTanh[c + d*x]*PolyLogl[2, E~(2%ArcTanh[c + d*x])] - PolyLogl[3, E~(2%A
rcTanh[c + d*x])]1/2))/(6*d*e"4)

Maple [C] time = 0.519, size = 2247, normalized size = 8.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) 3/ (d*e*xx+c*xe) 4 ,x)

[Out] 1/4%I/d*b~3/e"4*xarctanh(d*x+c) ~2*xcsgn(I*(d*x+c+1) 2/ ((d*x+c)~2-1)) " 3*Pi+1/4
*1/d*b~3/e"4*arctanh (d*x+c) “2xcsgn (I* (d*xx+c+1) "2/ ((d*x+c)~2-1)/((d*x+c+1) "2
/(1-(d*x+c)~2)+1)) "3*%Pi-1/4*I/d*b~3/e " 4*arctanh (d*x+c) "2xcsgn(I/((d*x+c+1)~
2/ (1-(d*x+c)~2)+1) ) *csgn (I* (d*x+c+1) "2/ ((d*x+c) "2-1) ) *csgn (I* (d*x+c+1) "2/ ((
dxx+c) "2-1) / ((d*x+c+1) "2/ (1-(d*x+c) "2)+1) ) *Pi+1/2%I1/d*b~3/e 4*arctanh (d*x+c
)"2xcsgn(I/((d*x+c+1) 72/ (1-(d*x+c)"2)+1)) *csgn(I* ((d*xx+c+1) "2/ (1-(d*x+c)~2)
-1)/ ((d*x+c+1) 72/ (1-(d*x+c)~2)+1) ) *csgn (I* ((d*x+c+1) "2/ (1-(d*x+c) "2)-1) ) *Pi
-1/d*axb~2/e"4*arctanh (d*x+c) *1n(d*x+c-1)-1/d*a*xb~2/e 4*arctanh (d*x+c) / (d*x
+c)"2-1/d*a”"2%b/e~4/ (d*x+c) “3*arctanh (d*x+c)+2/d*axb~2/e 4*arctanh (d*x+c)*1
n(d*x+c)-1/d*a*xb”~2/e 4*xarctanh (d*x+c) *1n(d*x+c+1)+1/2/d*a*xb”~2/e 4*x1n(d*x+c-
1)*1n(1/2+1/2xd*x+1/2%c)-1/2/d*a*b~2/e"4*1n(-1/2*d*x-1/2*c+1/2) *1n(d*x+c+1)
+1/2/d*axb~2/e"4*1n(-1/2xd*x-1/2*c+1/2) *1n(1/2+1/2*%d*x+1/2%c)+1/2%I/d*b~3/e
“4xarctanh (d*x+c) "2*csgn (I* (d*x+c+1) "2/ ((d*x+c)~2-1)) "2*csgn(I* (d*x+c+1) /(1
—-(d*x+c)~2)7(1/2))*Pi+1/4%1/d*b~3/e 4*arctanh (d*x+c) "2*csgn (I* (d*x+c+1)~2/(
(d*x+c)"2-1))*xcsgn(I*x (d*xx+c+1)/(1-(d*x+c)~2)~(1/2)) "2*Pi-1/4*%I/d*b~3/e 4*ar
ctanh (d*x+c) “2*csgn (I* (d*x+c+1) "2/ ((d*x+c) “2-1) ) *csgn(I* (d*x+c+1) 2/ ((d*x+c
)7"2-1) / ((d*x+c+1) 72/ (1-(d*x+c)"2)+1) ) "2xPi-1/2%I/d*b~3/e " 4*arctanh (d*x+c) "2
xcsgn(I/ ((d*xx+c+1)72/(1-(d*x+c)~2)+1) ) *csgn(I* ((dxx+c+1)~2/(1-(d*x+c)~2)-1)
/ ((dxx+c+1) 72/ (1-(d*x+c)"2)+1)) "2xPi+1/4*%I/d*b~3/e " 4*arctanh (d*x+c) "2*csgn(
I/ ((d*x+c+1) 72/ (1-(d*x+c)"2)+1) ) *csgn(I* (d*x+c+1) "2/ ((d*x+c) "2-1) / ((d*x+c+1
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)72/ (1-(d*x+c) "2)+1)) "2%Pi-1/2%I/d*b~3/e 4*arctanh (d*x+c) "2*xcsgn (I* ((d*x+c+
1)72/(1-(d*x+c)~2)-1) / ((d*x+c+1) "2/ (1-(d*x+c) "2)+1) ) "2*csgn (I* ((d*x+c+1)~2/
(1-(d*x+c)~2)-1))*Pi-1/3/d*a"3/e~4/ (d*x+c) ~3-2/d*b~3/e 4*polylog(3, - (d*x+c+
1)/ (1-(d*x+c)~2)~(1/2))+1/d*b"3/e"4*x1n (1+(d*x+c+1) / (1-(d*x+c)~2)~(1/2))-1/3
/d*¥b~3/e"4*arctanh(d*x+c) ~3+1/2/d*b"3/e"4*arctanh (d*x+c) "2+1/d*b~3/e"4*1n ((
dxx+c+1)/(1-(d*x+c)"2) " (1/2)-1)-1/d*b~3/e"4*arctanh (d*x+c)-2/d*b~3/e " 4*poly
log(3, (d*x+c+1)/(1-(d*x+c)~2)~(1/2))-1/2%I/d*b~3/e " 4*arctanh (d*x+c) "2*xcsgn(
I/((d*x+c+1) 72/ (1-(d*x+c) ~2)+1)) "2*Pi+1/2%I1/d*b~3/e 4*arctanh (d*x+c) “2*csgn
(I/((d*x+c+1)72/(1-(d*x+c)~2)+1)) " 3%Pi+1/2xI1/d*b~3/e"4*arctanh (d*x+c) “2*csg
n(Ix((d*x+c+1)~2/(1-(d*x+c)~2)-1)/((d*x+c+1) "2/ (1-(d*x+c) ~2)+1) ) "3*Pi-1/d*a
*b~2/e”4*1n (d*x+c)*1n(d*x+c+1)-1/d*a*xb~2/e”4/ (d*x+c) “3*arctanh (d*x+c) ~2+1/2
*I/d*b~3/e"4*arctanh (d*x+c) “2%Pi-1/2/d*b~3/e 4*arctanh (d*x+c) ~2*1n(d*x+c-1)
+1/d*b~3/e”4*x1n(d*x+c)*arctanh (d*x+c) "2+1/d*b~3/e"4*arctanh (d*x+c) ~2*1n (1-(
dxx+c+1)/(1-(d*x+c)~2)~(1/2))+1/d*a"2xb/e 4x1n(d*x+c)-1/2/d*a"2xb/e~4*x1n (d*
x+c+1)-1/d*b~3/e"4xarctanh (d*x+c) / (d*x+c)+2/d*b~3/e 4*arctanh (d*x+c)*polylo
g(2, (d*x+c+1)/(1-(d*x+c)~2)~(1/2))+1/d*b~3/e"4*arctanh (d*x+c) “2*1n ((d*x+c+1
)/ (1-(d*x+c)~2)~(1/2))+1/d*b~3/e"4*arctanh (d*x+c) "2*1n(2)-1/2/d*a"2xb/e~4%1
n(d*x+c-1)-1/d*a*b~2/e"4*dilog(d*x+c)-1/d*a*xb"2/e"4*dilog(d*x+c+1)+1/d*a*xb”
2/e"4*dilog(1/2+1/2*d*x+1/2%c)+1/d*b~3/e 4*arctanh (d*x+c) "2x1n (1+(d*x+c+1)/
(1-(d*x+c)"2)"(1/2))-1/d*b"3/e"4*arctanh (d*x+c) "2*x1n((d*x+c+1) "2/ (1-(d*x+c)
~2)-1)+1/4/d*a*xb”"2/e"4*1n(d*x+c+1) "2-1/2/d*b"3/e " 4*arctanh (d*x+c) ~2*1n (d*xx+
c+1)-1/2/d*b~3/e"4*arctanh (d*x+c) ~2/ (d*x+c) ~2-1/2/d*a*xb"2/e"4*1n(d*x+c-1)-1
/3/d*b~3/e"4/ (d*x+c) “3*arctanh (d*x+c) ~"3-1/4/d*a*xb”~2/e~4*x1n(d*x+c-1)"2+1/2/4
*axb~2/e " 4*xIn(d*x+c+1)-1/2/d*a~2%b/e"4/ (d*x+c) "2-1/d*axb~2/e~4/ (d*x+c)+2/d*
b~3/e"4*arctanh (d*x+c)*polylog(2,-(d*x+c+1)/(1-(d*x+c)~2)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3/(d*exx+c*e) 4,x, algorithm="maxima"

[Out] -1/2%(d*(1/(d"4*%e"4*x"2 + 2xc*d"3*e”4xx + c”2*%d"2*e”4) + log(d*x + c + 1)/(
d"2%e”4) - 2*log(d*x + c)/(d"2xe”4) + log(d*x + c - 1)/(d"2%e"4)) + 2xarcta
nh(d*x + c)/(d"4*xe~4*x"3 + 3xc*xd"3*%e"4*x"2 + 3*kc™2xd"2*e”4*xx + c”3*kd*e"4))*

a"2%b - 1/3*%a”3/(d"4*e"4xx"3 + 3xcxd"3*e”4*x"2 + 3*kcT2xd"2%e"4*x + c”3*d*e”

4) - 1/24%x((b73%d"3%x"3 + 3%b7"3%cxd"2%x72 + 3*b73*%cT2xd*x + (c”3 - 1)*b73)*
log(-d*x - c + 1)73 + 3*x(b~3*d*x + b~3%c + 2%axb”2 + (b~3*d"3*x"3 + 3*b~3*c
*xd"2%x"2 + 3*b73*c”2xd*x + (c”3 + 1)*b”3)*log(d*x + ¢ + 1))*log(-d*x - c +
1)72)/(d74*e”4%x"3 + 3*xc*xd"3xe”4*x"2 + 3*c72xd"2*e"4*x + c"3xd*e”4) - integ
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rate(-1/8*%((b~3*d*x + b~3*%(c - 1))*log(d*x + c + 1)73 + 6x(axb™2*xd*x + axb”
2x(c - 1))*xlog(d*x + c + 1)72 + (2¥b~3*%d"2%x"2 + 2*b~3%c™2 + 4*a*xb~2*c - 3%
(b™3*%d*x + b~3*%(c - 1))*log(d*x + c + 1)72 + 4x(b~3*c*xd + axb”™2xd)*x + 2x(b
“3%d74*xx74 + 4¥b73*%c*xd"3*%x73 + 6*bT3xcT2+d"2%x72 + (cT4 + c)*b"3 - B6kxaxb”2x
(c = 1) + ((4*%c™3xd + d)*b~3 - 6*xaxb~2*d)*x)*log(d*x + c + 1))*log(-d*x - c
+ 1))/(d"5*e”"4*x"5 + c"b*e"4 - c"4*e”4 + (bkckxd"4*e”4 - dT4*xe"4)*x74 + 2x(
BkcT2*%d"3%e"4 - 2xckd"3*e”4)*x73 + 2% (5*c"3%d"2%e"4 - 3*cT2xd"2%xe"4)*x72 +
(6*%c™4xd*e”4 - 4xc”3*xd*e”4)*x), X)

Fricas [F] time = 0., size = 0, normalized size = 0.

- b3 artanh (dx + ¢)° + 3ab? artanh (dx + ¢)* + 3a2bartanh (dx + ) +

integra /
& d4etx* + 4 cd®etx® + 6 c2d?etx? + 4 3detx + ctet

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 3/ (d*e*x+c*e)”4,x, algorithm="fricas")

[Out] integral((b~3*arctanh(d*x + c)~3 + 3xa*xb~2*arctanh(d*x + c)~2 + 3*a~2*b*arc
tanh(d*x + c) + a”3)/(d"4*e"4*x"4 + 4xckd"3%e”4*x"3 + 6xcT2xd"2%e"4*x"2 + 4
*xCT3*xd*e"4*xx + c"4*e”4), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f a3 dx + f b3 atanh® (c+dx) f 3ab? atanh? (c+dx) f 3a2b atanh (c+
cA+4c3dx+6c2d?x2+4cd3x3+d4xt cA+4c3dx+6c2d?x2 +4cd3x3+dtxt cA+4c3dx+6c2d?x2+4cd3x3 +d4xt cA+4c3dx+6c2d?x2+4c

oA
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**3/(d*e*xx+c*e)**4, x)

[Out] (Integral(a*x*3/(c*x*4 + 4xcx*k3xdxx + GkCk*k2kdA**2kx*k*2 + 4xcxd**3xx**3 + d**4
xx*%4), x) + Integral(bx*3*atanh(c + d*x)**3/(ckx*4 + 4kcx*k3*d*x + Bkck*2*dx*
*x2kxk*k2 + Akcxdk*3*kxk*k3 + dkkdxx*x4), x) + Integral (3xaxb**2*atanh(c + d*x)

*%2/ (cx*4 + 4dxckx3kd*xx + Gkckk2kdkkkx**2 + dkckd**k3kx*k*3 + d¥kkd*xx*kx4), x)

+ Integral (3*xax*2xb*atanh(c + d*x)/(cx*4 + 4kck*3*xd*x + GkCHk*2kdk*2kx**2 +
Axckxd*k3xx**3 + drkdkxx*4), x))/ex*xd
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Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (dx + ¢) + a)3
f dx

(dex + ce)4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3/(d*e*x+c*e)”4,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~3/(d*exx + c*e)”4, x)
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-1
329 [ g,

2+2x
Optimal. Leaf size=21

1 1
ZPolyLog(Z, x+1)- ZPolyLog(Z, —x-1)

[Out] -PolyLogl[2, -1 - x]/4 + PolyLog[2, 1 + x]/4

Rubi [A] time = 0.022476, antiderivative size = 21, normalized size of antiderivative =

. . b f rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, e L

integrand size
0.25, Rules used = {6107, 12, 5912}

1 1
ZPolyLog(Z, x+1) - A—lPolyLog(Z, -x-1)

Antiderivative was successfully verified.

[In] Int[ArcTanh[1 + x]/(2 + 2*x),x]
[Out] -PolyLogl[2, -1 - x]/4 + PolylLogl[2, 1 + x]/4

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQld*e - cxf, 0] &
& IGtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 5912

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> Simp[a*Logl[x], x
1 + (-Simp[(b*PolyLogl[2, -(c*x)])/2, x] + Simp[(b*PolyLogl[2, c*x])/2, x]) /
; FreeQ[{a, b, c}, x]

Rubi steps
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tanh ™ (1 tanh ™"
fudx:Subst[fmedx,x,l+x)

2+ 2x
1 ht
= ESubst[fwdx,x,l +x)

le(l + .X)

1.
=~ Lip(-1 -2+ ==

Mathematica [A] time = 0.0032413, size = 31, normalized size = 1.48

1 1 1 1
ZPolyLog (2, E(Zx + 2)) - L—LPolyLog (2, E(—Zx - 2))

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[1 + x]/(2 + 2%*x),x]

[Out] -PolyLogl2, (-2 - 2xx)/2]/4 + PolyLogl2, (2 + 2%x)/2]/4

Maple [A] time = 0.04, size = 34, normalized size = 1.6

In(1 + x) Artanh (1 + x) _ dilog (1 + x) ~ dilog (x + 2) B In(1+x)In(x+2)
2 4 4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(1+x)/(2+2%x),x)

[Out] 1/2*1n(1+x)*arctanh(1+x)-1/4*dilog(1+x)-1/4*dilog(x+2)-1/4*1n(1+x)*1n(x+2)

Maxima [B] time = 0.965231, size = 78, normalized size = 3.71

1 1 1 1
~1 (log (x +2) —log (x))log (x + 1) + 5 artanh (x + 1) log (x + 1) — 1 log (x + 1) log (x) + 1 log (x + 2)log (—x — 1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arctanh(1+x)/(2+2%x),x, algorithm="maxima")

[Out] -1/4%(log(x + 2) - log(x))*log(x + 1) + 1/2%arctanh(x + 1)*log(x + 1) - 1/4
xlog(x + 1)*log(x) + 1/4xlog(x + 2)*log(-x - 1) - 1/4xdilog(-x) + 1/4xdilog

(x +2)

Fricas [F] time = 0., size = 0, normalized size = 0.
artanh (x +1) )

i |
integra ( 2+ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(1+x)/(2+2*x),x, algorithm="fricas")

[Out] integral(l/2*arctanh(x + 1)/(x + 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f atanh (x+1) dx

x+1

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(1+x)/(2+2%x) ,x)

[Out] Integral(atanh(x + 1)/(x + 1), x)/2

Giac [F] time = 0., size = 0, normalized size = 0.

f artanh (x + 1)
2(x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(1+x)/(2+2*x),x, algorithm="giac")

[Out] integrate(l/2*arctanh(x + 1)/(x + 1), x)
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-1
3.30 ftanh (a+bx) dx

ad
?'l'dx

Optimal. Leaf size=32

PolyLog(2,a + bx)  PolyLog(2,—a — bx)
2d 2d

[Out] -PolyLogl[2, -a - b*x]/(2%d) + PolyLogl[2, a + b*x]/(2*d)

Rubi [A] time = 0.0310902, antiderivative size = 32, normalized size of antiderivative =

. . number of rules
1., number of steps used = 3, number of rules used = 3, integrand size = 19, ——— =

integrand size
0.158, Rules used = {6107, 12, 5912}

PolyLog(2,a + bx) PolyLog(2,—a — bx)
2d 2d

Antiderivative was successfully verified.

[In] Int[ArcTanhl[a + b*x]/((a*xd)/b + d*x),x]
[Out] -PolyLogl[2, -a - bxx]/(2xd) + PolyLogl[2, a + b*x]/(2xd)

Rule 6107

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((f*x)/d) "m*(a + b*ArcTanh[x]) p, x]
, X, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQ[d*e - c*f, 0] &
& IGtQ[p, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI]

Rule 5912

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> Simpl[ax*Loglx], x
1 + (-Simp[(b*PolyLog[2, -(c*x)1)/2, x] + Simp[(b*PolyLogl[2, c*x])/2, x]) /
; FreeQ[{a, b, c}, x]

Rubi steps
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-1
Subst (f bt%k;(x) dx,x,a + bx)

B b

tanh_l(a + bx)
f dx

ad
? + dx

-1
Subst (f w dx,x,a + bx)
- d
_ Liy(-a- bx) N Liy(a + bx)
B 2d 2d

Mathematica [A] time = 0.0056341, size = 52, normalized size = 1.62

ud+bdx)

PolyLog (2, ud;bdx) PolyLog (2, -

2bd 2bd

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + b*x]/((a*d)/b + d*x),x]

[Out] bx(-PolyLogl[2, -((a*d + bxd*x)/d)]/(2%b*d) + PolyLogl[2, (axd + bxdx*x)/d]/(2
*b*d) )

Maple [B] time = 0.043, size = 59, normalized size = 1.8

In (bx + a) Artanh (bx + a) ~ dilog (bx + a) _ dilog (bx + a +1) ~ In(bx+a)ln(bx+a+1)
d 2d 2d 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(a*d/b+d*x),x)

[Out] 1/d*1n(b*x+a)*arctanh(b*x+a)-1/2/d*dilog(b*x+a)-1/2/d*dilog(b*x+a+1)-1/2/d*

1n(b*x+a)*1n(b*x+a+1)

Maxima [B] time = 0.978404, size = 178, normalized size = 5.56

log(bx+a+1)
b

1
—Zb

2

(log(bx+a)log(bx+a—1)+Liz(—bx—a+1) ~ log(bx+u+1)log(—bx—a)+Liz(bx+a+1))_ b(
bd bd
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(a*d/b+d*x),x, algorithm="maxima"

[Out] -1/2xb*((log(bxx + a)*log(b*x + a - 1) + dilog(-b*x - a + 1))/(b*d) - (log(
bxx + a + 1)*log(-b*x - a) + dilog(b*x + a + 1))/(b*d)) - 1/2*b*(log(b*x +
a+ 1)/b - log(b*x + a - 1)/b)*log(d*x + a*d/b)/d + arctanh(b*x + a)*log(dx

x + axd/b)/d

Fricas [F] time = 0., size = 0, normalized size = 0.

. bartanh (bx + a) )
integral ,X

bdx + ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(a*d/b+d*x),x, algorithm="fricas")

[Out] integral(b*arctanh(b*x + a)/(b*d*x + axd), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

b‘f'atanh(a+bx)d

a+bx

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(a*xd/b+d*x) ,x)

[Out] bxIntegral(atanh(a + b*x)/(a + b*x), x)/d

Giac [F] time = 0., size = 0, normalized size = 0.

ad

dx+7

artanh (bx + a)
f dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arctanh(b*x+a)/(a*d/b+d*x),x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)/(d*x + axd/b), x)
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331  [(e+fx)(a+Dbtanh™ (c +dx)) dx
Optimal. Leaf size=168

(e + fx) (a +btanh ™ (c + dx)) bfx ((6c2 + 1)f2 —12cdef + 6d2e2) bf2(c +dx)2(de —cf)  b(—cf +de— f)*lo
I i IPE " 248 B 8dif

[Out] (b*f*x(6xd"2%xe”2 - 12%ckd*xe*xf + (1 + 6xc”2)*f~2)*x)/(4%d"3) + (b*f~2x(d*e -
cxf)x(c + d*x)~2)/(2xd"4) + (b*xf~3x(c + d*x)"3)/(12%xd"4) + ((e + f*xx) 4x(a

+ b¥ArcTanh[c + d*x]))/(4xf) + (bx(d*e + f - c*f) 4xLog[l - c - d*x])/(8*d"”

4xf) - (bx(dxe - f - cxf) 4xLogl[l + c + d*x])/(8%d"4x*f)

Rubi [A] time = 0.330943, antiderivative size = 168, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 18, i L

integrand size
0.278, Rules used = {6111, 5926, 702, 633, 31}

(e + fx)* (a +btanh™ (c + dx)) bfx ((6c2 + 1) 2 —12cdef + 6d2e2) bf2(c + dx)2(de — cf)  b(—cf +de— f)*lo
+ + -~
af 4d° 24 8t f

Antiderivative was successfully verified.

[In] Int[(e + f*x)~3%(a + bxArcTanh[c + d*x]),x]

[Out] (bxf*x(6xd"2%xe”2 — 12%ckd*e*xf + (1 + 6xc”2)*f"2)*x)/(4%d"3) + (b*f"2*x(d*e -
cxf)x(c + d*x)"2)/(2*xd"4) + (b*f~3*(c + d*x)~3)/(12*xd"4) + ((e + f*x) 4*(a

+ b*ArcTanh[c + d*x]))/(4*f) + (b*x(d*e + f - c*xf) 4*Logl[l - c - d*x])/(8*d”

4xf) - (bx(dxe - f - cxf)"4xLog[l + c + dxx])/(8xd~4x*f)

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_)*(x)DI*(_.)) " (p_.)*x((e_.) + (f_.)*x(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) "m*x(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x72), x], x] /; FreeQ[{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]
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Rule 702

Int[((d_) + (e_.)*(x_)) " (m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
c*xd™2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 633

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (c*xd)/(2*%q), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
*d)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,

x]1/b, x] /; FreeQ[{a, b}, x]

Rubi steps

3
Subst (f (@ + %) (a + btanh_l(x)) dx,x,c + dx

S—

f(e + fx)3 (a + btanh_l(c + dx)) dx = y

(de—cf fx)4
b Subst f dl_xzd dx,x,c + dx

G fx)t (a +btanh ™ (c + dx))

4f 4f
FA(6d%-12cdef+(1+6c2)f2) 4
(e + fx)* (a +btanh ™ (c + dx)) b Subst (f (_ Iz T
= i _

bf (6d%% —12cdef + (1+6¢2) f2)x  bf2(de—cf)(c+dx)®  bf3(c+dx)?
+ +
Ire 241 1243

bf (6d232 —12cdef + (1 + 6c2)f2) X bf2(de-cf)(c+dx?  bfi(c+dx)?
+ +
A 24 124
bf (6d%% —12cdef + (1+6¢2) f2)x  bf2(de—cf)(c+dx)?  bf3(c+dx)’
PP " 244 1248
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Mathematica [A] time = 0.267883, size = 270, normalized size = 1.61

6dx (4ad3e3 +bf ((3c2 + 1) f? = 8cdef + 6d2€2)) +6d%fx? (6ad232 +bf(2de - cf)) +2d%f2x3(12ade + bf) + 6ad* f3x

Antiderivative was successfully verified.

[In] Integratel[(e + f*x)~3%(a + b*ArcTanh[c + d*x]),x]

[Out] (6*xd*(4d*xaxd"3*e”3 + b*xf*(6%d"2%e”2 - 8*xckxdxexf + (1 + 3*%c™2)*f72))*x + 6*xd”
2+%f* (6*a*xd™2*%e”2 + bxf*(2xdxe - c*f))*x"2 + 2xd"3*f 2% (12*xaxd*xe + b*f)*x"3
+ 6*axd"4*xf"3*x"4 + 6xb*xd"4*x* (4*%e”3 + 6ke”2xf*rx + 4xexfT2%x72 + £73%x73)*A
rcTanh[c + d*x] - 3xb*x(-1 + c)*(4*d"3*e”3 - 6x(-1 + c)*d"2%e"2*f + 4*x(-1 +
c)"2kxdxexf"2 - (-1 + ¢)73*%f73)*Log[l - ¢ - d*x] - 3*b*x(1 + c)*(-4xd"3*%e"3 +

6% (1 + c)*d"2%xe”2xf - 4x(1 + c) " 2xd*exf”2 + (1 + c)”3*xf"3)*Log[l + c + d*x
1)/(24*xd"4)

Maple [B] time = 0.041, size = 786, normalized size = 4.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 3% (at+b*arctanh(d*x+c)),x)

[Out] 1/12/d*b*f~3*x~3-1/8/d"4*b*f " 3*1n(d*x+c+1)+1/8/d " 4*b*xf~3*1ln(d*x+c-1)+arctan
h(d*x+c) *x*b*xe~3+1/8*b/f*1n(d*x+c—-1) *e~4+1/4*b*f " 3*arctanh (d*x+c) *x"4-1/8%b
/fx1n(d*x+c+1) *e”4+1/4xb/f*arctanh (d*x+c) *e~4+a*xf~2%x " 3*e+3/2*axf*x"2*xe~2+1
/4xb/d"3*%f"3*x+13/12/d"4xbxf~3*c”3+1/2/d*b*f " 2%xexx"2-1/4/d"2xbxf ~3*x"2%c+3/
2%b/dxf*xe”2xx+3/4*xb/d " 3*f ~3*xc”2xx+3/2xb*f*arctanh (dxx+c) *e~2*xx"2+b*xf " 2*arct
anh (d*x+c) *e*xx"3-1/2/d"4xbxf~3*1n (d*x+c+1) *c~3+1/2/d"3*b*xf " 2*1n (d*x+c+1) *e—
1/2/d"4xbxf~3*1n (d*x+c-1) *c-1/8/d"4*xb*xf~3x1n (d*x+c+1) *c"4+1/8/d"4*xb*f~3*1n(
dxx+c-1)*c~4-3/4/d"2*bxf*1n (d*x+c+1) *e”2+3/4/d" 2xb*xf*1n(d*x+c-1)*e”2+1/2/d~
3xbxf"2*x1n(d*x+c—1) *e-1/2/d"4*xb*f " 3*1n (d*x+c+1) *c-1/2/d"4xb*f " 3*1n(d*x+c-1)
*Cc"3+3/4/d74*xbxf"3x1n(d*xx+c-1) *c~2+1/2/d*b*1n(d*x+c+1) *c*xe~3-1/2/d*b*1n(d*x
+c-1) *cxe"3+axx*e”3+1/4*axf"3*x"4+1/4*%a/fxe"4+1/4/d"4*b*xf"3*%c-5/2/d"3xb*f "2
*Cc"2%e+3/2/d" 2xbxfxcxe”2+1/2/d*e” 3*b*1n(d*x+c-1)+1/2/d*e"3*b*1n (d*x+c+1) -1/
2/d"3*b*f"2*x1n(d*x+c—1)*c"3*%e-3/2/d"2*b*f*1n(d*x+c—1) *c*xe~2-3/2/d"3*b*f "2x*1
n(dxx+c—1)*xcxe+1/2/d"3*b*f " 2*x1n(d*x+c+1) *c~3%e+3/2/d " 3*b*f " 2*x1n (d*x+c+1)*c”
2%e-2%b/d"2*f " 2*xcxexx-3/2/d"2%b*fx1n (d*x+c+1) *xcxe~2-3/4/d"2*b*f*1n (d*x+c+1)
*C"2%e7243/4/d" 2xbxfx1n (d*xx+c—1) *c"2%e”2+3/2/d"3xb*f " 2x1n (d*x+c-1) *c"2*e+3/



200

2/d"3%b*f"2*x1n (d*x+c+1) *xcxe-3/4/d"4*xb*xf~3%1n (d*x+c+1)*c”2

Maxima [B] time = 0.985785, size = 450, normalized size = 2.68

2 2
1 3 3 cc+2c+1)log(dx+c+1) (c*—=2c+1)log(dx
Zaf3x4+aef2x3+ Eaezfx2+1 2x?artanh (dx +c) +d _df - ( )d3 + ( )d3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3*(a+b*arctanh(d*x+c)),x, algorithm="maxima")

[Out] 1/4*axf~3*x74 + axexf~2*x~3 + 3/2*%a*xe”2*xfxx"2 + 3/4%(2*x"2*arctanh(d*x + c)
+ d*(2*%x/d"2 - (c72 + 2%c + 1)*log(d*x + ¢ + 1)/d"3 + (c”2 - 2*c + 1)*log(

dxx + ¢ - 1)/d"3))*bxe”2xf + 1/2%(2*xx"3*arctanh(d*x + c) + dx((d*x"2 - 4*cx

x)/d”™3 + (c™3 + 3%c™2 + 3*%c + 1)xlog(d*x + c + 1)/d™4 - (c™3 - 3*c™2 + 3*c

- D*log(d*x + ¢ - 1)/d~4))*bxexf~2 + 1/24%(6*x"4*arctanh(d*x + c) + d*x(2%(

d72%x73 - 3xckd*x"2 + 3%(3*%c”2 + 1)*x)/d"4 - 3*%(c”4 + 4*%c”3 + 6%c”2 + 4*xc +
D*log(d*xx + ¢ + 1)/d75 + 3*(c™4 - 4*c”™3 + 6%xc”2 - 4*c + 1)*log(d*x + c -
1)/d75) ) *b*£~3 + axe”3*x + 1/2%(2x(d*x + c)*arctanh(d*x + c) + log(-(d*x +

c)”2 + 1))*bxe”3/d

Fricas [B] time = 2.17491, size = 857, normalized size = 5.1

Gadtfoxt +2 (12ad%ef? + b £2)x3 + 6 (6 ad*e® f + 2bd%ef2 — bed? f3)x? + 6 (4 ad*e® + 6 bd’e? f — 8 bedef2 + (3 bc? -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 3*(atb*arctanh(d*x+c)),x, algorithm="fricas")

[Out] 1/24*(6*xaxd~4*xf~3xx"4 + 2% (12*a*d " 4*xe*xf~2 + bxd~3*xf73)*x~3 + 6*(6*xaxd"4*xe”2
*f + 2+b*d"3*kexf"2 — bxcxd"2xf73)*x"2 + 6% (4d*xaxd"4*e”3 + 6xbxd"3*e”2xf - 8%
bxcxd"2xexf~2 + (3*b*c”2 + b)*d*f~3)*x + 3*x(4*(b*c + b)*d"3*e”3 - 6x(b*xc”2

+ 2*b*c + b)*d"2xe"2xf + 4% (b*c”3 + 3*b*c”2 + 3*bxc + b)*d¥exf"2 - (b*c™4 +
4xbxc”3 + 6*%bxc”2 + 4xbxc + b)*f"3)xlog(d*x + c + 1) - 3*%(4*x(bxc - b)*d~3x

e”3 - 6*x(b*c™2 - 2*xbxc + b)*d"2%e”2+f + 4*x(b*c”3 - 3*bxc”2 + 3%b*c - b)*d*e

xf72 - (b*c™4 - 4xbxc”3 + 6%b*c”2 - 4xbxc + b)*f"3)*log(d*x + ¢ - 1) + 3x(b
*xd"4A*f73%x74 + 4xbkd"4*exfT2%x73 + 6xb*d"4xe”2xf*x72 + 4xbxd"4xe”3*x)*log(-
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(d*x + ¢ + 1)/(d*x + ¢ - 1)))/d"4

Sympy [A] time = 27.4277, size = 644, normalized size = 3.83

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**3*(atb*atanh(d*x+c)) ,x)

[Out] Piecewise((axe**3*xx + 3kaxex*2xf*x**2/2 + akexf**x2xx**3 + a*xf**x3xx**4/4 - b
*ckx4xf*x*x3*xatanh(c + d*xx)/(4xd**4) + brc*k*3*kexf**2xatanh(c + d*x)/d**3 - b*
ck*3*xfx*3xlog(c/d + x + 1/d)/d**4 + bkcx*3xf*x3*xatanh(c + d*xx)/d*x4 - 3xb*c
xk2xexx2xfxatanh (c + d*x)/(2*%d**2) + 3*bxckx*x2*xexf**x2xlog(c/d + x + 1/d)/d*x*
3 - 3xbkck*2kxexfx*x2xatanh(c + d*x)/d**3 + Ikbkckx*x2xf**x3*x/(4*d**3) - 3*kbkck
*2xfxx3*xatanh(c + d*x)/(2xd**4) + bkcxex*3*atanh(c + d*x)/d - 3xbxckex*x2xf*
log(c/d + x + 1/d)/d**2 + 3xbxckex*k2xf*xatanh(c + d*xx)/d**2 — 2xbkckexf**2%x
/d**x2 — Drckf*k3kx*x*2/ (4xd*xx2) + 3¥bkckexf**k2katanh(c + d*xx)/d**3 — bkckf*x*
3xlog(c/d + x + 1/d)/d**4 + b*cxfx*x3*atanh(c + d*x)/d**4 + bxe*xx3*x*atanh(c
+ d*x) + 3xbxexx2xfxx**2*xatanh(c + d*x)/2 + bxexf**x2+x**3*atanh(c + d*x) +
bxf**x3xxk*4xatanh(c + d*x)/4 + b*ex*3*log(c/d + x + 1/d)/d - b*e**3*atanh(
c + d*x)/d + 3*bxe*xx2xfxx/(2%d) + brexfx*k2xx*x2/(2%d) + b*xf*x*x3*xx*x3/(12%d)
- 3xbkex*2xfxatanh(c + d*x)/(2xd**2) + bxexf**2*xlog(c/d + x + 1/d)/d**3 - b
xexf**x2*xatanh(c + d*xx)/d**3 + b*f**3*x/(4*d**3) - bxf**x3*xatanh(c + d*x)/(4*
dxx4), Ne(d, 0)), ((a + bxatanh(c))*(e*x*3*xx + 3kex*2kfxx**x2/2 + e*xfx*xD*xx*k*3
+ f**x3kx**x4/4), True))

Giac [B] time = 2.65278, size = 1003, normalized size = 5.97

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3% (atb*arctanh(d*x+c)),x, algorithm="giac")

[Out] 1/24x%(3*b*xd~4*f~3*x"4xlog(-(d*x + ¢ + 1)/(d*x + c - 1)) + 6*kaxd~4*xf~3*x"4 +
12%b*d~4*f~2*x"3*exlog(-(d*x + c + 1)/(d*x + ¢ - 1)) + 24xa*xd~4*f~2xx"3*e

+ 2xbxd"3*f73*%x"3 + 18*b*d"4*xfxx"2%e”"2%log(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) -

6*xbxcxd"2%f73%x72 + 36%axd 4*xfxxT2%e”2 + 12%bxd"3*fT2%x"2%e + 12%b*xcT3xdxf”
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2xexlog(d*x + ¢ + 1) + 3xb*xc™4*xf73xlog(d*x + c - 1) - 12%b*c™3*d*f 2*e*xlog(
-d*x - ¢ + 1) - 3xb*c™4xf"3xlog(-d*x - ¢ - 1) + 18%b*c™2xd*f~3*x - 48xb*cxd
“2%f72xx*%e + 36%bxcT2*xd*xf"2*%exlog(d*x + c + 1) - 12%bxc”3*f"3*log(d*x + c -
1) + 18%b*xc™2*d"2xf*e"2*log(d*x + ¢ - 1) + 36%bxc~2xd*f 2xexlog(-d*x - c +
1) - 12%b*c™3*f"3*log(-d*x - c - 1) - 18*b*c~2*xd"2xf*e”2*xlog(-d*x - c - 1)
+ 12%b*d"4*x*e”3*log(-(d*x + ¢ + 1)/(d*x + c - 1)) + 24*a*xd™4+*x*e”3 + 36%b
*xd"3xfxx*ke”2 + 12xb*xckd"3*e"3xlog(d*x + ¢ + 1) + 36*bxckxd*xf 2*exlog(d*x + c
+ 1) + 18*bxc”2*xf"3*log(d*x + ¢ - 1) - 12%b*c*d"3*e”3xlog(d*x + ¢ - 1) - 3
6xbxcxd"2*xf*e"2*log(d*x + ¢ - 1) - 36%bkxckd*xf~2*xexlog(-d*xx - c + 1) - 18%bx
c"2*%f"3xlog(-d*x - ¢ - 1) - 36*bkcxd 2*f*e"2xlog(-d*x - ¢ - 1) + 6xbxd*f~3x
X + 12xbxd"3%e”3*log(d*x + c + 1) + 12xbxd*f~2%exlog(d*x + c + 1) - 12xbxc*
f73%log(d*x + ¢ - 1) + 12*%bxd~3*%e"3*log(d*x + c - 1) + 18*%bxd"2xf*e”2xlog(d
*x + ¢ — 1) + 12xb*xd*xf~2%exlog(-d*x - ¢ + 1) - 12xb*cxf~3*log(-d*x - ¢ - 1)
- 18xb*d~2xf*e"2xlog(-d*x - ¢ - 1) + 3*%bxf~3xlog(d*x + c - 1) - 3*bxf~3x*lo
g(-d*xx - ¢ - 1))/d"4
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332  [(e+ fx)(a+Dbtanh™ (c +dx)) dx
Optimal. Leaf size=120

(e + fx)* (a + btanh™ (c + dx)) L bfxe=cf) b(cf +de+ fPlog(-c—dx+1) _bide=(c+ 1)) loglc+dx+

3f & 63 f 63 f

[Out] (bxf*x(dxe - cxf)*x)/d"2 + (b*xf"2x(c + d*x)~2)/(6%d"3) + ((e + f*x)"3x(a + b
*ArcTanh[c + d*x]))/(3*f) + (bx(d*e + f - cxf)"3*Logl[l - ¢ - d*x])/(6xd"3xf
) = (bx(d*¥e - (1 + c)*f)"3xLogl[l + c + d*x])/(6%d"3*f)

Rubi [A] time = 0.203533, antiderivative size = 120, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 18, e =

0.278, Rules used = {6111, 5926, 702, 633, 31}

integrand size

(e + fx)° (a+ btanh™ (c + dx)) | bfxde—cf)  bcf+de+ fPPlog(-c—dx+1) b(de - (c +1)f)*log(c +dx +

3f 2 643 f 6d3f

Antiderivative was successfully verified.

[In] Int[(e + f*x) 2x(a + bxArcTanh[c + dx*xx]),x]

[Out] (b*xf*x(dxe - cxf)*x)/d"2 + (b*xf"2x(c + d*x)~2)/(6%d"3) + ((e + f*x)"3x(a + b
*ArcTanh[c + d*x]))/(3*f) + (bx(dxe + f - cxf) 3xLogl[l - c - d*x])/(6%d"3*f
) = (bx(d*xe - (1 + c)*f)"3*Logl[l + c + d*x])/(6*d"3*f)

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) " m*(a + bxA
rcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IGt
Qlp, 0]

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x72), x], x] /; FreeQ[{a,
b, ¢, d, e, qF, x] && NeQ[q, -1]

Rule 702



204

Int[((d_) + (e_.)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd”2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 633

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (c*xd)/(2xq), Int[1/(-q + c*x), x], x] + Distl[e/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] &% NiceSqrtQ[

-(axc)]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

f(e + fx)? (a +btanh ' (c + dx)) dx =

Mathematica [A]

2
Subst (f (de%c + %) (a + btanh_l(x)) dx,x,c+ dx)
d
(dc—cf+f_x)3
b Subst f dl zd dx,x,c + dx
(e + fx)° (a+ btanh™ (c + dx)) N
3f B 3f
3f2(de—cf) fOx  (de—cf)(d%e?-2
(e + fx) (a + btanh™ (c +dx)) TIPSt (f (‘ Tt
3f B
bfde—cfir  bf3c+dx? (e+ fxP (a+btanh ™ (c+dy) TOUPSt (f
72 + o + 3f _
bfde—cfyx  bf2c+dxp (e+ fP(a+btanh(c+dv) (b(de+f -
2 B 3f -
bfde—cflx bf2c+dx? (e+fx)(a+btanh™ (c+dx)) p(de+ f -
2 T e 3f ¥

time = 0.15685, size = 174, normalized size = 1.45

2dx (3ad2e? + bf (3de — 2cf)) + d2fx*(6ade + bf) + 2ad® f2x> + 2bd%x (3¢ + 3efx + f2x?) tanh™ (c + dx) - b(c — 1) (-

6d3
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Antiderivative was successfully verified.

[In] Integrate[(e + f*x)~"2*(a + b¥ArcTanh[c + d*x]),x]

[Out] (2*d*x(3*a*xd"2*xe”2 + b*xf*(3*d*e - 2kc*xf))*x + d"2xfx(6*a*xd*e + b*f)*x"2 + 2%
a*d~3*f72*x73 + 2xbxd"3*x*(3%e”2 + 3kexf*x + £72xx"2)*ArcTanh[c + d*x] - b*

(-1 + c)*(3*%d"2%e”2 - 3x(-1 + c)*d*xexf + (-1 + c)72*xf"2)*xLog[l - ¢ - d*x] +

b*x(1 + c)*(3*xd"2*%e”2 - 3*x(1 + c)*d*xexf + (1 + c)"2*xf"2)*xLogl[l + c + dx*x])/
(6%d"3)

Maple [B] time = 0.037, size = 477, normalized size = 4.

bf2In(dx+c+1) bln(dx+c+1)e s bfce .\ bln(dx+c-1)e .\ bf2In(dx +c—1)

A h 2
bfArtanh (dx + c)ex” + e 6 7 67 e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((fxx+e) 2% (at+b*arctanh(d*x+c)) ,x)

[Out] 1/6/d"3*b*xf~2*1n(d*x+c+1)+arctanh(d*xx+c)*x*xbxe~2-1/6%b/f*1n(d*x+c+1)*e”3+1/
d~2*xb*f*cxe+1/3*xb/f*arctanh (d*x+c)*e~3+1/6*xb/f*1n(d*x+c—1)*e”3+1/6/d"3%b*f~
2%1n(d*x+c-1)+axf*x"2xe+1/6/d*xb*f~2+%x~2+1/3*b*f " 2*arctanh (dxx+c) *x~3+a*x*e”
2+1/3*a*xf"2*xx"3+1/2/d*e"2xbx1n (d*x+c+1)+1/2/d" 3*b*f~2x1n (d*x+c+1) *xc+1/2/d*e
~2%b*1n(d*x+c-1)+1/3*%a/f*e~3-5/6/d"3*b*f " 2*xc"2+1/6/d"3xb*f ~2x1n (d*x+c+1) *c~
3-1/6/4"3xb*xf"2x1n(d*x+c-1) *c~3+1/2/d"3*b*xf~2*x1n(d*x+c—1)*c~2-2/3%b/d"2*xf "2
*ckx+b/d*xfrexx-1/2/d"3xbxf~2%1n (d*x+c-1) *c+1/2/d"3xb*f ~2x1n (d*x+c+1) *c"2-1/
2/d*bx1n(d*x+c-1) *c*xe”2+1/2/d*b*1n (d*x+c+1) *cxe”™2-1/2/d" 2xb*f*1n (d*x+c+1) *e
+1/2/d"2*bxf*1n(d*x+c-1)*e+bxfxarctanh (d*xx+c) *exx~2-1/d"2*b*f*1n (d*x+c+1) *c
*e+1/2/d"2*xbxfx1n(d*x+c—1) *c"2%e-1/d"2*b*f*1n(d*x+c—1) *cxe-1/2/d"2*b*xf*1n(d
*x+c+1) *c"2%e

Maxima [A] time = 0.96941, size = 279, normalized size = 2.32

1 1 2 2+2c+1)logdx+c+1) (2-2c+1)log(dx+c-1)
gaf2x3+aefx2+§ 2x?artanh (dx +c) +d _x_( ) & +( ) & L

d? d3 d?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2 (a+b*arctanh(d*x+c)),x, algorithm="maxima")
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[Out] 1/3%axf~2*xx"3 + axexfxx"2 + 1/2x(2%x"2*arctanh(d*x + c) + d*(2*x/d"2 - (c"2
+ 2%c + 1)xlog(d*x + ¢ + 1)/d"3 + (c72 - 2%c + 1)*log(d*x + ¢ - 1)/d"3))*b

xexf + 1/6%(2*x"3*arctanh(d*x + c) + d*x((d*x"2 - 4*c*x)/d"3 + (c”3 + 3*c”2

+ 3%c + 1)xlog(d*x + ¢ + 1)/d”4 - (c”3 - 3*%c™2 + 3xc - 1)*xlog(d*x + c - 1)/
d~4) ) *bxf"2 + axe”2*x + 1/2x(2x(d*x + c)*arctanh(d*x + c) + log(-(d*x + c¢)~

2 + 1))*bxe”2/d

Fricas [B] time = 2.07999, size = 549, normalized size = 4.58

2ad 223 + (6 ad%ef + bd? f2)x2 + 2 (3 ad®e? + 3 bd2ef — 2bed f2)x + (3 (b + b)d?e? - 3 (bc? + 2 be + b)def + (bc® +3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2x(atb*arctanh(d*x+c)),x, algorithm="fricas")

[Out] 1/6*%(2%a*d”~3*xf"2*x"3 + (6xa*d”3xexf + b*xd"2*xf~2)*x"2 + 2*(3*a*xd~3*e”2 + 3%*b
*d"2%exf - 2kbkckd*xf"2)*x + (3% (b*c + b)*d"2*e”2 — 3*x(b*c™2 + 2%b*c + b)*d*

exf + (b*c™3 + 3*b*c™2 + 3xb*c + b)*f"2)*xlog(d*x + c + 1) - (3*(b*c - b)*d”

2%e”2 - 3*x(b*c™2 - 2*xbxc + b)*d¥exf + (b*c™3 - 3*b*c™2 + 3xb*c - b)*f"2)*lo
g(d*x + ¢ - 1) + (b*d™3*f72%x"3 + 3*b*d~3*%exf*xx"2 + 3*bxd~3*e”2*x)*log(-(d*
x+c+1)/(d*xx + ¢c - 1)))/d”3

Sympy [A] time = 8.34828, size = 369, normalized size = 3.08

2.2 c 1
f2x3 b3 f2atanh (c+dx) B be2ef atanh (c+dx) + be’f log(;+x+£—i) _ be2 f2 atanh (c+dx) + bee? atanh (c+dx) _ 2bcef lo

2 2,4
+ + +
ae’x + aefx 3 343 P2 JE JE d

(a + batanh (c)) (ezx +efx® + /?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)**2*(at+tbxatanh(d*x+c)) ,x)

[Out] Piecewise((akxex*2*x + akxexf*x**2 + a*xfx*2xx*x3/3 + bkcx*3xf**2*xatanh(c + dx
x)/(3*d*x3) - bxckx2*exfxatanh(c + d*x)/d**2 + bxc*x*x2*xf**2xlog(c/d + x + 1/
d) /d**3 - bxc*x2*f**2xatanh(c + d*x)/d**3 + bkcxe*x2*atanh(c + d*x)/d - 2xb
xcxexfxlog(c/d + x + 1/d)/d**2 + 2*bxckxexfxatanh(c + d*x)/d**2 — 2xbxckfx*2
*xx/ (3*%d**2) + bkcxf*x2katanh(c + d*x)/d**3 + bxe*x*2*x*atanh(c + d*x) + bx¥ex
fxx*x2%atanh(c + d*xx) + bxfx*x2xx**3*%atanh(c + d*x)/3 + bxex*2xlog(c/d + x +
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1/d)/d - bxex*2xatanh(c + d*xx)/d + bxe*xf*x/d + bxf**2xx**x2/(6*d) - b*exfx*a
tanh(c + d*x)/d**2 + b*xf**2xlog(c/d + x + 1/d)/(3*d**3) - b*f*x2*atanh(c +
d*x)/(3*d**3), Ne(d, 0)), ((a + b*atanh(c))*(ex*x2xx + e*xf*x**2 + F*kkx**x3/
3), True))

Giac [B] time = 1.67666, size = 597, normalized size = 4.97

bd F223 log ( fl"“”) +2ad®f23 + 3bd fatelog ( j"f*l) T 6ad®fxte + bF22 + b3 2 log (dx + ¢ + 1) + 3bc2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2% (atb*arctanh(d*x+c)),x, algorithm="giac")

[Out] 1/6%(bxd~3xf"2xx"3xlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) + 2*a*d"3*f"2*x"3 + 3
b*d~3xf*x"2xe*xlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) + 6*xa*xd~3*xf*x"2%e + b*d~2xf
T2%x72 + bxc”3xf"2*log(d*x + ¢ + 1) + 3xbkcT2*d*xfxexlog(d*x + ¢ - 1) - bxc”
3xf"2xlog(-d*x - c + 1) - 3xb*c™2xd*fxexlog(-d*x - c - 1) + 3*bxd ~3*x*xe 2%l
og(-(d*x + ¢ + 1)/(d*x + c - 1)) - 4xb*xckd*f~2xx + 6*kaxd~3*x*e”2 + 6xb*xd~2x
firxke + 3*bkc™2xf"2xlog(d*x + c + 1) + 3*bxckxd 2*e"2xlog(d*x + c + 1) - 3%*b
xc*d"2%e"2xlog(d*x + ¢ - 1) - 6*bxckdxfxexlog(d*x + ¢ - 1) + 3xb*c™2xf " 2xlo
g(-d*x - c + 1) - 6*bxc*dxfxexlog(-d*x - ¢ - 1) + 3*xb*xcxf 2*log(d*x + ¢ + 1
) + 3%b*xd"2*e"2xlog(d*x + ¢ + 1) + 3xb*xd"2xe"2xlog(d*x + c - 1) + 3*bxdxfx*e
xlog(d*x + ¢ — 1) - 3*bkcxf"2xlog(-d*x - ¢ + 1) - 3xbxd*f*xexlog(-d*x - c -
1) + bxf"2xlog(d*x + ¢ + 1) + bxf"2xlog(-d*x - ¢ + 1))/d"3
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333  [(e+fx)(a+Dbtanh™ (c +dx)) dx

Optimal. Leaf size=97

(e+ fx) (a+btanh™ (c+dx))  b(—cf +de + f)log(~c —dx +1) b(de - (c +1)f?log(c +dx+1) bfx
2f i ad2f ) ad2f T

[Out] (bxf*xx)/(2xd) + ((e + f*xx) 2*%(a + b*ArcTanh[c + dxx]))/(2xf) + (b*x(d*e + f
- cxf)"2*Logl[l - ¢ - d*x])/(4%xd"2xf) - (b*(d*e - (1 + c)xf) 2*Log[l + c + d
xx] )/ (4*xd~2%f)

Rubi [A] time = 0.169068, antiderivative size = 97, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 16, e =

0.312, Rules used = {6111, 5926, 702, 633, 31}

integrand size

(e+ fx)?(a+btanh™ (c+dx))  b(-cf +de+ f)2log(~c—dx+1) bde—(c +1)flog(c +dx+1) bfx
2f " a2 f - a2 f T

Antiderivative was successfully verified.

[In] Int[(e + f*xx)*(a + b*ArcTanh[c + d*x]),x]

[Out] (bxf*xx)/(2xd) + ((e + f*xx)~2*%(a + b*ArcTanh[c + dxx]))/(2xf) + (b*(d*e + f
- cxf)"2*Log[l - ¢ - d*x])/(4%d"2xf) - (b*x(d*e - (1 + c)xf) 2*Log[l + c + d
xx] )/ (4xd"2%f)

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) " m*(a + bxA
rcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IGt
Qlp, 0]

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x72), x], x] /; FreeQ[{a,
b, ¢, d, e, qF, x] && NeQ[q, -1]

Rule 702
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Int[((d_) + (e_.)*x(x_)) " (m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd”2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 633

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (c*xd)/(2xq), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] &% NiceSqrtQ[
-(axc)]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

Subst ( f (de:;f + %) (a +b tanh_l(x)) dx,x,c + dx)
d

f(e + fx) (a + btanh_l(c + dx)) dx =

(de;cf_l_%c)z
b Subst f — dx,x,c + dx

(e fx)? (a +btanh ™ (c + dx))

2f 2f

2 d2€2—2Cd€f+(1+C2)f2+2f(d€—1
(e fx)? (a +btanh ™ (c + dx)) bSubst (f (_d_z + 2(1-22)
B 2f ) 2f

dZCZ—ZCd€f+(1+C2)f2+2f(d€—cl

_bfx (e fx)? (a +btanh ™ (c + dx)) b Subst (f 1-22
T4 2f ) 28]
Cbfx (e fx)? (a+btanh™ (c + dx)) (b(de + f - cf)?) Subst ( ) ﬁ dx, x
2" 2f ) 18]
Cbfx  (e+fxP(a+btanh(c+dx)) e+ f - cf2log(l—c—dx) b
a0 " 2f i a2 f T

Mathematica [A] time = 0.0460321, size = 138, normalized size = 1.42

2 2
vt lafxz .\ b(c —2c+1)f10g(—c—dx+1) s b(—c —2c—1)flog(c+dx+1) .\ be((c +1)log(c + dx +1) — (c-
2 442 442 2d
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Antiderivative was successfully verified.

[In] Integrate[(e + f*x)*(a + b*ArcTanh[c + d*x]),x]

[Out] axexx + (bxf*xx)/(2xd) + (a*xf*x"2)/2 + b*exxkxArcTanh[c + d*x] + (b*f*x"2*Arc
Tanh[c + d*x])/2 + (b*(1 - 2%c + c™2)*f*Log[l - ¢ - d*x])/(4xd"2) + (bx(-1

- 2xc - c”2)*f*xLogl[l + c + d*x])/(4%d"2) + (b*ex(-((-1 + c)*Logl[l - ¢ - d*x

1) + (1 + c)*Logll + c + dx*x]))/(2%d)

Maple [B] time = 0.033, size = 184, normalized size = 1.9

ax®f  ac’f ace  bArtanh (dx +c) fx*>  bArtanh (dx + c) fc? bArtanh (dx + c) c
T—ﬁ+axe+7+ 5 - ¥ + Artanh (dx + ¢) xbe + d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((fxx+e)x*(a+b*arctanh(d*x+c)),x)

[Out] 1/2*axx”2*xf-1/2/d"2*a*c”2*xf+a*x*e+1/d*a*cre+l/2xb*xarctanh (d*x+c)*f*xx"2-1/2/
d~2*b*arctanh (d*x+c) *f*xc~2+arctanh (d*x+c) *x*b*e+1/d*arctanh (d*x+c) *bxc*xe+1/
2%bxfxx/d+1/2/d"2xb*xc*xf-1/2/d"2*xb*1n(d*x+c—-1) *c*f+1/2/d*bxe*x1n(d*x+c-1)+1/4

/A" 2%b*1n(d*x+c-1)*f-1/2/d"2xb*1n (d*x+c+1) *cxf+1/2/d*b*xex1n (d*x+c+1)-1/4/4"
2%b*1n (d*x+c+1) *f

Maxima [A] time = 0.959418, size = 147, normalized size = 1.52

1 1 2 2+2c+1)logdx+c+1) (2-2c+1)log(dx+c—-1)
Eufx2+1 2x2artanh(dx+c)+d—x—( ) & +( ) & bf + aex + -

d? a3 a3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e)*(atbxarctanh(d*x+c)),x, algorithm="maxima"

[Out] 1/2%axf*x"2 + 1/4%(2%x"2*arctanh(d*x + c) + d*x(2*xx/d"2 - (c™2 + 2%c + 1)*lo
g(d*x + ¢ + 1)/d”3 + (c™2 - 2%c + 1)*log(d*x + ¢ - 1)/d”3))*b*xf + axe*x + 1
/2% (2% (d*x + c)*arctanh(d*x + c) + log(-(d*x + c)72 + 1))*bxe/d
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Fricas [A] time = 2.11499, size = 320, normalized size = 3.3

2ad?f22 +2 (2ad? + bdf)x + (2 (bc + b)de — (bc + 2bc + b) f) log (dx + ¢ +1) = (2 (bc — b)de — (bc® — 2bc + b)f ) Ic
442

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(a+b*arctanh(d*x+c)),x, algorithm="fricas")

[Out] 1/4%(2%a*xd”~2xf*xx"2 + 2% (2*a*xd"2xe + bkxd*f)*x + (2%x(b*c + b)*dxe - (bxc™2 +
2xbxc + b)*f)xlog(d*x + c + 1) - (2%(b*c - b)*d*e - (b*c™2 - 2%b*c + b)*f)x
log(d*x + ¢ - 1) + (b*d"2+f*x"2 + 2%b*d"2xexx)*log(-(d*x + ¢ + 1)/(d*x + ¢

- 1)))/d™2

Sympy [A] time = 2.33991, size = 173, normalized size = 1.78

c 1
aex + afx®> b f atanh (c+dx) + bee atanh (c+dx) bef log (E+x+3) + bef atanh (c+dx)
2 242 d 2 a2

(a + batanh (c)) (ex + fxz)

2

bfx? atanh (c+dx) +

+ bex atanh (c + dx) + >

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e)*(at+b*atanh(d*x+c)),x)

[Out] Piecewise((axexx + a*xf*x*%2/2 - bkck*k2xfxatanh(c + d*x)/(2+%d**2) + b*cke*at
anh(c + d*x)/d - b*cxfxlog(c/d + x + 1/d)/d**2 + bxcxf*atanh(c + d*x)/d**2

+ b¥exxxatanh(c + d*x) + b*xf*xx*2xatanh(c + d*x)/2 + bxexlog(c/d + x + 1/d)

/d - bxexatanh(c + d*x)/d + bxfxx/(2xd) - bxfxatanh(c + d*x)/(2xd**2), Ne(d

, 0)), ((a + bkxatanh(c))*(e*xx + fxx**x2/2), True))

Giac [B] time = 1.31099, size = 294, normalized size = 3.03

bd? fx? log (—M) +2ad?fx? + 2 bd?xelog (—dﬁ—c“) + 4 ad?xe + 2 bedelog (dx + ¢ +1) + be? flog (dx + ¢ — 1) = 2

dx+c-1 dx+c-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(a+b*arctanh(d*x+c)),x, algorithm="giac")
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[Out] 1/4*(b*d™2*f*x"2%log(-(d*x + c + 1)/(d*x + c - 1)) + 2%axd™2+f*x72 + 2¥b*xd”
2xxxexlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) + 4xaxd”™2xx*e + 2*bxc*d*exlog(d*x +

c + 1) + bxc™2xfxlog(d*x + ¢ - 1) - 2%bxc*d*xexlog(d*x + ¢ - 1) - bkxc™2*fxl
og(-d*x - ¢ - 1) + 2xbxd*xfxx + 2%bkdxe*xlog(d*x + c + 1) - 2xb*cxfxlog(d*x +

c - 1) + 2xbxd*exlog(d*x + c - 1) - 2*bxc*f*xlog(-d*x - ¢ - 1) + bxf*xlog(dx

x + ¢ - 1) - bxf*xlog(-d*x - ¢ - 1))/d"2
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334  [(a+Dbtanh™(c+dx)) dx

Optimal. Leaf size=40

blog (1 —(c+ dx)z) N b(c + dx) tanh_l(c + dx)
2d d

ax +

[Out] axx + (bx(c + d*x)*ArcTanh[c + d*x])/d + (b*xLog[l - (c + d*x)~2])/(2*d)

Rubi [A] time = 0.023844, antiderivative size = 40, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 10, e -

integrand size
0.3, Rules used = {6103, 5910, 260}

blog(1-(c+dx?)  b(c+ dx)tanh™(c + dx)
" 2d " d

ax

Antiderivative was successfully verified.

[In] Int[a + b*ArcTanh[c + d*xx],x]
[Out] a*x + (bx(c + d*x)*ArcTanh[c + d*x])/d + (b*xLog[l - (c + d*x)~2])/(2*d)

Rule 6103

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Dist[1/d
, Subst[Int[(a + b*ArcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d}
, x] && IGtQ[p, 0]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh[c*x])“p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c2%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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f (a + btanh_l(c + dx)) dx=ax+D ftanh_l(c + dx) dx
b Subst ( f tanh ™" (x)dx, x,c + dx)

=ax + y
1 x
b(c +dx)tanh ™ (c + dx) b Subst ([ 75 dx,x,c +dx)
=ax+ -
d d
b(c + dx)tanh *(c + dx) blog (1 —(c+ dX)z)
N d ¥ 2d

Mathematica [A] time = 0.0156735, size = 48, normalized size = 1.2

b((c +1)log(c +dx +1) - (c—1)log(—c —dx + 1))
ax +

-1
¥ + bxtanh ~(c + dx)

Antiderivative was successfully verified.

[In] Integratel[a + b*ArcTanh[c + d*x],x]

[Out] a*x + bxxxArcTanh[c + d*x] + (b*x(-((-1 + c)*Logl[l - ¢ - d*x]) + (1 + c)*Log
[1 + ¢ + d*x]))/(2xd)

Maple [A] time = 0.028, size = 44, normalized size = 1.1

bArtanh (dx +c)c  bln (1 — (dx + C)z)
+
d 2d

ax + bArtanh (dx + ¢) x +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(at+b*arctanh(d*xx+c),x)

[Out] a*x+b*arctanh(d*x+c)*x+b/d*arctanh(d*x+c)*c+1/2*bx1n(1-(d*x+c)~2)/d

Maxima [A] time = 0.944952, size = 49, normalized size = 1.22

(2 (dx + c) artanh (dx + ¢) + log (—(dx + c)2 + 1))b
2d

ax +
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*arctanh(d*x+c),x, algorithm="maxima"

[Out] a*x + 1/2x(2x(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*b/d

Fricas [A] time = 1.94325, size = 158, normalized size = 3.95

bdx log (—Zi:ij) + 2adx + (bc + b)log (dx + ¢+ 1) — (bc — b) log (dx + c—1)
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*arctanh(d*x+c),x, algorithm="fricas")

[Out] 1/2*(b*d*x*log(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) + 2*axd*x + (b*c + b)*log(d*x
+ c+ 1) - (b*xc - b)xlog(d*x + ¢ - 1))/d

Sympy [A] time = 0.775077, size = 46, normalized size = 1.15

catanh (c+dx) + yatanh (C + dx) + log (c+dx+1) _ atanh (c+dx) ford # 0
ax+b d d d
x atanh (c) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*atanh(d*x+c),x)

[Out] a*x + b*Piecewise((c*atanh(c + d*x)/d + x*atanh(c + d*x) + log(c + d*x + 1)
/d - atanh(c + d*x)/d, Ne(d, 0)), (x*atanh(c), True))

Giac [A] time = 1.17558, size = 82, normalized size = 2.05

1d(c+1)log(|dx+c+1|)_(c—l)log(ldx+c—1|) xl _dx+c+1 -
2 P2 P S WY

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(atb*arctanh(d*x+c),x, algorithm="giac")

[Out] 1/2*(d*((c + 1)*log(abs(d*x + ¢ + 1))/d"2 - (c - 1)*log(abs(d*x + ¢ - 1))/d
~2) + xxlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1)))*b + a*x
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-1
3 35 fa+btanh (c+dx) dx

e+fx
Optimal. Leaf size=130

2d(e+fx) 2
_bPolyLog (2’1 " (crdrrl)(cf +det f)) .\ bPolyLog (2’1 T Crdv

1 2d(e+fx)
) (a +btanh (c+ dx)) log ((c+dx+1)(—cf+d€+f))

2f 2f * f

[Out] -(((a + b*ArcTanh[c + d*x])*Log[2/(1 + c + d*x)])/f) + ((a + b*ArcTanh[c +
d*x])*Log[(2*d* (e + f*x))/((d*xe + f - c*f)*(1 + ¢ + d*x))])/f + (bxPolyLogl

2, 1 -2/(1 + c + d*x)]1)/(2xf) - (b*PolyLogl[2, 1 - (2xd*x(e + f*x))/((d*e +

f - cxf)*x(1 + ¢ + d*x))])/(2xf)

Rubi [A] time = 0.136252, antiderivative size = 130, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 18, JUmber o Tues

0.278, Rules used = {6111, 5920, 2402, 2315, 2447}

integrand size

B bPOlyLOg (2' 1- (c+dx+1)(—cf+de+f) c+dx+1 (c+dx+1)(—cf+de+f)

2d(e+/x) ) bPolyLog (2,1 - L) (a +b tanh_l(c + dx)) log( 2d(e+/2) )
2f ' 2f ' f

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*x])/(e + f*x),x]

[Out] -(((a + b*ArcTanh[c + d*x])*Log[2/(1 + ¢ + d*x)])/f) + ((a + b*ArcTanh[c +
d*x])*Log[(2*d*x(e + f*xx))/((d*e + £ - c*xf)*(1 + c + dxx))])/f + (b*PolyLogl

2, 1 - 2/(1 + c + d*x)])/(2*%f) - (b*PolyLogl[2, 1 - (2xd*(e + f*x))/((d*e +

f - cxf)*(1 + ¢ + d*x))])/(2%f)

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£f_.)*x(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - c*f)/d + (f*x)/d) "m*(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))/((d_ ) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
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[2/(1 + c*x)]/(1 - c™2xx72), x], x] - Dist[(b*c)/e, Int[Logl[(2*c*(d + ex*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2xcx(d + exx))/((cxd + e)x(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - e~2, 0]

Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/D[u, x]1}, Simp[CxPolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]1]

Rubi steps

-1
Subst (f % dx,x,c+ dx)
+_

-1
fa+btanh (c+dx)dx: T+
e+ fx d

-1 2
(a + btanh “(c + dx)) log (1+C+dx

f ’ f

-1 2 -1 2d(e+fx)
B (a + btanh “(c + dx)) log (1+C+dx) (a + btanh “(c + dx)) log (m) bl

f f

_ 2 — 2d(e+fx
(a +btanh™ (c + dx)) log (1+c+ dx) (a +btanh™ (c + dx)) log ((dﬁ(f%) ) b

i ’ f

1 2d(e+fx) b
) (a+btanh™(c + dx)) log (m) L
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Mathematica [A] time = 0.0730369, size = 126, normalized size = 0.97

d(e+fx)

—-bPolyLo (2, {C(i;i;__;e)) + bPolyLog (2, fc(;j::})) + 2alog(e + fx) — blog(—c —dx + 1) log (W) + blog(c + d>
2f

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c + dx*x])/(e + f*x),x]

[Out] (2*axLogle + f*x] - bxLogl[l - ¢ - d*x]*Logl[(d*(e + f*x))/(d*e + f - c*xf)] +
b*xLog[l + ¢ + dxx]*Log[(d*x(e + f*x))/(d*e - (1 + c)*f)] - b*PolyLogl[2, (f*
(-1 + ¢ + d*x))/(-(d*e) + (-1 + c)*f)] + b*PolyLogl[2, (fx(1 + c + d*x))/(-(

d¥e) + f + cxf)])/(2%f)

Maple [A] time = 0.211, size = 202, normalized size = 1.6

aln((dx+c)f-cf +de) bln((dx+c)f-cf +de)Artanh(dx+c) bln((dx+c)f—cf +de) ((dx+c)f +
+ - In :
f f 2f cf —de+ f

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c))/(f*x+e),x)

[Out] a*1ln((d*x+c)*f-cxf+d*e)/f+b*1n((d*x+c)*f-cxf+d*e)/frarctanh(d*x+c)-1/2*xb/f*
In((d*x+c)*xf-cxf+d*xe) *In(((d*x+c)*f+f) / (cxf-d*xe+f))-1/2%b/f*dilog(((d*x+c)*
f+f)/(cxf-d*e+f) ) +1/2%b/f*1n((d*x+c) *f-cxf+d*e) *1n (((d*x+c) *f-f) / (cxf-d*xe-f
))+1/2xb/f*xdilog (((d*x+c)*f-£f)/(cxf-d*xe-£f))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 log(dx +c+1)—log(-dx—c+1) alog( x+e)
—bf ax + ——
2 fx+e f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(f*x+e),x, algorithm="maxima"
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[Out] 1/2*b*integrate((log(d*x + c + 1) - log(-d*x - ¢ + 1))/(f*x + e), x) + axlo
g(f*x + e)/f

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (dx +c¢) +a x)

integral Frre

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(f*x+e),x, algorithm="fricas")

[Out] integral((bxarctanh(d*x + c) + a)/(f*x + e), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

a + batanh (c + dx)
f dx
e+ fx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(d*x+c))/(f*x+e),x)

[Out] Integral((a + b*atanh(c + d*x))/(e + f*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

bartanh (dx +c) + a
f dx
fx+e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(f*x+e),x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)/(fxx + e), x)
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-1
3 36 fa+btanh (c+dx) dx

(e+fx)?
Optimal. Leaf size=115
a+b tanh_l(c +dx) bdlog(-c—dx+1) bdlog(c+dx+1) bd log(e + fx)
- fle+ fx) © 2f(—cf +de+ f) M 2f(—cf +de—f)  (—cf +de+ f)(de—(c+1)f)

[Out] -((a + bxArcTanh[c + d*x])/(f*x(e + f*x))) - (b*d*Logl[l - c - d*x])/(2*f*(d*
e + £ - cxf)) + (b*d*Logl[l + c + d*x])/(2*fx(dxe - £ - cxf)) - (bxd*Logle +
f*x])/((d*e + £ - cxf)*(d*e - (1 + c)*f))

Rubi [A] time = 0.169485, antiderivative size = 115, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 18, fomer o e

0.278, Rules used = {6109, 1982, 705, 31, 632}

integrand size

a+b tanh_l(c +dx) bdlog(-c—dx+1) bdlog(c+dx+1) bdlog(e + fx)
T fle+fx) T 2f(cf tdetf) | 2f(cfrde—f) (cf +de+ f)de—(c+1)f)

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + dx*x])/(e + fx*xx)~2,x]

[Out] -((a + b*ArcTanh[c + d*x])/(fx(e + fxx))) - (bxd*Logl[l - c - d*x])/(2*xf*(dx*
e + £ - cxf)) + (bxd*Logl[l + c + d*x])/(2xfx(d*e - f - c*f)) - (bxd*Logle +
fxx])/((d*e + £ - c*xf)*x(d*e - (1 + c)*f))

Rule 6109

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*x(b_.))"(p_.)*((e_.) + (£f_.)*(x_))"(
m_), x_Symbol] :> Simp[((e + f*x)~(m + 1)*(a + bxArcTanh[c + d*x])"p)/(f*(m
+ 1)), x] - Dist[(bxd*p)/(f*(m + 1)), Int[((e + f*x)"(m + 1)*(a + bxArcTan
hlc + d&*x]1)"(p - 1D)/(1 - (c + d*x)"2), x], x] /; FreeQ[{a, b, c, d, e, £},
x] && IGtQ[p, 0] && ILtQ[m, -1]

Rule 1982

Int[(u_)~(m_.)*(v_)~(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
[v, x]7p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])
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Rule 705

Int[1/(C(d_.) + (e_)*(x_))*((a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2)), x_Symbol]
:> Dist[e”2/(c*d™2 - bxd*xe + a*e”2), Int[1/(d + exx), x], x] + Dist[1/(cx*d
~2 - bxd*e + a*e”2), Int[(c*d - bxe - cxexx)/(a + bxx + cxx~2), x], x] /; F
reeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*xd"2 - bxdxe + axe”
2, 0] && NeQ[2*cxd - bxe, 0]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]11/b, x] /; FreeQl{a, b}, xl]

Rule 632

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> W
ith[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(cxd - ex(b/2 - q/2))/q, Int[1/(b/2 - q/
2 + cxx), x], x] - Dist[(cxd - ex(b/2 + q/2))/q, Int[1/(b/2 + q/2 + c*x), X
1, x]1]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bxe, 0] && NeQ[b~2 - 4xa
xc, 0] && NiceSqrtQ[b~2 - 4xaxc]

Rubi steps

1

p a+btanh™ (c + dx) N (bd) f (e+fx)(1~(c+dx)?2) ax
X =—-

f a+btanh™ (c + dx)

(e+ fx? - fle+ fx) f
1
_ o a+ btanh™ (c + dx) N (bd) f (e+fx)(1-c22cdx—d?x2) ax
B fle+fx) f
—d2e+2cdf+d%fx 1
_ o a+ btanh ' (c + dx) N (bd) f % dx N (bdf) f e+fx dx
- fle+fx) f (—dze2 + 2cdef + (1 - cz) fz) —d?e? + 2cdef + (1 - cz) f?
_a+ btanh™ (c + dx) ~ bd log(e + fx) ~ (bd3) f —d—c;—dzx dx (bd3) f d_cdl_
B fle+ fx) (de—f—cf)de+f~cf)  2f(de~f~cf) 2f(de+ f-
_a+ btanh_l(c + dx) _ bdlog(1 — ¢ — dx) N bdlog(1 + c + dx) ~ bd log(e + fx)
T et/ 2fde+f—cf) | 2f@e-f-cf) (de—f—cf)de+ f -

Mathematica [A] time = 0.195378, size = 125, normalized size = 1.09

2a 2bdlog(e + fx) bdlog(—c—dx +1) B bdlog(c +dx +1) ~ 2btanh™ (c + dx)

1
2 fer 0 (@-1)froocdef + @2 f(c-Df-do) | fef-derf) | fle+
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Antiderivative was successfully verified.

[In] Integratel[(a + bxArcTanh[c + d*x])/(e + fx*x)~2,x]

[Out] ((-2xa)/(fx(e + f*x)) - (2xbxArcTanh[c + d*x])/(f*(e + f*xx)) + (b*d*Logl[l -
c - dxx])/(fx(-(d*e) + (-1 + c)*f)) - (b*xd*Logll + c + d*x])/(f*x(-(d*e) +
f + cxf)) - (2xb*dxLogle + f*xx])/(d"2xe”2 - 2kcxd*exf + (-1 + c~2)*£72))/2

Maple [A] time = 0.037, size = 141, normalized size = 1.2

ad _ bdArtanh (dx +¢)  bdln(dx+c-1) bdln(dx+c+1) bdln ((dx to)f —cf + de)

(dfx +de) (dfx+de) f +f(2cf—2de—2f) f(2cf-2de+2f) (cf —de-f)(cf -de+f)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c))/(f*x+e)”~2,x)

[Out] -dxa/(dxf*xx+dxe)/f-dxb/(d*xf*xx+d*e)/f*xarctanh(d*xx+c)+dxb/f/(2xc*f-2%d*xe-2%f)
*1n(d*xx+c-1)-d*b/f/ (2*cxf-2xd*e+2*f)*1n(d*x+c+1) -d*b/ (cxf-d*xe-f)/(cxf-dxe+f

)*1n ((d*x+c) *f-cxf+dx*e)

Maxima [A] time = 0.960967, size = 163, normalized size = 1.42

def —(c+1)f2  def—(c-1)f2 422 —2cdef + (2-1)f2

1( [log(dx+c+1) log(dx+c—1) 210g(fx+e) 2 artanh (dx + ¢) . a
2 - f2x+ef  fx+ef

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(f*x+e)~2,x, algorithm="maxima")

[Out] 1/2*%(d*(log(d*x + c + 1)/(d*e*xf - (c + 1)*£72) - log(d*x + c - 1)/(d*xexf -
(c = 1)*£72) - 2xlog(f*x + e)/(d"2*%e”2 - 2xckdxexf + (c”2 - 1)*x£72)) - 2xar
ctanh(d*x + c)/(f72xx + exf))*b - a/(£f72*x + exf)
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Fricas [B] time = 3.19571, size = 585, normalized size = 5.09

2ad?¢ - 4acdef + 2 (ac? - a) f2 - (bd?e? - (bc — b)def + (bd%ef — (bc — b)df?)x)log (dx + c + 1) + (bd?e? - (bc + b)c
2 (dze3f —-2cde?f? + (CZ - 1)e_

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(f*x+e)~2,x, algorithm="fricas")

[Out] -1/2%(2%a*xd"2*e”2 - 4xaxckxd*exf + 2x(axc”™2 - a)*f~2 - (b*d"2%e”2 - (b*c - b
)*kdxexf + (bxd"2xexf - (b*c - b)xd*f~2)*x)*log(d*x + c + 1) + (b*d™2xe”2 -

(b*xc + b)*d*exf + (bxd"2*exf - (b*c + b)*d*xf~2)*x)*log(d*x + ¢ - 1) + 2x(b*
d*xf~2*%x + bxdxexf)*log(f*x + e) + (b*xd™2xe”2 - 2*bxckdkxexf + (bxc™2 - b)*f~
2)*log(-(d*x + ¢ + 1)/(d*x + ¢ - 1)))/(d"2%e"3*f - 2xc*kd*e”2*xf"2 + (c72 - 1
)xe*xf~3 + (d72xe”2*f72 - 2xckd*exf~3 + (c72 - 1)*f74)*x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))/(f*x+e)**2,x)

[Out] Timed out

Giac [A] time = 1.22729, size = 242, normalized size = 2.1

cf de f cf de f dx+c+1
1 dfz 10g (|_d h fx+e + fx+e + fx+e ) _ log (|_d h fx+e + fx+e B fx+e ) _ log (_dx+c—l) b a
2 ft-dfe=f? fF—dfes f* (Fr+of | (xeo)f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(f*x+e)~2,x, algorithm="giac")

[Out] 1/2%(d*f~2*(log(abs(-d - cxf/(fxx + e) + dxe/(f*x + e) + f/(f*x + e)))/(cx*f
4 - dxf"3xe - £74) - log(abs(-d - cxf/(f*x + e) + dxe/(f*x + e) - f/(f*x +
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e)))/(cxf~4 - dxf~3%xe + £74)) - log(-(d*x + ¢ + 1)/(d*x + ¢ - 1))/ ((f*x +
e)*f))*b - a/((f*x + e)xf)
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a+btanh;%c+dx)
337 [/

Optimal. Leaf size=167

a+btanh  (c+dx) bd?log(-c—dx+1) bd?log(c +dx +1) bd?(de — cf) log(e + fx)
T 2f(et f0R Af(cf+det )2 | Af(cf +de—fR (-cf +de+ f2(de—(c+ 12 2+ fr—cf

[Out] (bxd)/(2*(d*e + f - cxf)*x(d*e - (1 + c)*f)*(e + f*x)) - (a + b*ArcTanh[c +
dxx])/(2xfx(e + £xx)72) - (b*d"2*Logl[l - c - d*x])/(4xf*x(d*e + £ - c*xf)~2)

+ (b*d"2xLog[l + c + d*x])/(4*xf*x(d*e - f - c*xf)72) - (b*d"2x(d*e - c*f)*Log

[e + £*x])/((d*e + f - c*f)"2+(dxe - (1 + c)*f)"2)

Rubi [A] time = 0.253932, antiderivative size = 167, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 4, integrand size = 18, e e e

0.222, Rules used = {6109, 1982, 709, 800}

integrand size

a+btanh '(c+dx) bd?log(—c—dx+1) bd?log(c +dx +1) bd?(de — cf) log(e + fx)
T 2fex fa2 | Af(cftdet fE @ Af(—cf +de—f)E  (cf +det fR(e—(c+ )R | 20+ fr)(—cf

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c + d*x])/(e + fx*x)~3,x]

[Out] (bxd)/(2*(d*e + f - c*f)x(d*xe - (1 + c)*f)*(e + f*x)) - (a + b*ArcTanh[c +
dxx])/(2xfx(e + £xx)72) - (b*d"2*Logl[l - c - d*x])/(4xf*x(d*e + f - c*xf)~2)

+ (bxd~2*xLog[l + c + d*x])/(4*xfx(d*xe - f - c*xf)72) - (b*d"2x(d*e - c*f)*Log

[e + f*x])/((dxe + £ - cxf)"2*(d*e - (1 + c)*f)~2)

Rule 6109

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(
m_), x_Symbol] :> Simp[((e + f*x)"(m + 1)*(a + bxArcTanh[c + d*x]) p)/(fx(m
+ 1)), x] - Dist[(b*xd*p)/(f*x(m + 1)), Int[((e + f*x)"(m + 1)*(a + bxArcTan
hic + d*x])"(p - 1D)/(1 - (c + d*x)"2), x], x] /; FreeQ[{a, b, ¢, d, e, £},
x] && IGtQ[p, O] && ILtQ[m, -1]

Rule 1982

Int[(u )" (m_.)*(v_)~(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
(v, x]7p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
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(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])

Rule 709

Int[((d_.) + (e_)*(x_))"(m_)/((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol
] > Simp[(ex(d + exx)"(m + 1))/((m + 1)*(c*xd"2 - b*d*e + axe”2)), x] + Dis
t[1/(c*xd™2 - b*xd*e + a*e”2), Int[((d + exx)"(m + 1)*Simp[c*d - b¥e - ckexx,
x])/(a + b*x + c*xx72), x], x] /; FreeQ[{a, b, ¢, d, e, m}, x] && NeQ[b~2 -
dxaxc, 0] && NeQ[c*d"2 - bxdxe + axe”2, 0] && NeQ[2*cxd - bxe, 0] && LtQ[m
, —-1]

Rule 800

Int [(((d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*(x_)))/((a_.) + (b_.)x(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + e*x) mx(f + g*x))/(a
+ bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[b~2 - 4xax
c, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && IntegerQ[ml]

Rubi steps
1
f a+b tanh_l(c +dx) a+ btanh ™ (c + dx) N (bd) f (e+fx)2(1-(c+dx)?) dx
e+f0F T 2f(e+ [P 2f
1
_a+ btanh ™ (c +dx) N (bd) f (e+fx)2(1-c2-2cdx—d2x2) dx
2f(e+ fx)? 2f
( d) f ~d(de-2cf)+d*f:
_ bd a+ btanh_l(c + dx) (e+fx) 1 c2-2cdx—d
2de + f —cf)(de~ (L +)f)e+ fx) 2f(e+ fx)? f( —d2e2 + 2cdef + (1-
d2(~de+(1+¢)f)
B bd Ca+btanh (e +dy) (D J ( 2er Ff)(1oc—dn)
2(de+ f—cf)de— (1 +c)f)e+ fx) 2f(e+ fx)? zf(
bd a+btanh ™ (c+dx) bd?log(l - c — dx) |

T 2de+f-chHde—(A+0f)e+ fx)  2fle+fx2  Af(de+f-cf)?

Mathematica [A] time = 0.342764, size = 174, normalized size = 1.04

1 2a 2bd _ 4bdP(de—cf)log(e+ fx)  bd*log(-c—dx+1)

bd?1

TP " e pa (@ 1) P 2edef + ) (@ 1) ey v e TS TP

Antiderivative was successfully verified.

iy
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[In] Integrate[(a + b*ArcTanh[c + d*x])/(e + f*x)73,x]

[Out] ((-2xa)/(fx(e + f*xx)72) + (2%b*d)/((d"2*%e”2 - 2kckdxexf + (-1 + c”2)*f72)*(
e + f*x)) - (2%bxArcTanh[c + d*x])/(f*x(e + £*x)72) - (b*d"2xLogl[l - c - d*x
1)/(fx(d*xe + £ - cx£)72) + (b*d"2*xLog[l + c + dxx])/(fx(-(d*e) + f + c*xf)~2

) - (4%b*d~2x(d*e - cxf)xLogle + f*xx])/(d"2%e”2 - 2xckdkexf + (-1 + c72)*f~
2)72)/4

Maple [A] time = 0.073, size = 236, normalized size = 1.4

d%a ~ d’bArtanh (dx + c) _ Abln(dx+c-1) . d?bln(dx +c+1) N d%b
2 (Afx+de) f 2 (dfx+de) f  af(cf-de—f) af(cf-de+f) (2cf—2de-2f)(cf —de+f)(

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*arctanh(d*x+c))/(f*x+e)”3,x)

[Out] -1/2*d"2%a/(d*f*x+d*e) " 2/f-1/2*xd"2*b/ (d*f*x+d*e) "2/f*arctanh(d*x+c)-1/4*xd"2
*b/f/(cxf-dxe-f) " 2x1n(d*x+c-1)+1/4+%d"2*b/f/ (cxf-d*e+f) "2*x1n(d*x+c+1)+1/2*d"

2%b/ (cxf-d*xe-f) / (cxf-d*e+f) / (d*f*x+d*e)+d"2xb*f/ (cxf-d*xe-f) "2/ (cxf-d*e+f) "2

*1n ((d*x+c)*f-cxf+d*e) *c-d"3*b/ (c*f-d*xe-f) "2/ (ckxf-d*e+f) "2*In ( (d*x+c) *f-c*f
+d*e) xe

Maxima [A] time = 1.01488, size = 393, normalized size = 2.35

1, dlog (dx + ¢ +1) ) dlog (dx + ¢ —1) . 4 (e
4\ \d2e2f —2(c+Ddef? + (2 +2c+1)f3  d2e2f =2(c-1)def2 + (2 -2c+1)f3  diet —dedPe3f +2(3c2 - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(f*x+e)~3,x, algorithm="maxima"

[Out] 1/4*(d*(d*log(d*x + c + 1)/(d"2xe”2xf - 2x(c + 1)*d*e*xf"2 + (c™2 + 2*%c + 1)
xf73) - dxlog(d*x + ¢ - 1)/(d"2*%e"2*f - 2*(c - 1)xd*exf~2 + (c72 - 2%c + 1)

x£73) - 4x(d"2*%e - cxd*f)*log(f*x + e)/(d"4*e”4 - 4d*cxd 3*xe”3*f + 2% (3*c™2

- 1)*d"2%e"2*%f72 - 4% (c”3 - c)*d*exf"3 + (c74 - 2*c”2 + 1)*xf~4) + 2/(d"2%e”

3 - 2kckdxe”2xf + (72 - 1)*exf”2 + (d72xe”2xf - 2xcxd*exf”2 + (c72 - 1)*f~
3)*x)) - 2*arctanh(d*x + c)/(£f73*%x"2 + 2xexf " 2*x + e~ 2xf))*b - 1/2%a/(f " 3*x
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T2 4+ 2%xexf"2%x + e72%f)

Fricas [B] time = 9.6394, size = 1767, normalized size = 10.58

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(f*x+e)”3,x, algorithm="fricas")

[Out] -1/4*%(2*axd"4*xe~4 - 2% (4*a*xc + b)*d"3*e”3*f + 4*x(3*a*xc™2 + b*c - a)*d"2*xe”2
*f72 - 2% (4*xa*xc”3 + b*c”2 - 4*xaxc - b)xd*exf~3 + 2x(axc”4 - 2*axc”2 + a)xf”
4 - 2% (bxd"3%e"2+%f"2 - 2*bkckd"2xexf"3 + (b*c”2 - b)*d*f"4)*x - (b*xd"4xe~4
- 2%(b*c - b)*d"3*e”3*f + (b*xc™2 - 2%b*c + b)*d"2*e”"2*xf"2 + (bxd 4*e”2%f"2
- 2%(b*c - b)*d"3*exf~3 + (b*xc™2 - 2%b*c + b)*d"2*f"4)*x"2 + 2x(b*d"4*e”3*f
- 2% (b*c - b)*d~3*e”2*xf"2 + (b*xc™2 - 2*b*c + b)*d " 2*exf~3)*x)*log(d*x + c
+ 1) + (b*d"4*e”4 - 2% (b*c + b)*d"3*e”3*f + (b*c™2 + 2%b*c + b)*d"2*xe”2*xf"2
+ (b*d"4*e”2*f"2 — 2x(bxc + b)*d"3*e*f~3 + (b*c™2 + 2xbxc + b)*d~2+f~4)*x"
2 + 2% (b*d"4*e”3*f — 2x(bxc + b)*d"3*%e”2*f"2 + (b*c™2 + 2xbxc + b)*d " 2*ex*f”
3)*x)*log(d*x + ¢ — 1) + 4*(b*d"3*e”3*f - bxckd 2*e”2+f72 + (b*d"3*exf~3 -
bxckd"2+f74)*x"2 + 2% (b*d"3%e”2xf72 - bkcxd 2xexf”3)*x)*log(f*x + e) + (bxd
“4xe”4 - 4xbkckd"3*ke"3*f + 2% (3*¥b*c”2 - b)*kd"2xe"2*xf"2 — 4x(b*c”3 - b*c)*d*
exf”3 + (bxc™4 - 2%b*c™2 + b)*f 4)xlog(-(d*x + c + 1)/(d*x + ¢ - 1)))/(d"4x
e 6xf - 4dxckxd"3*e"h5*f72 + 2% (3%c”2 - 1)*d"2*%e”4*xf"3 - 4x(c”3 - c)*d*e”3*xf"4
+ (c74 - 2%c”2 + 1)*e"2+f75 + (d74*e”4*xf~3 - 4*c*xd"3*%e”3*f"4 + 2x(3*xc”2 -
1)*xd"2%xe"2xf"5 - 4%(c”3 - c)*d*exf"6 + (c74 - 2%c”2 + L)*f77)*x"2 + 2x(d"4*
e”b*xf"2 - 4kckd"3*e"4*xf"3 + 2% (3*%c”2 - 1)*d"2*%e"3*f"4 - 4x(c”3 - c)*d*e”2x*f
"5 + (c74 - 2%c”2 + 1)*exf~6)*x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))/(f*x+e)**3,x)

[Out] Timed out



230

Giac [B] time = 29.8159, size = 2056, normalized size = 12.31

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))/(f*x+e)~3,x, algorithm="giac")

[Out] 1/4*(b*c™2xd"2xf 4*x"2xlog(d*x + c + 1) - 2%b*ckd™3xf 3*x"2*xexlog(d*x + c +
1) - bxc™2%d"2xf74xx"2*log(d*x + ¢ - 1) + 2xb¥c*d™3*f73*x"2*exlog(d*x + ¢
- 1) - 2%bxcxd"2*f "4*xx"2xlog(d*x + c + 1) + bxd 4xf"2*x"2*%e"2xlog(d*x + c +
1) + 2%bxc”2xd"2*xf " 3*x*exlog(d*x + c + 1) + 2%bxd~3*f 3*x"2*exlog(d*x + ¢
+ 1) - 2%bxckd"2*f74xx"2x1log(d*x + ¢ - 1) - b*d"4*f~2xx"2xe"2*xlog(d*x + c -
1) - 2%bxc™2xd"2*f"3*x*exlog(d*x + c - 1) + 2%bxd~3*f 3*x"2*exlog(d*x + c
- 1) + 4xbxcxd™2*f"4*xx"2xlog(f*x + e) - 4xb*xd~3*f73xx"2*exlog(f*x + e) + Dbx
d72%f74xx"2x1log(d*x + c + 1) - 4*bkxckd~3*xf "2xx*e"2xlog(d*x + c + 1) - 4*bxc
*d"2+f " 3kxkexlog(d*x + ¢ + 1) - b*d™2xf74xx"2*log(d*x + ¢ - 1) + 4xbxc*d™3x
f72%x*e"2*log(d*x + ¢ - 1) - 4xb*cxd”~2*xf " 3*x*exlog(d*x + ¢ - 1) + 8xb*xc*xd™2
*xf"3kxxe*xlog(f*x + e) - bxc™4xf"4xlog(-(d*x + ¢ + 1)/(d*x + c - 1)) + 4xbx*c
~3xd*f"3*%exlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) - 2%a*xc™4*xf74 + 2¥bkxc~2xd*f ~4x
X + 8xaxc”3xd*f"3%e - 4*bkxckxd"2xf " 3kx*e + 2%bkd"4*xfirx*e”3xlog(d*x + c + 1)
+ b*xc72xd"2xf"2%e"2*log(d*x + c + 1) + 4xb*d"3*f " 2xx*e"2xlog(d*x + ¢ + 1) +
2xb*d"2xf "3*xx*e*xlog(d*x + ¢ + 1) - 2%bkd"4*f*xx*e”~3xlog(d*x + c - 1) - b*c”
2xd"2*xf"2%e"2x1log(d*x + ¢ - 1) + 4xbxd~3*f " 2*kxxe"2xlog(d*x + c - 1) - 2%bxd
~2xf"3*x*kexlog(d*x + ¢ — 1) - 8xb*d~3*f " 2xx*e”2*xlog(f*x + e) - 6*xbxc™2%d 2%
f72xe"2xlog(-(d*x + ¢ + 1)/(d*x + ¢ - 1)) - 12%a*xc™2xd"2*f"2%e™2 + 2%b*d~3*
f72%x*%e”2 + 2%bkcT2*d*xf " 3%e - 2%bxckd"3*fke”3*log(d*x + c + 1) — 2xbkcxd™2x
f72%e"2x1log(d*x + ¢ + 1) + 2%bxc*d"3*f*e”3*log(d*x + c - 1) — 2xb*cxd™2*xf~2
xe"2xlog(d*x + ¢ — 1) + 4xbxcxd™2xf"2xe"2*log(f*x + e) + 2%bxc~2*xf 4xlog(-(
dxx + ¢ + 1)/(d*x + ¢ - 1)) + 4*bkxcxd"3*f*e"3xlog(-(d*x + c + 1)/(d*x + ¢ -
1)) - 4xbkxcxd*f~3*exlog(-(d*x + ¢ + 1)/(d*x + c - 1)) + 4*a*xc™2xf74 - 2%bx
d*f~4*x + 8kakckd 3*kf*ke”3 - 4xbkckd"2*f"2%e”2 - 8xaxckdxf 3xe + bxd"4xe”4x1
og(dxx + ¢ + 1) + 2xb*d"3*f*xe"3*xlog(d*x + c + 1) + b*d"2xf"2xe"2*xlog(d*x +
c + 1) - bxd"4*e"4xlog(d*x + ¢ - 1) + 2xb*xd~3xf*e"3xlog(d*x + ¢ - 1) - bxd~
2xf~2*%e"2xlog(d*x + ¢ - 1) - 4xb*xd~3xf*e”3xlog(f*x + e) - bxd~4xe"4*xlog(-(d
*x + ¢ + 1)/(d*x + ¢ - 1)) + 2xb*xd"2xf"2xe"2*log(-(d*x + ¢ + 1)/(d*x + ¢ -
1)) - 2%axd"4*e”4 + 2%b*d"3xf*e”3 + 4xaxd"2*f"2xe"2 - 2xbxd*f”"3%e - bxf 4x1
og(-(d*x + ¢ + 1)/(d*x + ¢ = 1)) - 2%a*xf~4)/(c™4*f77*x"2 - 4xc™3*kd*f ~6*xx~2%
e + 6%cT2xd"2xf75*xxT2%e"2 + 2xcT4*xfT6*xke - 2%cT2xET7*xT2 - 4xckd"3*f74%x72
*e73 — 8*cT3xd*fTbxx*e”2 + 4xcxd*fT6xx"2%e + dT4*f73*x"2%e"4 + 12%cT2xd"2x*f
“4xxxe”3 + cT4*f7bxe”2 - 2%d72xfTh*xT2%e”2 - 4xcT2xf76*x*e + fT7*x72 - 8xcx
d"3*f73*x*e”4 - 4xc”3*kd*f74xe”3 + 8xckd*f"bkxke”2 + 2%dT4xf"2*x*e”5 + 6%xc”2
*d72%xf73%e"4 - 4xdT2*f"4xx*e”3 — 2%cT2xf75*e”2 + 2%xfT6*x*e - 4kcxd " 3kf"2xe”
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5 + 4xckxd*f~4*e”3 + d74xfxe”6 - 2xd"2*xf"3xe”4 + f"5xe”2)
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338  [(e+ fx) (a+btanh™(c +dx)) dx
Optimal. Leaf size=562

c+dx+1

P(de - cf) ((¢* +1) f* - 2edef + d¢*) PolyLog (2, —_C_dm) abfx((6c2 +1) f2 - 12cdef + 6d%¢)  (de—cf) ((
) 7 ’ 2P ’

[Out] (b~2*f"2*x(d*e — cxf)*x)/d"3 + (a*b*f*x(6xd"2*xe”2 — 12xckd*exf + (1 + 6*xc™2)*
£72)*x)/(2%d"3) + (b™2*%f73*(c + d*x)~2)/(12%d"4) - (b~2*f"2%(d*e - c*f)*Arc
Tanh[c + d*x])/d"4 + (b"2*%f*x(6xd"2*%e”2 — 12xcxdxexf + (1 + 6*%c”2)*f"2)*(c +
dxx)*ArcTanh[c + d*x])/(2*d"4) + (b*xf~2x(dxe - c*xf)*(c + d*x)~2*(a + bxArc
Tanh[c + d*x]))/d"4 + (b*f~3x(c + d*x) " 3*x(a + bxArcTanh[c + d*x]))/(6%d"4)
+ ((d*e - c*xf)*x(d"2xe”2 - 2%c*d*e*xf + (1 + c"2)*xf"2)*(a + b*ArcTanh[c + d*x
1)72)/d74 - ((d"4*e”4 - 4*c*d"3*e”3*f + 6% (1 + c~2)*d"2%e"2+%f"2 - 4*xc*x(3 +
c"2)kd*xexf"3 + (1 + 6%c”2 + c"4)*xf~4)*(a + bkArcTanh[c + d*xx])~2)/(4*d"4x*f)
+ ((e + f*x)74*x(a + bxArcTanh[c + d*x])~2)/(4*xf) - (2xbx(d*e - cx*f)*(d"2*e
72 - 2xckdxexf + (1 + c”2)xf72)*(a + b*ArcTanh[c + d*x])*Logl[2/(1 - ¢ - d*x
)1)/d74 + (b~2*%f73%Log[l - (c + d*x)~2])/(12%d"4) + (b~2xfx(6%d"2%xe”2 - 12%
ckdxexf + (1 + 6xc”2)*f72)xLogl[l - (c + d*x)~2])/(4xd"4) - (b"2x(d*e - cxf)
*x(d"2%e”2 - 2xckdxexf + (1 + c72)*f72)*PolyLog[2, -((1 + ¢ + d*x)/(1 - ¢ -
dxx))])/d"4

Rubi [A] time = 1.04128, antiderivative size = 562, normalized size of antiderivative =

. . b f rul
1., number of steps used = 20, number of rules used = 15, integrand size = 20, ==
integrand size

= (.75, Rules used = {6111, 5928, 5910, 260, 5916, 321, 206, 266, 43, 6048, 5948, 5984, 5918,
2402, 2315}

c+dx+1

B(de - cf) (¢ +1) f2 - 2cdef + d*) PolyLog (2, ‘m) abfx ((6c2 +1) f2 —12cdef + 6d%?2)  (de—cf)((
T i 285 "

Antiderivative was successfully verified.

[In] Int[(e + f*x)~3*(a + b*ArcTanh[c + d*xx])~2,x]

[Out] (b~2*f~2x(d*e — cxf)*x)/d"3 + (a*b*f*x(6xd"2*xe"2 — 12xc*d*exf + (1 + 6*c™2)*
£f72)*x)/(2%d"3) + (b™2*xf"3*(c + d*x)~2)/(12%d"4) - (b~ 2*xf"2x(d*xe - c*xf)*Arc

Tanh[c + d*x])/d"4 + (b"2*%f*(6xd"2%e”2 — 12xcxd*exf + (1 + 6xc”2)*f"2)*(c +
d*x)*ArcTanh[c + d*x])/(2%d"4) + (b*f"2x(d*xe - c*f)*(c + d*x) " 2*(a + b*Arc
Tanh[c + d*x]))/d~4 + (bxf~3%(c + d*x) 3*(a + bxArcTanh[c + d*x]))/(6xd"4)

+ ((d*e - c*xf)*x(d"2xe”2 - 2%c*d*exf + (1 + c72)*xf~2)*(a + b¥ArcTanh[c + dx*x
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1)72)/d74 - ((d74xe”4 - 4*cxd"3*%e”3*f + 6%(1 + c72)*d"2%e™2%f"2 - 4*c*(3 +

c"2)*dxexf"3 + (1 + 6*%c”2 + c”4)*f"4)*(a + b*ArcTanh[c + d*x])~2)/(4*xd"4xf)
+ ((e + f*x)~4*x(a + b*ArcTanh[c + d*x])~2)/(4*f) - (2xb*x(dxe - c*xf)*(d"2xe
72 - 2xckdxexf + (1 + c”2)xf72)*(a + b*ArcTanh[c + d*x])*Logl[2/(1 - ¢ - d*x
)1)/d74 + (b~2*%£73%Log[l - (c + d*x)~2])/(12%d"4) + (b~2xfx(6+xd"2xe”2 - 12%
ckdxexf + (1 + 6%xc”2)*f72)xLogl[l - (c + d*x)72])/(4*xd"4) - (b"2x(d*e - cxf)
x(d72%e72 - 2xckdxexf + (1 + c72)*xf72)*PolyLog[2, -((1 + c + d*x)/(1 - ¢ -

d*x))1)/d~4

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_)*x)DI*(_.)) " (p_)*x((e_.) + (f_.)*x(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) "m*(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*x(x_)]*(b_.))"(p_)*((d_ ) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])7p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]

&& IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bx*A
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2xx~2), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp [((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 321
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Int [((c_.)*(x_)) " (m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n- D*x(cxx)"(m - n + D*(a + b*xx™n) " (p + 1))/(b*(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1 *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, 4, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((f_) + (g_.)*(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQl{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] && EqQlc™2*d + e, 0] && IGtQ[m, O]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] &% EqQ[c™2xd + e, 0] && IGtQ[p, O]
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Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c~2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol]l :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rubi steps
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de—cf  fx 3 -1 2
Subst f(T + 7) (a + btanh (x)) dx,x,c + dx

f(e + fx)? (u +btanh ™ (c + dx))2 dx =

d
f?(6d2e2-12cdef+(1+6c2) f2)(a+b 1
(e + fx) (a +btanh ™ (c + dx))2 bSubst (f (_ T
= 7 _
(d*et—4cd®e> f+6(1+c2)d2e F2—4c(3+c
(e + fx)* (a +btanh ™ (c + dx))2 bSubst (f
= 7 _

abf (6d2 2 —12cdef + (1 + 602) f2) x  bf2(de - cf)(c+ dx)? (a + btanh ™ (c
= +
2B 7

Pf2de—cf)x  abf (642 —12cdef + (1+6c2) f2)x  B2f (6d2%2 - 12cde,
a3 243

Pf2(de—cf)x  abf (6d%e? —12cdef + (1+6c2) f2)x  b2f2(de - cf) tanh
T e 28 ) d*

Pf2de—cf)x  abf (6d%? —12cdef + (1+6c2) f2)x  B2f3(c+dx)? B2
= + + -
43 243 1244

Pf2(de—cf)yx  abf (6d%? —12cdef + (1+6c2) f2)x  W2f3(c+dx)> 12
= + +
43 243 1244

Pf2(de-cf)x  abf (6512 2 —12cdef + (1 + 6c2) f2) X P c+dx)? PP
= + +
43 243 1244

Mathematica [A] time = 7.19418, size = 1082, normalized size = 1.93

5 —2dfx ((1863
—|3a2f3x* +12a%ef2x® + 18a%¢% fx* + 12a2e3x + ab | 6x (4@3 +6fxe? + 4f2x% + f3x3) tanh™ (c + dx) - —————

Warning: Unable to verify antiderivative.
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[In] Integratel[(e + f*x)73%(a + b¥ArcTanh[c + d*x])~2,x]

[Out] (12*%a”2%e”3%x + 18*a™2%e™2xf*x"2 + 12%a”2%e*xf~24x73 + 3*a”2+f73%x74 + axbx(
6xx* (4*xe”3 + 6xe”2xf*xx + 4kexf~2%x"2 + f73%x"3)*ArcTanh[c + dxx] - (-2*d*fx
xx (3% (1 + 3%c™2)*f72 - 3xcxd*xfx(8*ke + f*xx) + d72x(18*%e”2 + Gxexfxx + f£72%x”™
2)) + 3*%(-1 + c)*(4*d"3xe”3 - 6%(-1 + c)*d™2%e"2xf + 4*(-1 + c) 2kd*e*xf"2 -
(-1 + c)73%f73)*Log[1l - c - dxx] + 3*x(1 + c)*(-4%d"3*e”3 + 6%(1 + c)*d"2xe
“2%f - 4x(1 + c)"2*dxexf"2 + (1 + c)73*f73)xLogl[l + c + d*xx])/d"4) + (12%b~
2xe~3* (ArcTanh[c + d*x]*((-1 + c + d*x)*ArcTanh[c + d*x] - 2*xLog[l + E~(-2x
ArcTanh[c + d*x])]) + PolyLogl[2, -E~(-2*%ArcTanh[c + d*x])]))/d - (18%b~2xe”
2xfx((1 - 2%xc + ¢72 - d72*x"2)*ArcTanh[c + d*x]~"2 - 2*ArcTanh[c + d*x]*(c +
d*x + 2*c*xLog[l + E~(-2%ArcTanh[c + d*x])]) + 2xLogl[1/Sqrt[1 - (c + d*x)~2
11 + 2%c*xPolyLog[2, -E~(-2%ArcTanh[c + dx*x])]))/d"2 + (b~2*%f73*(-1 - 11%c~2
- 10*c*d*x + d72%x72 - 3%(1 - 4%c + 6%c”2 - 4*c”3 + c74 - d74*x"4)xArcTanh
[c + d*x]~2 + 2*%ArcTanh[c + d*x]*(9%c + 13%c™3 + 3*xd*x + 9kc™2kd*x - 3*c*xd”
2%x72 + d73%x73 + 12x(c + ¢"3)*Log[l + E~(-2*ArcTanh[c + d*x])]) - 8*Logl[1l/
Sqrt[1 - (c + d*x)72]] - 36xc”2*xLogl[1/Sqrt[l - (c + d*x)~2]] - 12%(c + c~3)
xPolyLog[2, -E~(-2*ArcTanh[c + d*x])]))/d"4 - (3*b"2xe*xf"2x(1 - (c + d*x)~2
)" (3/2)%(-((c + d*x)/Sqrt[l - (c + d*x)~2]) + (6%c*(c + d*x)*ArcTanh[c + d*
x])/Sqrt[1 - (c + d*x)~2] + (3x(c + d*x)*ArcTanh[c + d*x]~2)/Sqrt[1 - (c +
d*x)~2] - (3*%c”2%(c + d*x)*ArcTanh[c + d*x]~2)/Sqrt[l - (c + d*x)~2] + ArcT
anh[c + d*x]"2*Cosh[3*ArcTanh[c + d*x]] + 3*c”2*%ArcTanh[c + d*x] 2*Cosh[3*A
rcTanh[c + d*x]] + 2%ArcTanh[c + d*x]*Cosh[3*ArcTanh[c + d*x]]*Log[l + E~(-
2xArcTanh[c + d*x])] + 6*%c”2*ArcTanh[c + d*x]*Cosh[3*ArcTanh[c + d*x]]*Logl
1 + E7(-2*ArcTanh[c + d*x])] - 6*c*Cosh[3*ArcTanh[c + d*x]]*Log[1/Sqrt[1l -
(c + d*x)~2]] + (3%(1 - 4xc + 3xc”2)*ArcTanh[c + d*x]~2 + 2xArcTanh[c + d*x
1x(2 + (3 + 9%c™2)*Log[1l + E~(-2*%ArcTanh[c + d*x])]) - 18*c*Log[1/Sqrt[1 -
(c + d*x)~2]]1)/Sqrt[1 - (c + d*x)~2] - (4%(1 + 3*c”2)*PolyLog[2, -E~(-2*Arc
Tanh([c + d*x])])/(1 - (c + d*x)~2)7(3/2) - Sinh[3*ArcTanh[c + d*x]] + 6%c*A
rcTanh[c + d*x]*Sinh[3*ArcTanh[c + d*x]] - ArcTanh[c + dx*x]~2*Sinh[3*ArcTan
hlc + d*x]] - 3*c”2*ArcTanh([c + d*x]~2*Sinh[3*ArcTanh[c + d*x]]))/d~3)/12

Maple [B] time = 0.082, size = 4401, normalized size = 7.8

output too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 3% (a+b*arctanh(d*x+c))"2,x)

[Out] 3*axbxfxarctanh(d*x+c)*e”2*xx"2-3/4/d"2%b"2xf*x1n(d*x+c-1) "2*%c*xe”2+3/4/d"3*b"
2xf"2%1n(d*x+c-1) "2%c"2%xe-1/d " 4*xaxb*xf ~3*1n(d*x+c+1)*c~3+3/2/d " 2*axbxf*x1n(d*
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x+c-1)*e"2-3/2/d " 2*axb*xf*1n(d*x+c+1)*e”2-1/4/d"3%b"2*f ~2*1n (d*x+c—-1) "2*c~ 3%
e+1/d"3*a*xb*f~2*x1n(d*x+c—1)*e+1/d"3*a*xb*f " 2*x1In(d*x+c+1)*e-1/d 4*a*xb*f~3*1n(
d*xx+c+1)*c+3/2/d " 4*xaxb*f " 3*1In(d*x+c-1) *c~2-3/2/d " 4*a*xb*f ~3*1n(d*x+c+1) *c~2-
1/2/d73%b"2xf " 2%1n (1/2+1/2*%d*x+1/2*c) *1n(d*x+c-1) *e+1/2/d"4*xb"2*f~3*x1n(1/2+
1/2*d*x+1/2*c) *1n(d*x+c-1) *c+1/4/d"4*xb~2*xf ~3*arctanh (d*x+c) *1n(d*x+c—1)*c~4
-1/8/d"4*xb~2%f"3*1n(1/2+1/2*d*x+1/2*c) *1n(d*x+c-1)*c~4+1/2/d"4*xb~2*f " 3x1n (1
/2+1/2%d*x+1/2*c) *1n(d*x+c-1) *c~3-1/2/d"2*axb*f "3*xx"2*c+1/d*axbxf " 2*xexx~2+1
/d*xe”3xb~2*xarctanh (d*x+c)*1n(d*x+c-1)+1/d"3*b"2xf 2% c*e+1/2/d " d*xaxb*xf ~3*c+1
/4*a”2%f " 3*x"4+a"2xx*e"3-1/2/d"2%b"2*f "3*arctanh (dxx+c) *x"2*c+3/2*a*b/d"3*x
*Cc 72+ f "3+ 2*%axbxf " 2*xarctanh (d*x+c) *e*x"3-3/2/d"3*b"2xf " 2x1n (1/2+1/2*d*x+1/2%
c)*1n(-1/2*%d*x-1/2*c+1/2) *c"2*e-4/d"2*xb"2*f " 2*arctanh (d*x+c) *e*xx*xc-11/12/4"
Axb"2*xf"3%c”2+1/4%a"2/fxe”4+3/2/d”"3*%b"2*xf ~3*arctanh (d*x+c) *c"2*¥x-3/4/d"2*b~
2%f*x1n(1/2+1/2*xd*x+1/2*c) *1n(d*x+c-1) *e~2+1/8/d"4*xb~2*xf ~3x1n (1/2+1/2*d*x+1/
2%c)*1In(-1/2*%d*x-1/2*%c+1/2)*c~4+1/2/d"4*b"2*xf " 3*1n(1/2+1/2*d*x+1/2*c) *1n(-1
/2%d*x-1/2%c+1/2) *c"3+3/4/d"4*b"2+f " 3*%1n(1/2+1/2*d*x+1/2*c) *1n(-1/2*d*x-1/2
*c+1/2)%c™2+1/2/d74xb"2xf " 3x1n (1/2+1/2*d*x+1/2*c) *1n(-1/2*xd*x-1/2%c+1/2) *c—
1/8/d"4xb~2*%f " 3%1n(-1/2*d*x-1/2*c+1/2) *1n(d*x+c+1) *c~4-1/d*b~2*arctanh (d*xx+
c)*1n(d*x+c—-1)*c*e”3+1/d*b " 2*arctanh (d*x+c) *1n(d*x+c+1) *c*xe~3+1/2/d*b~2*x1n(
-1/2%d*x-1/2*c+1/2) *1n(d*x+c+1) *c*e~3-1/2/d*b"2*x1n(1/2+1/2*d*x+1/2*c) *1n(-1
/2%d*x-1/2%c+1/2) *c*xe~3+1/2/d*b"2*1n (1/2+1/2*d*x+1/2*c) *1n(d*x+c-1) *c*xe~3-1
/d*axb*1n(d*x+c-1)*c*xe”3+1/d*a*xb*1ln (d*x+c+1) *c*xe~3+3/8/d"2xb"2xf*1n (d*x+c-1
) T2%cT2%e”2-3/d73*b "2+ f " 2x1n (d*x+c+1) *cxe—-1/d " 4*axbxf ~3*x1n(d*x+c-1)*c+3/2/d
“4xb~2xf " 3*arctanh (d*x+c)*1n(d*x+c-1)*c™2-1/8%b"2/f*1n(1/2+1/2*xd*x+1/2*c) *1
n(d*x+c-1)*e”4-1/4xb"2/f*arctanh (d*x+c) *1n(d*x+c+1) *e~4+1/4xb~2/f*arctanh(d
*x+c) *1n(d*x+c-1)*e~4-1/8*b"2/f*1n(-1/2*d*x-1/2*c+1/2) *1n(d*x+c+1) *e~4+3/2/
d"2xb"2*xf*1n(d*x+c—1)*e~2+3/2/d"2*%b" 2xf*x1n (d*x+c+1) *e”2+1/2/d"3*b"2*f ~2*x1n(
dxx+c-1)*e-1/2/d"3%b"2*xf " 2*x1n(d*x+c+1) *e-1/4/d" 4*xaxb*f " 3x1n(d*x+c+1)-1/4/d~
4xb~2xf"3*1n (d*x+c-1) "2*%c+1/d"4*b"2*%f"3*dilog (1/2+1/2*d*x+1/2%c)*c~3-1/8/d"
4xb~2xf " 3%1n(1/2+1/2*%d*x+1/2*c) *In(d*x+c—1)+1/4/d"3*b~2*f ~2*x1n(d*x+c-1) "2*e
-1/d"3*b"2xf"2xdilog (1/2+1/2*d*x+1/2xc) *e+3/8/d"2xb~2xf*1n (d*x+c+1) "2xe~2+b
~2/d"2%e*xf"2xx-5/6%b"2/d"3*ckf " 3xx+1/2xaxbxf " 3*xarctanh (dxx+c) *x~4+2*arctanh
(d*x+c) *x*axbxe”3+b~2*f "2*xarctanh (d*x+c) "2*e*xx~3+3/2*b~2*xf*arctanh (d*x+c) ~2
*e72xx724+1/8%b"2/f*x1n(1/2+1/2*%d*x+1/2*c) *1n(-1/2*d*x-1/2*c+1/2) *e~4-1/4*a*b
/Ex1n(d*x+c+1) *e”4+1/d*e”3*b~ 2*xarctanh (d*x+c) *1n(d*x+c+1)-1/2/d*e”3*xb~2*1n(
d*x+c-1)*1n(1/2+1/2xd*x+1/2%c)-1/2/d*e”3*b"2x1n(-1/2*xd*x-1/2*c+1/2) *1n(1/2+
1/2*xd*x+1/2*c)+1/2/d*e”3*%b"2x1n(-1/2*d*x-1/2*c+1/2) *1n(d*x+c+1) +1/d*e”3*a*xb
*1n(d*x+c-1)+13/6/d " 4*axbxf~3*c~3-1/d"4*b~2*xf ~3*arctanh (d*x+c) *1n(d*x+c-1) *
c+1/d"3%b~2*f " 2*arctanh (d*x+c)*1n(d*x+c-1)*e+3/2/d"2*b~ 2*f*arctanh (d*xx+c) *1
n(dxx+c-1)*e~2+1/d"3*%b"2*f " 2*arctanh (d*x+c) *1n (d*x+c+1) *e+3/4/d"2xb~2xf*1n (
1/2+1/2xd*xx+1/2%c) *1n(-1/2*d*x-1/2*%c+1/2)*e"2-1/2/d"3*b"2*f " 2*x1n(1/2+1/2*d*
x+1/2*xc)*1n(-1/2*%d*x-1/2%c+1/2) *e+1/4/d"4d*a*xb*f~3*1n(d*x+c-1)*c"4-1/4/d"4*a
*b*f "3*1n(d*x+c+1) *c"4-1/d"4*a*xb*f~3*1n(d*x+c-1) *c~3-3/2/d"2*xb~2*f*arctanh (
dxx+c) *1n(d*x+c+1)*e”2-3/4/d"2%b" 2xf*1n(-1/2*d*x-1/2%c+1/2) *In(d*x+c+1) *e~2
+1/2/473*b"2*f"2x1n(-1/2%d*x-1/2*c+1/2) *In(d*x+c+1) *e-3/4/d"4*xb"2*%f~3*1n(1/
2+1/2xd*x+1/2%c) *1n(d*x+c-1) *c"2-1/4/d"4*b~2xf ~3*arctanh (d*x+c) *1n (d*x+c+1)
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*c”4-1/d"4*xb"2*f " 3*arctanh (d*x+c) *1n(d*x+c+1)*c~3-3/2/d"4*xb~2*f " 3*arctanh (d
*x+c)*1n(dxx+c+1) *c™2-1/d"4*b~2*xf ~3*arctanh (d*x+c) *1n (d*x+c+1) *c—1/d"4*xb~ 2%
f~3*arctanh (d*x+c)*1n(d*xx+c-1)*c~3-1/2/d"4xb"2*%f " 3%1n(-1/2*d*x-1/2*c+1/2) *1
n(d*x+c+1)*c~3-3/4/d"4*b"2*xf"3*1n(-1/2*xd*x-1/2%c+1/2) *1n(d*x+c+1)*c~2-1/2/d
“4xb"2%f"3%x1n(-1/2*d*x-1/2*c+1/2) *1n(d*x+c+1) *c-3/d"3*b"2*xf " 2*1n (d*x+c-1) *c
*xe-3/4/d”3*b~2+f " 2*1n (d*x+c-1) "2%c*xe-3/d"3*b"2+f " 2*xdilog(1/2+1/2*d*x+1/2%c)
xc"2%xe+3/d"24b72xf*dilog(1/2+1/2*d*x+1/2%c) *c*e™2-1/4/d"3*%b~2*f " 2*1n (d*x+c+
1) "2%c"3%e+3/8/d"2%b " 2*fx1n (d*x+c+1) "2xc"2%e"2-3/4/d"3*b"2*f " 2*x1n (d*x+c+1)~
2%Cc"2%e+3/4/d"2xb"2xfx1n (d*xx+c+1) "2%c*e”2-3/4/d"3*b"2xf " 2x1n (d*x+c+1) "2*c*e
+3/d*xb"2*xf*arctanh (d*x+c) *e"2*x+3/d"2*b~ 2*xf*arctanh (d*x+c) *e 2%c+1/d*xb™2*%f~
2*arctanh (d*x+c) *exx~2-5/d"3*b~2*f ~"2*arctanh (d*x+c) xe*c”2+3*ax*b/d*x*e”2xf+3
/2/d74xb"2xf ~3*%1n(d*x+c—1)*c~2+3/2/d"4xb"2*xf ~3*1n (d*x+c+1) *c™2+1/4/d"4*xb~ 2%
f~3*arctanh (d*x+c)*1n(d*x+c-1)-1/4/d"4xb~2xf ~3*arctanh (d*x+c) *1n (d*x+c+1)-1
/8/d"4*b"2*xf"3*x1n(-1/2*d*x-1/2%c+1/2) *In(d*x+c+1)+1/8/d"4xb~2+%f~3*1n(1/2+1/
2%d*x+1/2*c) *1n(-1/2*d*x-1/2*xc+1/2)+1/6/d*b"2*xf~3*arctanh (d*x+c) *x~3+13/6/d
~4xb~2%f " 3*arctanh (d*x+c)*c~3+1/2/d"3*%b"2*f "3*arctanh (d*x+c)*x+1/2/d"4*b" 2%
f~3*arctanh (d*x+c)*xc+1/4/d"4*a*xb*f~3*1In(d*x+c-1)+1/16/d"4*b~2*f ~3*1n (d*x+c+
1) "2xc~4+1/d*e”3*a*xb*1ln(d*x+c+1)+1/2*axb/d~3*f ~3*x+1/6/d*axbxf~3xx~3+1/2/d"
4xb~2xf " 3*1n (d*x+c+1) *c-1/2/d"4*xb"2xf ~3*1n (d*x+c-1) *c+1/16/d"4*xb~2*xf ~3*1n(d
*x+c-1) "2*%c"4-1/4/d"4xb"2*xf " 3*1n (d*x+c-1) "2*c”"3+3/8/d"4*b"2*f ~3*1n (d*x+c-1)
"2%c"2-1/4/d*b"2*x1n (d*x+c+1) "2%c*e”3-1/4/d*b"2*x1n(d*x+c—1) "2*xc*xe~3+1/d"4*b"
2xf~3xdilog(1/2+1/2%d*x+1/2%c)*c+1/4/d~4*b~2xf ~3*1n(d*x+c+1) "2%c~3+3/8/d 4x
b~ 2%f " 3%1n (dxx+c+1) "2x%c"2+1/4/d"4xb"2*f " 3x1n (d*xx+c+1) “2%c-1/4/d"3*b"2*f " 2%1
n(d*x+c+1) "2xe+1/4*axb/f*1n(d*x+c—1)*e”4+1/2%axb/f*arctanh (d*x+c) *e~4+a~2*f
T2%x"3%e+3/2*%a"2xfxx"2xe"2+1/4/d*e”3*%b"2x1n(d*x+c—1) "2-1/4/d*e"3*%b"2*1n (d*x
+c+1)72+1/12/d72*%b" 2% "3%x"2-1/d*b"2*dilog (1/2+1/2*%d*x+1/2%c) *e~3+1/3/d~4%Db
“2*xf"3%In(d*x+c+1)+1/16/d"4*b"2*xf ~3*1n (d*x+c+1) "2+1/16/d"4*b~2*f ~3*1n (d*x+c
-1)72+1/3/d"4*b"2*xf " 3*1n(d*x+c—1)+1/4*xb~2*xf "~ 3*arctanh (d*x+c) "2*xx~4+1/4*xb~2/
fxarctanh(d*x+c) “2%e”4+1/16xb"2/f*x1n(d*x+c—1) "2*e~4+1/16%b"2/f*1n (d*x+c+1)~
2*¥e"4+arctanh (d*xx+c) "2xx*b"2xe~3+3/8/d"2*xb " 2*xf*x1n (d*x+c—1) "2*%e~2+3/2/d"2*b"
2+%f*x1n(1/2+1/2*xd*x+1/2*c) *1n(-1/2*%d*x-1/2%c+1/2) *c*xe~2+3/d"3*b~2*xf "2*arctan
h(d*x+c)*1n(d*x+c+1) *c"2%e+3/2/d"3*b"2*f " 2%1n(-1/2*d*x-1/2*c+1/2) *1n (d*x+c+
1)*c™2*%e-3/2/d"2%b" 2xf*x1In(-1/2*d*x-1/2*c+1/2) *1n (d*x+c+1) *c*xe~2+3/2/d"3*b"2
*f72%x1n (-1/2%d*x-1/2%c+1/2) *1n(d*x+c+1) *c*e-3/d"2xb"2*f*xarctanh (d*x+c) *1n(d
*x+c+1) kcke”2+1/2/d73xb"2xf " 2%1n (-1/2*%d*x-1/2*c+1/2) *1n (d*x+c+1) *c~3*e-3/4/
d"2xb"2xf*1n(-1/2*xd*x-1/2%c+1/2) *1n(d*x+c+1) *c"2*xe~2+3/d"3*b~2*f " 2*arctanh (
dxx+c) *1n(d*x+c+1)*c*xe-3/2/d"2xb"2*xf*xarctanh (d*x+c) *1n (d*xx+c+1) *c"2*xe"2+1/d
~3*b~2xf " 2*xarctanh (d*x+c) *1n(d*x+c+1) *c~3*e-3/d"2*b"2*f*arctanh (d*x+c) *1n(d
*¥x+c—1)*c*xe”2-3/d"3%b"2*xf "2*arctanh (d*x+c) *1n(d*x+c—1) *c*xe+3/2/d"2*¥b"2*xf*1n
(1/2+1/2*d*x+1/2*c) *1n(d*x+c—1) *c*xe™2-3/d " 3*a*xb*f~2*x1n (d*x+c—1) *c*xe+3/d " 3*a
*b*f " 2+1n (d*x+c+1) *cxe—-3/2/d"2*a*xb*f*1n (d*x+c+1) *c"2*xe~2+3/d " 3*xa*xb*f~2*x1n(d
*x+c-1) *c"2*%e-3/4/d"2xb"2xfx1n (1/2+1/2*d*x+1/2*c) *1n(d*x+c—1) *c"2*%e~2-3/2/4
“3xbT2%f " 2x1n (1/2+1/2*%d*xx+1/2*%c) *1n(-1/2*%d*x-1/2*c+1/2) *c*xe-3/2/d"3*b~2*xf "2
*1n(1/2+1/2*d*x+1/2%c) *1n(d*x+c—1) *c"2%xe+3/2/d"3*b"2+xf " 2x1n (1/2+1/2*d*x+1/2
*c)*In(d*x+c-1) *cxe+1/2/d"3*xb"2+%f " 2+1n (1/2+1/2*d*x+1/2*c) *1n (d*x+c-1) *c"3*e
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-1/2/d73*%b"2%f"2%1n (1/2+1/2*d*x+1/2*c) *1n(-1/2*d*x-1/2%c+1/2) *c~3%e+3/4/d"2
*b"2xf*x1In(1/2+1/2*%d*x+1/2*c) *1n(-1/2*%d*x-1/2*c+1/2) *c~2*e~2-4*a*xb/d~2*xx*c*e
*f72-1/d"3xb"2*f " 2xarctanh (d*x+c) *1n(d*x+c-1) *c~3*e+3/2/d"2*¥b" 2xf*arctanh(d
*x+c) *In(d*xx+c—-1) *c"2*xe"2-3/d " 2*a*xb*f*1n (d*x+c-1) *cxe~2+1/d " 3*xa*xb*f ~2+1n (d*
x+c+1)*c"3*e+3/d " 3*axb*f " 2*x1n(d*x+c+1) *c"2*xe-3/d"2*a*xb*f*1n (d*x+c+1) *cxe~2-
1/d"3*axb*xf " 2*x1n (d*x+c-1) *c~3*e+3/2/d " 2*xa*xb*f*1n (d*x+c—1) *c"2%e~2+3/d"3*b"2
*f~2*arctanh (d*x+c)*1n(d*xx+c-1)*c"2%e-5/d" 3*axb*f " 2xc " 2xe+3/d " 2*xa*xb*f*c*e”2

Maxima [B] time = 1.9911, size = 1840, normalized size = 3.27

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 3*(atb*arctanh(d*x+c))~2,x, algorithm="maxima"

[Out] 1/4*a”2+f73xx"4 + a™2xe*xf~2xx"3 + 3/2%a"2xe 2xfxx"2 + 3/2x(2xx”2*arctanh (d*
X + c) + d*(2%x/d"2 - (c72 + 2%c + 1)*log(d*x + ¢ + 1)/d"3 + (c72 - 2%c + 1
)*log(d*x + ¢ - 1)/d”3))*axb*xe”2xf + (2xx~3*%arctanh(d*x + c) + d*((d*x"2 -
4xc*x)/d"3 + (c73 + 3xc”2 + 3*%c + 1)*log(d*x + ¢ + 1)/d"4 - (c™3 - 3*%c™2 +
3xc - 1)*xlog(d*x + c - 1)/d"~4))*axb*exf~2 + 1/12*%(6*x"4*arctanh(d*x + c) +
dx (2% (d"2%x73 - 3*ckd*x"2 + 3%(3xc”2 + 1)*x)/d"4 - 3*x(c™4 + 4%c”3 + 6%c”2 +
4xc + 1)xlog(d*x + c + 1)/d"5 + 3*(c™4 - 4%c™3 + 6%c”2 - 4*c + 1)*log(d*x
+ ¢ - 1)/d7B))*a*xbxf~3 + a"2*%e"3*x + (2*(d*x + c)*arctanh(d*x + c) + log(-(
d*xx + ¢c)72 + 1))*axbxe”3/d + (d73%e”3 + 3kc"2*kdxexf"2 - c73*f"3 + dxexf"2 -
(3*xd"2xe"2xf + £73)xc)*(log(d*x + c + 1)*log(-1/2%d*x - 1/2xc + 1/2) + dil
og(1/2*d*xx + 1/2%c + 1/2))*b"2/d"4 + 1/12%(13*%c”3*f73 + 18+d~2%e”2xf - 6*dx*
exf”2 - 6% (bkdxexf™2 - 3*%f73)*c”2 + 4*xf73 + 9% (2%d"2%e”2xf - 4xdkexf"2 + £~
3)*c)*b~2*log(d*x + ¢ + 1)/d™4 - 1/12%x(13%c™3*f73 - 18*d"2*e"2*f - 6*d*xexf”
2 - 6% (bkdxe*xf"2 + 3*xf73)*c”2 - 4xf73 + 9k (2xd"2*e"2+f + 4d*xdxexf”2 + £73)*c
)*¥b"2xlog(d*x + ¢ - 1)/d"4 + 1/48%(4xb~2*%d"2*f73%x72 + 8% (6%d"2*%exf~2 - b*c
*d*f"3) *¥b"2xx + 3k (b"2xdA"4*xf"3%x74 + 4xb"2xd " 4xexfT2xx"3 + 6%¥bT2*xd " 4*xe " 2xf*
X2 + 4xb72*xd"4%e"3xx - (cT4*f73 - 4*%d"3%e73 + 6%d"2%e"2xf - 4x(d¥xexf"2 - f
T3)%c”3 - 4kxdxexf72 + 6x(d72%e"24f - 2kdxexf"2 + £73)*xc”2 + £73 - 4*%(d"3*e”
3 - 3%d"2*e"2xf + 3kdxexf”"2 - £73)*c)*b"2)*log(d*x + c + 1)72 + 3% (b"2xd"4x
£73*%x74 + 4xb72%d"4*exfT2%x73 + 6xbT2xd"4*e"2*xf*x"2 + 4*b"2xd"4xe”3*x - (¢~
4xf73 + 4*d"3*e”3 + 6xd"2xe”2*xf - 4x(dxexf”2 + £73)*c”3 + 4d*xdxexf”2 + 6%(d”
2xe”2xf + 2xd*exf"2 + f73)*xc”2 + £73 - 4x(d"3%e”3 + 3kd"2xe”2xf + 3xdxexf”2
+ £73)*c)*b72)*xlog(~d*x — ¢ + 1)72 + 4x(b72xd"3*f"3*%x"3 + 3% (2%d"3*exf"2 -
cxd"2*f73) *b"2%x "2 + 3% (6*%d"3xe”2xf - 8xckd 2xe*xf"2 + 3xcT2xd*f”"3 + d*xf"3)
xb"2xx)*xlog(d*xx + c + 1) - 2% (2¥b~2*d"3*f73%x"3 + 6% (2*d"3*exf"2 - c*xd"2*f"
3)*b72%x72 + 6% (6%xd"3ke”2*xf - 8kcxd"2xexf"2 + 3kcT2xd*xf73 + d*f73)xb"2%xx +
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3k (b7 2%d"4*xf"3*x"4 + 4*xb"2*xd"4xe*xf"2*%x"3 + 6%b”2xd"4*e " 2xf*x"2 + 4*xbT2%d"4x*
e”3%x - (cT4*f"3 - 4xd"3*e"3 + 6+%d"2%e”2*f - 4x(dxexf"2 - f73)*c”3 - 4xd*ex
72 + 6x(d72xe”2xf — 2xd*exf”2 + f73)*c”2 + £73 - 4x(d"3%e”3 - 3*%d"2*e”2*f
+ 3xd*xexf~2 - £73)*c)*b~2)*log(d*x + ¢ + 1))*log(-d*x - ¢ + 1))/d"4

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (a2f3x3 +3a%ef2x® + 3% fx + a%e® + (b2f3x3 +3b%f?x* + 3b%e* fx + bze3) artanh (dx + ) + 2 (ubf3x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e) 3*(atb*arctanh(d*x+c))”2,x, algorithm="fricas")

[Out] integral(a“Q*f‘3*x“3 + 3%a " 2%exfT2%xx"2 + 3%a"2%e " 2*xf*xx + a"2%e”3 + (b"2*xf"3
*x73 + 3xb"2%exf"2%xx"2 + 3xb"2*xe"2xfxx + b 2%e"3)*arctanh(d*x + c)~2 + 2%(a
*bxf"3%x"3 + 3kxaxbkexf 2xx"2 + 3kxaxbxe”2xfxx + axb*xe”3)*arctanh(d*x + c), x

)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)**3*(atb*atanh(d*x+c))**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (fx + 3)3(19 artanh (dx + ) + a)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e) 3*(atb*arctanh(d*x+c))~2,x, algorithm="giac")

[Out] integrate((f*x + e) 3*(b*xarctanh(d*x + c) + a)~2, x)
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339 [(e+ fx?(a+btanh™(c +dx)) dx

Optimal. Leaf size=374

c+dx+1

b? ((352 + 1) f?~ 6cdef + 3d2€2) PolyLog (2/ _m) (de - cf) ((cz + 3) f? = 2cdef + dzez) (a +btanh ™ (c + dx
3d° - 3d3f

[Out] (b™2%f~2*x)/(3*%d"2) + (2%axbxf*x(d*e - c*f)*x)/d"2 - (b"2xf 2xArcTanh[c + d*
x]1)/(3%d"3) + (2*%b~2*f*x(d*xe - cxf)*(c + d*x)*ArcTanh[c + d*x])/d~3 + (bxf"2

*(c + d*x) " 2x(a + bxArcTanh[c + d*x]))/(3%*d"3) - ((d*xe - cxf)*(d"2%e”2 - 2%
cxdxexf + (3 + ¢c”2)*f"2)*(a + bxArcTanh[c + d*x])~2)/(3*d"3*f) + ((3*d"2xe”

2 - 6xckdkexf + (1 + 3%c™2)*f"2)*x(a + b*ArcTanh[c + d*x])~2)/(3%*d"3) + ((e

+ fxx)“3*%(a + bxArcTanh[c + d*x])~2)/(3*f) - (2%b*x(3*d"2*e”2 - 6*xckxd*exf +

(1 + 3*c™2)*f"2)*(a + b*ArcTanh[c + dxx])*Log[2/(1 - ¢ - d*x)])/(3%d"3) + (

b~ 2*xfx(dxe - c*xf)*Log[l - (c + d*x)72])/d"3 - (b72%(3*%d"2xe”2 - 6*cxd*exf +

(1 + 3xc™2)*f72)*PolyLog[2, -((1 + ¢ + d*x)/(1 - ¢ - d*x))])/(3*%d"3)

Rubi [A] time = 0.639586, antiderivative size = 374, normalized size of antiderivative =

o - . ber of rul
1., number of steps used = 16, number of rules used = 13, integrand size = 20, i
integrand size

= 0.65, Rules used = {6111, 5928, 5910, 260, 5916, 321, 206, 6048, 5948, 5984, 5918, 2402,
2315}

c+dx+1

12 (3¢ +1) 2 - bcdef + 3d%¢%) PolyLog (2, ~<5L) (4o oy (2 + 3) f2 — 2adef + ) (a + btanh™ (e + d
3d3 - 3d3f

Antiderivative was successfully verified.

[In] Int[(e + f*xx)~2%(a + b*ArcTanh[c + d*x])~2,x]

[Out] (b~2*xf~2%x)/(3*d"2) + (2*xaxb*f*x(d¥e - c*f)*x)/d"2 - (b~ 2*f 2%ArcTanh[c + d*
x])/(3*d"3) + (2%b"2xfx(d*e — c*f)*(c + d*x)*ArcTanh[c + d*x])/d"3 + (b*f"2

*(c + d*x) " 2*%(a + bxArcTanh[c + d*x]))/(3%d"3) - ((d*e — c*xf)*(d"2%e"2 - 2%
cxdxexf + (3 + c"2)*f"2)*x(a + b¥ArcTanh[c + d*x])~2)/(3*%d"3*xf) + ((3*xd~2*e”

2 — 6xckd*exf + (1 + 3*xc™2)*xf~2)*(a + bxArcTanh[c + d*xx])~2)/(3*%d"3) + ((e

+ fxx)“3*%(a + bxArcTanh[c + d*x])~2)/(3xf) - (2%b*(3*xd"2*e”2 - 6xckxd*exf +

(1 + 3xc™2)*f72)x(a + bxArcTanh[c + d*x])*Log[2/(1 - ¢ - d*x)])/(3%d"3) + (

b~ 2*fx(dxe - cxf)*Log[l - (c + d*x)~2])/d"3 - (b72%(3*%d"2xe"2 - 6*cxd*exf +

(1 + 3%c™2)*f~2)*PolyLog[2, -((1 + ¢ + d*x)/(1 - ¢ - d*x))])/(3*d"3)

Rule 6111
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Int[((a_.) + ArcTanh[(c_) + (d_D)*x)DI*(_.))"(p_)*x((e_.) + (f_.)*x(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) "m*x(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, O]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_8S
ymbol] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]

&% IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2xx~2), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
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Qla, O] || LtQlb, 0])

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_)*((f) + (g_)*(x D))" (m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] & I
GtQlp, 0] && EqQ[c™2xd + e, 0] && IGtQ[m, O]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2+d + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d ) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b¥ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c™2%x72)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - 72, 0
]

Rule 2402

Int[Log[(c_.)/((d.) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, T, gt, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rubi steps
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de—cf  fx 2 -1 2
Subst f(— + —) (a + btanh (x)) dx, x,c + dx

f(e + fx)? (a +btanh (¢ + lex))2 dx = y

e+ frP (a+ btanh (e ) @)SUDSt ( f( i

3f2 (de—cf)(a+b tanh ™t (x))

3f

(e fx)? (a +btanh ™ (c + dx))2

de— d2e2-2cde 24c2£2)
(2b) Subst ( f (e-cf(#e-2edef 37242 12)

3f

2abf(de - cf)x bf2(c + dx)? (a +btanh ™ (c + dx)) (e + fx)® (a + btar
= +

dZ

38 " 37

P . 2abf(de — cf)x s 212 f(de — cf)(c + dx) tanh ™ (c + dx) N bf*(c+

T 342 42

a3

P . 2abf(de - cf)x P2 f2 tanh ™' (c + dx) . 20 f(de — cf)(c + dx) tan

T 342 42

3d3 a3

P . 2abf(de —cf)x P2f2 tanh ™' (c + dx) . 20 f(de — cf)(c + dx) tan

T 342 42

3d3 a3

P .\ 2abf(de —cf)x P2 f2 tanh ™! (c + dx) s 20 f(de — cf)(c + dx) tan

T 342 a2

3d3 a3

_ Pfx .\ 2abf(de—cf)x b*f? tanh™(c + dx) s 20 f(de — cf)(c + dx) tan

T 342 2

3d3 a3

Mathematica [B] time = 2.98149, size = 795, normalized size = 2.13

1 1 -
5azf2x3 + a?efx? + a’e®x + gab 2x (36’2 +3fxe + fzxz) tanh ™ (c + dx) +

Warning: Unable to verify antiderivative.

[In] Integratel[(e + f*xx)72%(a + b¥ArcTanh[c + d*x])~2,x]

dfx(6de - cf +dfx) - (c —1) (3d% - 3
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[Out] a™2*%e”™2*x + a”2*e*xf*x”2 + (a™2*xf72xx73)/3 + (axbx(2*x*(3%e™2 + 3kexf*x + f~
2%x72)*ArcTanh[c + d*x] + (dxf*xx*(6xd*e - 4xcxf + dxfxx) - (-1 + c)*(3*d"2x
e”2 - 3x(-1 + c)*dxexf + (-1 + c)"2*%f"2)*xLog[l - ¢ - d*x] + (1 + c)*(3%d"2x
e”2 - 3x(1 + c)*dxexf + (1 + c)"2xf72)*Log[l + c + dx*x])/d"3))/3 + (b™2%e"2
x(ArcTanh([c + d*x]*((-1 + ¢ + d*x)*ArcTanh[c + d*x] - 2%Log[l + E~(-2xArcTa
nh[c + d*x])]) + PolyLogl[2, -E~(-2%ArcTanh[c + d*x])]))/d + (b™2xe*xfx((-1 +
2%c - ¢72 + d72*x72)*ArcTanh[c + d*x]~2 + 2%ArcTanh[c + d*x]*(c + d*x + 2%
cxLog[1l + E~(-2%ArcTanh[c + d*x])]) - 2xLogl[1/Sqrt[1l - (c + d*x)~2]] - 2%c*
PolyLog[2, -E~(-2%ArcTanh[c + dx*x])]))/d"2 - (b~2*xf72*%(1 - (c + d*x)~2)7(3/
2)*x(-((c + d*x)/Sqrt[1 - (c + d*x)72]) + (6xcx(c + d*x)*ArcTanh[c + dxx])/S
qrt[l - (c + d*x)"2] + (3x(c + d*x)*ArcTanh[c + d*x]~2)/Sqrt[1l - (c + d*x)~
2] - (3%c™2x(c + d*x)*ArcTanh[c + d*x]~2)/Sqrt[l - (c + d*x)~2] + ArcTanhl[c
+ d*x] "2*Cosh [3*ArcTanh[c + d*x]] + 3*c”2*%ArcTanh[c + d*x]~2*Cosh[3*ArcTan
hlc + d*x]] + 2xArcTanh[c + d*x]*Cosh[3*ArcTanh[c + d*x]]*Logl[l + E~(-2*Arc
Tanh([c + d*x])] + 6*%c”2*ArcTanh[c + d*x]*Cosh[3*ArcTanh[c + d*x]]*Log[l + E
~(-2xArcTanh[c + d*x])] - 6xcxCosh[3*ArcTanh[c + d*x]]*Log[1/Sqrt[1 - (c +
dxx)~2]] + (3%(1 - 4xc + 3*c™2)*ArcTanh[c + d*x]~2 + 2*ArcTanh[c + d*x]*(2
+ (3 + 9%c™2)*Log[1 + E"(-2xArcTanh[c + d*x])]) - 18*c*xLog[1/Sqrt[l - (c +
d*x)~2]]1)/Sqrt[1 - (c + d*x)~2] - (4%(1 + 3*c”2)*PolyLog[2, -E~(-2%ArcTanh[
c +d*x])])/(1 - (c + d*x)~2)7(3/2) - Sinh[3*ArcTanh[c + d*x]] + 6*cxArcTan
hlc + d*x]*Sinh[3*ArcTanh[c + d*x]] - ArcTanh[c + d*x]~2%Sinh[3*ArcTanh[c +
d*x]] - 3%c”2%ArcTanh[c + d*x]~2*Sinh[3*ArcTanh[c + d*x]]))/(12%d"3)

Maple [B] time = 0.069, size = 2694, normalized size = 7.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 2% (a+b*arctanh(d*x+c))~2,x)

[Out] -1/2/d72*%b"2xf*1n(-1/2*d*x-1/2*c+1/2)*1n(d*x+c+1) *c " 2%e-2/d " 2*axb*xf*1n (d*x+
c-1)*cxe-1/d"2xaxbxf*1n(d*x+c+1) *c™2*%e-1/d"2xb"2*f*1n (-1/2*d*x-1/2%c+1/2) 1
n(d*xx+c+1) xcxe+2*axb/d*x*e*xf-1/2/d*xb"2x1n(1/2+1/2*d*x+1/2*c) *1n(-1/2*d*x-1/
2%c+1/2) *cxe”2+1/2/d*xb"2x1n (-1/2*d*x-1/2*c+1/2) *1n (d*x+c+1) *c*e™2+1/6/d"3*b
~2+f72%1n(-1/2*%d*x-1/2*%c+1/2) *1n (d*x+c+1) *c"3+1/2/d"3*b"2*xf ~2*x1n (-1/2*d*x-1
/2*%c+1/2) *1n(d*x+c+1) *c™2+1/2/d"2%b" 2*xf*1n(1/2+1/2*d*x+1/2*c) *1n(-1/2*d*x-1
/2%c+1/2) *e-1/d"3*b~2xf ~2xarctanh (d*x+c) *1n(d*x+c—-1) *c+1/3/d"3*b~2*f ~2*arct
anh (d*x+c) *1n(d*x+c+1) *c~3+1/d"3%b"2*f ~2*arctanh (d*x+c) *1n(d*x+c+1) *c"2+1/d
~3*xb~2xf " 2*xarctanh (d*x+c) *1n(d*xx+c+1) *c-1/3/d"3*b"2xf " 2*xarctanh (d*x+c) *1n(d
*x+c-1) *c"3+1/d"3*b"2xf "2*arctanh (d*x+c) *1n(d*x+c-1) *c~2+1/6/d"3*%b~2*f "2*1n
(1/2+1/2*d*x+1/2*c) *1n(d*x+c-1) *c~3-1/d"3*axb*xf~2*x1n (d*x+c—1) *c+1/d"3*a*xbx*f
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“2x1n(d*x+c+1)*c-1/d"2*b"2*f*arctanh (d*x+c) *1n (d*x+c+1) *e-1/2/d"2*¥b~ 2*xf*1n(
1/2+1/2*d*x+1/2%c) *1n(d*x+c-1) *e-1/6/d"3*b"2*f " 2%1n(1/2+1/2*d*x+1/2%c) *1n (-
1/2xd*xx-1/2*c+1/2)*c~3-1/2/d"3*b"2xf " 2*x1n(1/2+1/2*d*x+1/2*c) *1n(-1/2*d*x-1/
2%c+1/2)*%c™2-1/2/d"3xb"2xf " 2x1n (1/2+1/2*%d*x+1/2*c) *1n(-1/2*xd*x-1/2%c+1/2) *c
-1/2/d72*%b"2*f*1n(-1/2%d*x-1/2*c+1/2) *1n(d*x+c+1) *e+2/d"2*b~2*f*dilog(1/2+1
/2*%dxx+1/2*%c)*cxe+1/4/d" 2%~ 2xf*x1n (d*xx+c+1) “2%c™ 2*%e+1/2/d"2%b~ 2xf*1n (d*xx+c+
1)"2%c*xe-1/2/d"2+%b" 2xf*x1n (d*xx+c-1) "2*c*xe+1/4/d"2+%b" 2xf*1n (d*x+c-1) “2%c™ 2*e-
4/3/d"2xb"2*f " 2xarctanh (d*x+c) *x*c+2/d*b~2*f*arctanh (d*xx+c) *exx+2*arctanh (d
*xX+c) *x*axbxe”2+2/3%axbxf ~2*xarctanh (d*x+c) *x~3+2/3*%axb/f*arctanh (d*x+c)*e”3
+1/6*%b"2/f*1n(1/2+1/2*%d*x+1/2*c) *1n(-1/2*d*x-1/2*c+1/2) *e~3-1/6%b"2/f*1n(-1
/2*%d*xx-1/2*c+1/2) *1n(d*x+c+1) *e~3+1/3*a*xb/f*1n(d*x+c-1)*e~3-1/3*axb/f*1n(d*
x+c+1)*e~3-1/6*b"2/fx1n(1/2+1/2*d*x+1/2*c) *1n(d*x+c-1)*e~3-1/3*%b"2/f*arctan
h(d*x+c)*1n(d*x+c+1) *e~3+1/3*b~2/f*arctanh (d*x+c) *1n(d*x+c-1)*e~3+1/3/d*ax*b
*f72%x72+1/d*e” 2%axbx1n (d*xx+c—1)+1/3*%a"2*%f " 2*xx"3+a" 2xx*e"2+1/d"2*%b" 2*f*arct
anh (d*x+c) *1n(d*x+c—1)*c"2%e-2/d " 2*a*b*f*1n(d*x+c+1) *cxe+1/d " 2*a*xb*f*1n(d*x
+c-1)*c"2%xe-2/d"2xb"2xf*arctanh (d*x+c) *1n(d*x+c-1)*c*xe-1/d"2xb~2*f*arctanh (
dxx+c) *1n(d*x+c+1)*c™2%xe+1/d"2xb " 2xf*x1n(1/2+1/2*d*x+1/2*c) *1n(d*x+c-1) *xc*xe+
1/2/472xb"2%fx1n (1/2+1/2*%d*x+1/2*c)*1n(-1/2*d*x-1/2*%c+1/2) *c"2*e+1/d"2*b~ 2%
fx1In(1/2+1/2*d*x+1/2%c) *1n(-1/2*d*x-1/2*c+1/2) *cxe-1/2/d"2*%b"2*xf*1n(1/2+1/2
*d*x+1/2%c) *In(d*x+c—1) *c"2*%e-2/d"2*%b" 2*f*arctanh (d*x+c) *1n (d*x+c+1) *c*xe+1/
3xb~2*f " 2xarctanh (d*x+c) "2*x~3+arctanh (d*xx+c) "2*xx*xb~2%e"2+1/12%b~2/f*x1n (d*x
+c+1) "2%e”3-1/d*b"2*dilog(1/2+1/2%d*x+1/2%c) *e”2-1/3/d"3*b"2*xf " 2xdilog(1/2+
1/2%d*x+1/2%c)-1/12/d"3*b"2*xf " 2*x1n(d*x+c+1) "2+1/6/d"3*b~2*f " 2x1n (d*x+c-1) -1
/6/d"3%b"2xf " 2%1n(d*x+c+1)+1/12/d"3*b"2*f " 2x1n (d*x+c-1) "2-1/4/d*b~2*1n (d*x+
c+1)"2%e"2+1/4/d*b" 2x1n(d*x+c—1) "2*xe"2+1/12%b"2/f*In (d*x+c—1) "2*xe~3+1/3%b"2
/f*arctanh(d*xx+c) "2*xe~3+a"2*xf*x"2%e+1/3/d " 3*b"2*f"2*c+1/3*xa~2/f*e"3-5/3/d4"3
*axbxf ~2*xcT2+b " 2*xf*xarctanh (d*x+c) "2*%exx"2+1/3%b 2% f "2%x/d"2-1/d"3%b " 2*f "2%1
n(d*x+c+1)*c+1/4/d"2xb"2*f*1n (d*x+c+1) "2*xe+1/d"2%b" 2*xf*x1n (d*x+c-1) *e+1/d" 2%
b~ 2xfx1n(d*xx+c+1)*e+1/d*e” 2*xa*b*In(d*x+c+1)+1/3/d"3*a*xb*f " 2*x1In(d*x+c-1)+1/3
/A" 3*a*xb*f"2x1n(d*x+c+1)-1/6/d"3*b"2+%f " 2x1n(1/2+1/2*d*x+1/2%c) *1n (-1/2*d*x~
1/2%c+1/2)+1/6/d"3*%b"2*f " 2x1n(-1/2*d*x-1/2*c+1/2) *1n(d*x+c+1)+1/4/d"2xb"2*f
*1n(dxx+c-1) "2%e-1/12/d"3%b"2*f "2*1n(d*x+c—-1) "2*%c”~3-1/4/d"3*b~2*f ~2*1n (d*x+
c+1)"2xc"2-1/4/d73%b"2xf " 2x1n (d*x+c+1) "2%c-1/d"3*b"2xf "2*xdilog (1/2+1/2*d*x+
1/2%c)*c™2+1/d*b~2*arctanh (d*xx+c) *1n (d*x+c+1) *e~2-1/2/d*b"2x1n (1/2+1/2*d*xx+
1/2*xc)*1n(d*x+c-1)*e"2-1/2/d*b"2*1n(1/2+1/2*xd*x+1/2*c) *1n(-1/2*d*x-1/2*c+1/
2)*e"2+1/d*b~2*arctanh (d*x+c) *1n(d*x+c-1) *e”2+1/2/d*b"2*x1n(-1/2*xd*x-1/2*c+1
/2)*1n(d*x+c+1) *e™2+1/4/d"3*b"2*xf " 2*x1n (d*x+c—1) "2*c~2-1/4/d"3*b~2xf ~2*x1n (d*
x+c-1) "2xc+1/3/d"3*b~2xf " 2*arctanh (d*x+c) *1n(d*x+c-1)+1/3/d"3*%b"2*xf "2*arcta
nh(d*x+c)*1n(d*x+c+1)-1/6/d"3*b"2*f~2x1n(1/2+1/2*d*x+1/2*c) *1n(d*x+c-1)+1/3
/dxb~2xf " 2*xarctanh (d*x+c)*x~2-5/3/d"3*b"2*%f " 2xarctanh (d*xx+c) *c"2-1/4/d*xb~ 2%
In(d*x+c-1) "2*c*e"2-1/4/d*b"2*1n (d*x+c+1) "2*c*xe"2-1/12/d"3*b"2+f "2*1n (d*x+c
+1)"2*%c”3-1/d"3*b"2*xf " 2% 1n (d*x+c-1) *c-4/3*a*xb/d"2*xx*xc*xf~2+2/d"2*%b " 2*xf*arcta
nh (d*x+c)*e*xc-1/3/d"3*xaxbxf " 2x1n(d*x+c-1)*c~3+1/d"3*a*xb*xf " 2x1n(d*x+c-1)*c"2
+1/3/d"3*%a*xbxf " 2%1n(d*x+c+1)*c”3+1/d"3*a*xb*f " 2*1n (d*x+c+1) *c™2+1/d " 2xa*xb*f*
In(d*x+c-1)*e-1/d"2*axbxf*1n(d*x+c+1) *e-1/d*a*b*1n(d*x+c—1)*c*xe”2+1/d*a*b*1
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n(d*x+c+1)*xcxe”2+1/d*b~2*arctanh (d*x+c)*1n(d*x+c+1) *c*e”2+1/2/d*b~2x1n(1/2+
1/2*xd*x+1/2xc)*1n(d*x+c-1) *c*e”~2-1/d*b~2*arctanh (d*x+c) *1n(d*x+c-1) *cxe~2+2
xaxbxfxarctanh (dxx+c) *exx~2-1/2/d"3xb"2+xf " 2x1n (1/2+1/2*d*x+1/2*c) *1n (d*x+c—
1) *c™2+1/2/d73*b"2+%f "2%1n (1/2+1/2*d*x+1/2*c) *1n(d*x+c-1) *c+1/d"2*xb"2xf*xarct
anh (d*x+c) *1n(d*x+c—1)*e+1/2/d"3*%b"2*%f " 2*x1n(-1/2*d*x-1/2%c+1/2) *1n(d*x+c+1)
*c+2/d " 2*%axbxf*c*e

Maxima [B] time = 1.95469, size = 1088, normalized size = 2.91

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2x(atb*arctanh(d*x+c))”2,x, algorithm="maxima")

[Out] 1/3*a~2*f72xx"3 + a™2xe*xf*x"2 + (2*x"2*arctanh(d*x + c) + d*(2*xx/d"2 - (c”2
+ 2xc + 1)*log(d*x + c + 1)/d™3 + (c™2 - 2%c + 1)*log(d*x + ¢ - 1)/d"3))*a
xbkxexf + 1/3%(2xx"3*arctanh(d*x + c) + d*x((d*x"2 - 4*c*x)/d"3 + (c73 + 3%c”
2 + 3*%c + 1)*log(d*x + ¢ + 1)/d™4 - (c™3 - 3*%c™2 + 3*c - 1)xlog(d*x + c - 1
)/d”4) ) kaxb*f"2 + a"2%e"2*x + (2x(d*x + c)*arctanh(d*x + c) + log(-(d*x + ¢
)72 + 1))xaxbxe”2/d + 1/3%(3*%d"2xe”2 - 6*cxd*exf + 3xc"2xf72 + £72)*(log(dx
X + ¢ + 1)*log(-1/2*%d*x - 1/2*%c + 1/2) + dilog(l/2*d*x + 1/2%c + 1/2))*b~2/
d™3 - 1/6%(5*c™2*%f72 - 6xdkexf - 6x(d¥exf - £72)*c + £72)xb"2*log(d*x + c +
1)/d73 + 1/6%(5xc™2xf72 + 6xd*xexf - 6x(d*xexf + £72)xc + £72)*b"2xlog(d*x +
c - 1)/d73 + 1/12x(4*xb~2xd*f~2%x + (b72xd"3*f"2%x"3 + 3*b"2xd"3*e*xf*x"2 +
3xb72xd"3*%e”"2xx + (c73*%f72 + 3xd"2%e”2 - 3x(dxexf - £72)*c”2 - 3xdkexf + 3%
(d72%e72 - 2xdxexf + £72)*c + £72)*b"2)*log(d*x + c + 1)72 + (b~2%d"3*f " 2%x
~3 + 3%b72xd"3kexf*x"2 + 3%b72xd"3*e”2*x + (c73*f72 - 3xd"2*e”2 - 3x(dxexf
+ £72)*%c72 - 3xd¥exf + 3x(d72%e”2 + 2xd¥xexf + £72)xc - £72)*b72)*log(-d*x -
c + 1)72 + 2% (b72xd"2*%f72%x72 + 2% (3xd"2*xexf - 2*cxd*f~2)*b~2*x)*log(d*xx +
c + 1) - 2x(b72xd™2+f72%x72 + 2% (3xd"2%exf - 2kckd*f72)*b"2xx + (b~2%d"3*f
T2%x73 + 3xbT2xd"3*kexf*x"2 + 3xb”2xd"3*e"2%x + (c73*f72 + 3xd"2%xe”2 - 3k (dx*
exf - £72)*%c72 - 3kdkexf + 3*%(d"2%e”2 - 2xdkexf + £72)*c + £72)*b"2)*1log(dx*
x + ¢ + 1))*log(-d*x - ¢ + 1))/d"3

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (a2f2x2 +2a%efx + a%e? + (b2f2x2 +2b%fx + bzez) artanh (dx + ¢)* + 2 (ubf2x2 +2abefx + abez) artanh (

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((f*x+e) 2x(atb*arctanh(d*x+c))”2,x, algorithm="fricas")

[Out] integral(a™2*f~2*x"2 + 2xa”2xexf*x + a”2%e”2 + (b7™2*xf72*%x"2 + 2%b " 2xe*xf*x +
b~ 2%e"2)*arctanh(d*x + c)~2 + 2*x(a*xbxf"2%x"2 + 2*axbkexf*xx + axb*xe”2)*arct

anh(d*x + c), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)**2*(atb*atanh(d*x+c))**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (fx + e)z(b artanh (dx +¢) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2x(atb*arctanh(d*x+c))~2,x, algorithm="giac")

[Out] integrate((fxx + e) 2*(b*arctanh(d*x + c) + a)~2, x)
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340  [(e+ fx)(a+btanh(c+dv) dx

Optimal. Leaf size=221

dx+1
P (de - cf)PolyLog (2, ——_C:_;;l) (2 +1) f2 - 20def + ) (a+ btanh ™ (c +dv))  (de—cf) (a+btanh™(c
- +

P2 202f P2

[Out] (axb*xf*x)/d + (b~2*fx(c + d*x)*ArcTanh[c + d*x])/d"2 + ((d*e - c*f)*(a + bx
ArcTanh[c + d*x])72)/d"2 - ((d"2%e”2 - 2%c*d*exf + (1 + c”2)*f"2)*(a + b*Ar
cTanh[c + d*x])~2)/(2xd"~2%f) + ((e + f*x)"2%(a + bxArcTanh[c + dxx])~2)/(2%

f) - (2%b*(d*e - c*xf)*(a + b*ArcTanh[c + d*x])*Log[2/(1 - ¢ - d*x)])/d"2 +
(b~2xfxLogl[l - (c + d*x)"2])/(2%d"2) - (b~2x(d*e - c*f)*PolyLogl[2, -((1 + c

+ dxx)/(1 - ¢ - d*x))])/d"2

Rubi [A] time = 0.462205, antiderivative size = 220, normalized size of antiderivative =

. . number of rules
1., number of steps used = 13, number of rules used = 10, integrand size = 18, —————
integrand size

= 0.556, Rules used = {6111, 5928, 5910, 260, 6048, 5948, 5984, 5918, 2402, 2315}

—c—dx+1

12 c+dxtl —(CZJr—l)f + 2ce — a2 (a +btanh™ (c+ dx))2 -1
(de — cf)PolyLog (2, - ) d f (de —cf) (a +btanh (c+ dx))
- + +

d? 2d d?

Antiderivative was successfully verified.

[In] Int[(e + f*xx)*(a + b*ArcTanh[c + d*x])~2,x]

[Out] (axb*xfx*x)/d + (b~™2%fx(c + d*x)*ArcTanh[c + d*x])/d"2 + ((d*xe - c*xf)x(a + b*
ArcTanh[c + d*x])~2)/d"2 + ((2*c*e - (d*e”2)/f - ((1 + c”2)*f)/d)*(a + b*Ar
cTanh[c + d*x])~2)/(2xd) + ((e + fxx)~"2*(a + bxArcTanh[c + d*x])~2)/(2xf) -

(2%b* (d*e - cxf)*(a + bxArcTanh[c + d*x])*Log[2/(1 - ¢ - d*x)])/d"2 + (b™2
xf*xLog[l - (c + d*x)~2])/(2%d"2) - (b"2x(d*e - c*f)*PolyLog[2, -((1 + c + d
*x)/(1 - ¢ - d*x))])/d"2

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (fxx)/d) "m*(a + b*A
rcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGt
Qlp, 0]
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Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*xx)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c”2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]

&% IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2xx~2), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x™n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)*((£f_) + (g_.)*(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(@ + exx”2), (f + g*x)°"m, x], x] /; FreeQ[{a, b, ¢, d, e, f, gr, x] & I
GtQlp, 0] && EqQl[c™2*d + e, 0] && IGtQ[m, O]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x )I*(b_.))"(p_.)*(x_))/((d.) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQc™2%d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + bx*ArcTanh[c*x]) “p*Logl[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, x], x]1 /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2%¥d"2 - e72, 0
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Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Log[(c_.)*(x_)1/((d_ ) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + cx*d, 0]

Rubi steps
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Subst (f (de_cf + E) (ﬂ + btf:adnh_l(x))2 dx,x,c+ dx)

f e+ fx) (a + btanh™(c + dx)) dx =

d d
d
fz(a+b tanhfl(x)) (d2e2—2cdej
e+ fxP(a+ btanh (c + d))  DSUDst ( [ (_ i)
= T )
(d22-2cdef+(1+¢2) 242 f(de—cf)v)(
(e + fx)? (a +btanh™ (c + dx))z b Subst (f 21
= T ) -
bSubst | [ - (“ 72 )(
1-x2

2(a+btanh (c+d
abfx+(e+fx) (a+ tanh “(c + x))

d 2f

e+ fx? (a+btanh ™ (c+dv) (b

abfx b2 f(c + dx) tanh ™' (c + dx) N

d P2 2f
_ 2 '
abfx BPf(c+dx)tanh(c +dx) (de—cf)(a+btanh”(c+dy)) (4
i = + > _ v

abfx b2 f(c + dx) tanh ™' (c + dx) N

(de—cf) (a+btanh ™ (c+d)  (d

d d?

abfx V2f(c + dx) tanh ™ (c + dx) N

42 -
(de—cf) (a+btanh ™ (c+d)  (d

d d?

42 o

(de - cf) (a +btanh ™ (c + dx))2 (tilI

abfx  b2f(c+dx)tanh™ (c + dx)
i 2 "

Mathematica [A]

42 B

time = 0.53985, size = 271, normalized size = 1.23

2b?(de - cf)PolyLog (2, —e‘Zta“hfl(”dx)) — a2c2f + 2a%cde + 2a*d2ex + a?d2 Fx2 + 2b tanh ™ (c + dx) (—(c + dx)(acf -

Warning: Unable to verify antiderivative.

[In] Integratel[(e + f*x)*(a + b*ArcTanh[c + d*x])~2,x]

[Out] (2*%xa”2*c*xdxe + 2kaxbxcxf - a”2%c™2*xf + 2%a~2xd"2%e*xx + 2*xaxbkxd*xf*xx + a~2%d”
2xf*xx"2 + b72%x (-1 + ¢ + d*x)*(2*%d*xe + f - cxf + dxf*xx)*ArcTanh[c + d*x]~2 +
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2xb*ArcTanh[c + d*x]*(-((c + d*x)*(-(b*f) + akxcxf - axd*(2%e + f*x))) - 2%
bx(d*e - c*f)*Logl[l + E~(-2%ArcTanh[c + d*x])]) + axbxf*xLog[l - ¢ - d*x] -
axbxf*Log[l + c + d*x] - 4xaxbxd*exLog[1/Sqrt[l - (c + d*x)~2]] - 2%b~2*fx*L
ogll/Sqrt[l - (c + d*x)~2]] + 4*axb*xcxfxLog[1/Sqrt[l - (c + d*x)~2]] + 2x%b~
2% (d*e - cxf)xPolyLog[2, -E~(-2*ArcTanh[c + d*x])])/(2*d"2)

Maple [B] time = 0.053, size = 857, normalized size = 3.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e)*(atb*arctanh(d*x+c))”~2,x)

[Out] -1/2/d"2*axb*x1n(d*xx+c+1)*xf+1/4/d"2%b"2x1n(d*x+c+1) "2%cxf-1/4/d"2xb"2*x1n (d*x

+c—1)"2xc*f+1/d"2xb"2xdilog (1/2+1/2*%d*x+1/2*c) *cxf+1/2/d"2*axb*1n (d*x+c-1)*
f-1/4/d72*b"2x1n(1/2+1/2*d*x+1/2*c) *1n(d*x+c—1)*f-1/2/d"2*b"2*arctanh (d*x+c
)*1n(d*x+c+1)*f+1/d*exb " 2*arctanh (d*x+c)*1n(d*x+c-1)+1/d*exb~2*xarctanh (d*x+
c)*1n(d*x+c+1)-1/2/d*e*xb”2x1n(d*x+c-1)*1n(1/2+1/2*d*x+1/2*c)+1/2/d*e*b”~2x1n
(-1/2*d*x-1/2*c+1/2) *1n(d*x+c+1)-1/2/d*exb”2*1n(-1/2*d*x-1/2%c+1/2)*1n(1/2+
1/2*xd*x+1/2*c)+1/d*e*a*b*1n(d*x+c—1)+1/d*e*xa*xb*1ln(d*x+c+1)-1/4/d*exb~2x1n(d
*x+c+1) T24+a" 2kxke+1/2%xa"2xx " 2%f+1/4/d*e*xb” 2% 1n (d*x+c—1) "2+axbxf*x/d+1/d"2*a
*bkxckf+1/4/d72xb"2x1n(1/2+1/2%d*x+1/2*c) *1n(-1/2*d*x-1/2%c+1/2) *f+1/2/d"2*b
“2x1n(d*x+c-1)*f-1/d"2*a*xb*1ln(d*x+c+1)*c*xf-1/d " 2*a*xb*x1n(d*x+c-1) *xc*f+2/d*ar
ctanh (d*x+c) *axb*cxe-1/2/d"2+¥b"2x1n (-1/2*%d*x-1/2%c+1/2) *1n(d*x+c+1) *c*f+1/2
/A" 2%b"2+%1In(1/2+1/2*xd*x+1/2*c) *1n (d*x+c-1) *c*xf+1/2/d"2xb"2*x1n (1/2+1/2*d*x+1
/2%c)*1In(-1/2*d*x-1/2*c+1/2) *cxf-1/d"2*%b"2*arctanh (d*x+c) *1n (d*x+c+1) *c*xf-1
/4" 2xb~2%arctanh (d*x+c) *1n(d*x+c-1) xcxf-1/d"2*axb*arctanh (d*x+c)*f*xc~2+1/2/
d"2%b~2*arctanh (d*x+c) *1n(d*x+c-1)*f-1/d*b~2*xdilog (1/2+1/2*%d*x+1/2%c) *e+1/2
/A" 2xb"2*%1n (d*x+c+1)*f+1/8/d"2*b"2*%1n (d*x+c+1) "2*xf+1/8/d"2*xb"2*1n (d*x+c-1) "~
2%f+1/2%b" 2xarctanh (d*x+c) "2*xf*xx~2+arctanh (dxx+c) ~“2xx*b~2xe-1/2/d"2*%a"2xc"2
*f+1/d*a”2xcxe+1/d*xb~2*xarctanh (d*x+c) xf*x+axbxarctanh (d*xx+c) *f*xx~2+2%arctan
h(d*x+c) *x*axb*xe-1/4/d"2*%b"2x1n(-1/2*d*x-1/2%c+1/2) *1n(d*x+c+1) *f+1/d*arcta
nh (d*x+c) "2*xb~2xc*xe+1/d " 2*xb~2*arctanh (d*x+c) *f*xc-1/2/d"2*%b"2*arctanh (d*x+c)
“2xf*xc”2

Maxima [B] time = 1.92932, size = 560, normalized size = 2.53

(c2+2c+1)1og(dx+c+1) (c2—2c+1)10g(dx+c—1)

1 1
5ngxz+§ 2x%artanh (dx +c) +d d_;c_ a3 " &

])ab f + a’ex
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arctanh(d*x+c))~2,x, algorithm="maxima"

[Out] 1/2*%a”2xfxx"2 + 1/2x(2*x"2%arctanh(d*x + c) + d*(2*x/d"2 - (c72 + 2%c + 1)%
log(d*x + ¢ + 1)/d™3 + (c7™2 - 2%c + 1)*log(d*x + ¢ - 1)/d”3))*axb*xf + a~2x*e
*x + (2x(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*a*xbxe/d + (dxe
- cxf)*(log(d*xx + c + 1)*log(-1/2xd*x - 1/2xc + 1/2) + dilog(1/2*d*x + 1/2%
c + 1/2))*b"2/d"2 + 1/2x(cxf + f)*b~2*log(d*x + ¢ + 1)/d"2 - 1/2%(c*f - f)*
b~2xlog(d*x + c - 1)/d"2 + 1/8%(4xb~2xd*f*x*xlog(d*x + c + 1) + (b72xd~2*f*x
T2 + 2%b72xd"2%exx - (c72*f - 2% (dke - f)*c - 2%dxe + f)*b"2)*log(d*x + c +
1)72 + (b72%d"2xf*x72 + 2%xb~2*%d"2%exx - (c™2xf - 2x(d*e + f)*c + 2%d*e + f
)*¥b"2)*xlog(~d*x — ¢ + 1)72 - 2% (2xb~2*kd*f*x + (b~2*d"2*f*x"2 + 2%b72xd"2%ex
x - (c72xf - 2x(d*e - f)*c - 2*d*xe + f)*b~2)xlog(d*x + c + 1))*log(-d*x - ¢
+1))/d™2

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (a2 fx + a%e + (b2 fx+ bze) artanh (dx + ¢)® + 2 (ab fx + abe) artanh (dx + c), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arctanh(d*x+c))~2,x, algorithm="fricas")

[Out] integral(a™2xfxx + a"2*xe + (b~ 2xf*x + b~2xe)*arctanh(d*x + c)72 + 2*(axb*fx*
x + axb*e)x*arctanh(d*x + c), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + batanh (¢ + clx))2 (e + fx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)* (atb*atanh(d*x+c))**2,x)

[Out] Integral((a + b*atanh(c + d*x))**2x(e + f*x), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

x +e)(bartanh (dx +¢) + a)z dx
J (fx+o)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*(atb*arctanh(d*x+c))~2,x, algorithm="giac")

[Out] integrate((f*x + e)*(b*arctanh(d*x + c) + a)”2, x)
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3.41 f (a +btanh™ (c+ dx))2 dx

Optimal. Leaf size=97

dx+1 2
b*PolyLog (2/ ——_C:r_ ;;1) (c + dx) (u +b tanh_l(c + dx))2 (a +b tanh_l(c + clx))2 2blog (—_C_dx +1) (‘1 +btar
- +

] F * i ¥

[Out] (a + b¥ArcTanh[c + d*x])~2/d + ((c + d*x)*(a + b*ArcTanh[c + d*x])~2)/d - (
2¥bx(a + bxArcTanh[c + d*x])*Log[2/(1 - ¢ - d*x)])/d - (b"2xPolyLog[2, -((1
+ c +dxx)/(1 - ¢ - d*x))])/d

Rubi [A] time = 0.121088, antiderivative size = 97, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 12, e e .

0.5, Rules used = {6103, 5910, 5984, 5918, 2402, 2315}

integrand size

dx+1 2
P*PolyLog (2, —%) (e dy (a+btanh™ (¢ + dv))” ) (a+btanh™ (c +dv)”  2blog (m) (a+ btar

d d d d

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + dx*x])"2,x]

[Out] (a + bxArcTanh[c + d*x])~2/d + ((c + d*x)*(a + b*ArcTanh[c + d*x])~2)/d - (
2xb*(a + bxArcTanh[c + d*x])*Log[2/(1 - ¢ - d*x)])/d - (b"2*PolyLog[2, -((1
+c+dxx)/(1 - ¢ - d*xx))])/d

Rule 6103

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)I*(b_.))"(p_.), x_Symbol] :> Dist[1/d
, Subst[Int[(a + bxArcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d}
, x] && IGtQ[p, 0]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bxA
rcTanh[c*x])“p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] & IGtQ[p, 0]

Rule 5984
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Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*xex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b¥ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -

cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rubi steps
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Subst (f (a + btanh_l(x))2 dx,x,c + dx)
d

f (u + btanh_l(c + dx))2 dx =

x(a+b tanh_l(x))
(c+dx) (a +b tanh_l(c + dx))2 (2b) Subst (f — dx,x,c+ dx
= - B _
btanh™
(a+btanh™ (c+ dx))2 (c+dx) (a+Dbtanh™ (c + dx))2 (2b) Subst ( ==
= + _
d F y

(a+btanh™ (c + dx))2 (c+dx)(a+btanh™ (c + dx))2 2b(a + btanh™ (c + da

d d d

(a +b tanh_l(c + dx))2 (c + dx) (a +btanh™ (c+ dx))2 2b (a +b tanh_l(c +d>
d d - d

(a +btanh™ (c+ dx))2 (c + dx) (a +btanh™ (c+ dx))2 2b (a +b tanh_l(c + do
d d - d

Mathematica [A] time = 0.107386, size = 98, normalized size = 1.01

b*PolyLog (2, —e7? tanhfl(”d")) +a (ac + adx + blog (1 —(c+ dx)z)) +2btanh ™ (c + dx) (ac + adx — blog (e‘z tanh ™!
d

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c + d*x])~2,x]

[Out] (b™2%(-1 + c + d*x)*ArcTanh[c + d*x]~2 + 2*bxArcTanh[c + d*x]*(axc + axd*x
- bxLog[1 + E~(-2*ArcTanh[c + d*x])]) + a*x(a*xc + a*xd*x + bxLog[l - (c + d*x
)72]) + b~2xPolyLog[2, -E~(-2*ArcTanh[c + dxx])])/d

Maple [A] time = 0.073, size = 174, normalized size = 1.8

Artanh (d 212 Artanh 2p2_ Artanh
(Artan (dx+c)) bc+2Artanh(dx+c)xab+( rtan (;Zx+c)) b s rtan (;lx+c

(Artanh (dx + ¢))% xb? +

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((at+b*arctanh(d*x+c))~2,x)

[Out] arctanh(d*x+c) ~2*xx*b~2+1/d*arctanh(d*x+c) "2*xb~2*c+2*arctanh (d*x+c) *x*axb+1/
d*b~2*arctanh (d*x+c) ~2-2/d*arctanh (d*x+c) *1n ((d*x+c+1) "2/ (1-(d*x+c) "2)+1) *b
~2+2/d*arctanh (d*x+c) *axb*c+a~2*x+1/d*a*xb*1n(1-(d*x+c)~2)-1/d*polylog(2,-(d
*xx+c+1) "2/ (1-(d*x+c) ~2) ) *b~2+a"2*c/d

Maxima [F] time = 0., size = 0, normalized size = 0.

1 q (c+Dlog@dx+c+1) (c-Dlogdx+c-1) 2 2_x_(c2+2c+1)log(dx+c+1)+(C2—2c+1)log(
1|° P 2 P2 P P

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~2,x, algorithm="maxima")

[Out] -1/4%(c*xd*((c + 1)*xlog(d*x + c + 1)/d"2 - (c - 1)*log(d*x + ¢ - 1)/d"2) + d
2% (2xx/d"2 - (c72 + 2xc + 1)xlog(d*x + c + 1)/d"3 + (c™2 - 2xc + 1)*log(dx
x + ¢ - 1)/d"3) - 2*ckdxintegrate(xxlog(d*x + c + 1)/(d™2%x"2 + 2%kcxd*x + ¢
"2 - 1), x) - 2xc"2xintegrate(log(d*x + c + 1)/(d72%x72 + 2%cxd*x + ¢2 - 1
), x) + d*x((c + 1)*log(d*x + ¢ + 1)/d"2 - (c - D)*log(d*x + ¢ - 1)/d"2) - 6
xd*integrate (x*log(d*x + ¢ + 1)/(d™2%x"2 + 2%cxd*x + c¢”2 - 1), x) - 4*c*int
egrate(log(d*x + c + 1)/(d72*x72 + 2xc*d*x + ¢c”2 - 1), x) - (d*x + ¢ - 1)*(
log(-d*x - ¢ + 1)72 - 2xlog(-d*x - ¢ + 1) + 2)/d - (d*x*log(d*x + c + 1)72
+ 2x(d*x - (d*x + c + 1)*log(d*x + c + 1))xlog(-d*x - ¢ + 1))/d - 2*integra
te(log(d*x + ¢ + 1)/(d72%x72 + 2%cxd*x + c¢72 - 1), x))*b"2 + a™2xx + (2x(d*
X + c)*arctanh(d*x + c) + log(-(d*x + c)~2 + 1))*axb/d

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (b2 artanh (dx + ¢)? + 2 abartanh (dx + ¢) + a2, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~2,x, algorithm="fricas")

[Out] integral(b~2*arctanh(d*x + c)~2 + 2*axb*arctanh(d*x + c) + a”2, x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (c + dx))* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**2,x)

[Out] Integral((a + b*atanh(c + d*x))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (bartanh (dx + ) + a)> dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~2,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~2, x)
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2
3.49 f (a+b tanh_l(c+dx)) i

e+fx

Optimal. Leaf size=214

- 2d(e+fx _
b(a -+ btanh™ (¢ + dv)) PolyLog (2,1 e f)) _ brolyLog (2,1 - ) (a+btanh e+ dv) 1P

f f

[Out] -(((a + bxArcTanh[c + d*x])~2xLogl[2/(1 + ¢ + d*x)])/f) + ((a + b*ArcTanhl[c
+ dxx]) "2*Log[(2*d* (e + f*xx))/((d*e + f - c*f)*(1 + ¢ + d*x))])/f + (b*x(a +
b*ArcTanh[c + d*x])*PolyLog[2, 1 - 2/(1 + ¢ + d*x)])/f - (b*(a + b*ArcTanh

[c + d*x])*PolyLog[2, 1 - (2*xdx(e + f*xx))/((d*e + f - c*f)*(1 + c + d*x))])

/f + (b72%PolyLogl[3, 1 - 2/(1 + ¢ + d*x)])/(2%f) - (b~2%PolyLog[3, 1 - (2xd

*(e + f*x))/((dxe + £ - cxf)*(1 + ¢ + dxx))]1)/(2%f)

2
ct+dx+1

Rubi [A] time = 0.154244, antiderivative size = 214, normalized size of antiderivative =
number of rules

1., number of steps used = 2, number of rules used = 2, integrand size = 20,
0.1, Rules used = {6111, 5922}

integrand size

-1 2d(e+fx) 2
b (u +btanh “(c+ dx)) PolyLog (2, 1- (c+dx+l)(—cf+de+f)) . bPolyLog (2, 1-——

f f

) (a +btanh ™ (c + dx)) b?Pc

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + dxx])"2/(e + f*x),x]

[Out] -(((a + bxArcTanh[c + d*x])~2xLog[2/(1 + ¢ + d*x)])/f) + ((a + bxArcTanhl[c
+ dxx]) "2*Log[(2*%d* (e + f*xx))/((d*e + f - c*f)*(1 + c + d*x))])/f + (b*x(a +
b*ArcTanh[c + d*x])*PolyLog[2, 1 - 2/(1 + ¢ + d*x)])/f - (b*(a + b*ArcTanh

[c + d*x])*PolyLog[2, 1 - (2*xdx(e + f*xx))/((d*e + f - c*f)*(1 + c + d*x))])

/f + (b™2%PolyLogl3, 1 - 2/(1 + ¢ + d*x)])/(2%f) - (b"2*PolyLog[3, 1 - (2*d

*(e + £*x))/((d*e + £ — cxf)*(1 + c + d*x))])/(2%f)

+

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (fxx)/d) "m*(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IGt
Qlp, 0]
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Rule 5922

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + b*ArcTanh[c*x]) " 2%Log[2/(1 + c*x)])/e, x] + (Simp[((a + bxArcT
anh [c*x]) "2*Log[(2*%cx(d + e*xx))/((c*xd + e)*(1 + cx*xx))])/e, x] + Simp[(b*(a

+ bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/e, x] - Simp[(b*(a + bxArcTa
nh[cxx])*PolyLog[2, 1 - (2*c*(d + exx))/((c*d + e)*x(1 + c*x))])/e, x] + Sim
pl(b~2*%PolyLog[3, 1 - 2/(1 + c*x)])/(2xe), x] - Simp[(b~2*PolyLogl3, 1 - (2
kck(d + exx))/((cxd + e)*(1 + c*x))1)/(2xe), x]) /; FreeQ{a, b, c, d, e},

x] && NeQ[c™2xd"2 - e~2, 0]

Rubi steps

(u+b tanh_l(x))2

Subst| | —————
(a + btanh_l(c + dx))2 o (f deff#%
f dx =
e+ fx d
2

(a +b tanh_l(c + dx))2 log (1+C+dx) . (a +b tanh_l(c + dx))2 log(
f f

dx,x,c + dx)

2d(e+fx)
(de+f—cf)(1+c+dx)

Mathematica [C] time = 23.5301, size = 2404, normalized size = 11.23

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integratel[(a + b*ArcTanh[c + d*x])~2/(e + f*x),x]

[Out] (a"2xLogle + fx*x])/f - ((2*I)*axb*(I*ArcTanh[c + d*x]*(-Logl[1/Sqrt[l - (c +
d*x)~2]] + Logl[I*Sinh[ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]]]) + ((-I)
*(IxArcTanh[(d*e - cxf)/f] + IxArcTanh[c + d*x])~2 - (I/4)*(Pi - (2%I)*ArcT
anh[c + d*x])~"2 + 2% (I*ArcTanh[(d*e - cx*f)/f] + IxArcTanh[c + d*x])*Log[l -
E~((2+I)*(I*ArcTanh[(d*e - cxf)/f] + IxArcTanh[c + d*x]))] + (Pi - (2%I)*A
rcTanh[c + d*x])*Log[l - E~(I*(Pi - (2*I)*ArcTanh[c + d*x]))] - (Pi - (2%I)
xArcTanh[c + d*x])*Log[2+Sin[(Pi - (2*I)*ArcTanh[c + d*x])/2]] - 2x(I*ArcTa
nh[(d*e - cxf)/f] + IxArcTanh[c + d*x])*Log[(2*I)*Sinh[ArcTanh[(d*e - cx*f)/
f] + ArcTanh[c + d*x]]] - IxPolyLogl[2, E~((2*I)*(I*ArcTanh[(d*e - cxf)/f] +
I*ArcTanh[c + d*x]))] - IxPolyLogl[2, E~(I*(Pi - (2*I)*ArcTanh[c + d*x]))])
/2))/f + (b”™2%(d*e - cxf + f*x(c + d*x))*x((2*%ArcTanh[c + d*x] 2% (d*e*xArcTanh
[c + dxx] - (1 + c)*f*xArcTanh[c + d*x] + 3x(d*e - c*f)*Logl[l + E~(-2*ArcTan
hlc + d*x])]) + (-6%d*exArcTanh[c + d*x] + 6xcxfxArcTanh[c + d*x])*PolyLogl
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2, -E7(-2%ArcTanh[c + d*x])] + (-3%dxe + 3*c*f)*PolyLog[3, -E~(-2%ArcTanhl[c
+ d¥x])])/(6*fx(-(d*e) + cxf)) + ((-(d*xe) - f + cxf)*x(-(d*e) + f + c*xf)*((
ArcTanh([c + d*x]~2x(fxArcTanh[c + d*xx] + (-(d*e) + c*f)*Log[(d*e)/Sqrt[1l -
(c + d*x)~2] - (c*xf)/Sqrt[l - (c + d*x)~2] + (f*(c + d*x))/Sqrt[l - (c + dx
x)72]11))/((dxe + £ - cxf)*(d¥e - (1 + c)x*f)) - (ArcTanh[c + d*x]*(I*d*e*Pix
ArcTanh[c + d*x] - I*cxf*Pi*ArcTanh[c + d*x] + 2xf*ArcTanh[c + d*x]"2 - (Sq
rt[1 - ¢™2 - (d72%e"2)/f72 + (2*xc*d*e)/f]l*f*ArcTanh[c + d*x]~2)/E~ArcTanh[(
dxe - cxf)/f] - Ixd*exPixLog[l + E~(2xArcTanh[c + d*x])] + Ixc*f*PixLogl[l +
E~(2%ArcTanh[c + d*x])] + 2xd*exArcTanh[c + d*x]*Log[l - E~(-2*(ArcTanh[(d
xe - cxf)/f] + ArcTanh[c + d*x]))] - 2*cxfxArcTanh[c + d*x]*Log[l - E~(-2%(
ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] + IxdxexPixLog[1/Sqrt[1l - (c +
d*x)~2]] - Ikxcxf*PixLog[1/Sqrt[1 - (c + d*x)~2]] - 2*dxexArcTanh[c + d*x]*
Logl[(d*e)/Sqrt[1 - (c + d*x)~"2] - (c*f)/Sqrt[l - (c + d*x)~2] + (fx(c + d*x
))/Sqrt[1 - (c + d*x)~2]] + 2xc*f*xArcTanh[c + d*x]*Log[(d*e)/Sqrt[l - (c +
d*x)~2] - (c*xf)/Sqrtl[l - (c + d*x)~"2] + (f*(c + d*x))/Sqrt[l - (c + d*x)~2]
] + 2x(dxe - c*f)*ArcTanh[(d*e - c*f)/f]l*(ArcTanh[c + d*x] + Log[l - E~(-2x
(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] - Log[I*Sinh[ArcTanh[(d*e - ¢
xf)/f] + ArcTanh[c + d*x]]]) + (-(d*e) + cx*f)*PolyLog[2, E~(-2%(ArcTanh[(dx*
e - cxf)/f] + ArcTanh[c + d*x]))]1))/((d*e + £ - cxf)*x(d*e - (1 + c)*f)) + (
((-2*%dxe + (2 + 2%c - Sqrt[l - ¢c72 - (d72%e”2)/f72 + (2xc*d*e)/f]/E~ArcTanh
[(dxe - c*f)/f])*f)*ArcTanh[c + d*x]~3)/3 + (d*e - cxf)*ArcTanh[c + dxx] 2%
Logl[-1 + E7(2%(ArcTanh[(d*e - c*xf)/f] + ArcTanh[c + d*x]))] + (d*e - cxf)*A
rcTanh[c + d*x]*(I*Pix(ArcTanh[c + d*x] - Logl[l + E~(2xArcTanh[c + d*x])] +
Logl[(1 + E~(2%ArcTanh[c + d*x]))/(2*E"ArcTanh[c + d*x])]) + 2*ArcTanh[(dx*e
- cxf)/f]*(ArcTanh[c + d*x] + Log[l - E~(-2x(ArcTanh[(d*e - c*f)/f] + ArcT
anh[c + d*x]))] - Logl[(I/2)*E~(-ArcTanh[(d*e - c*f)/f] - ArcTanh[c + d*x])*
(-1 + E7(2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])))]1)) - (d*e - c*xf)*A
rcTanh[c + d*x]~2xLogl[d*ex(1 + E~(2%ArcTanh[c + d*x])) - (1 + ¢ - E7(2%ArcT
anh[c + d*x]) + c*xE~(2xArcTanh[c + d*x]))*f] + (dxe - c*f)*ArcTanh[c + d*x]
~2%(ArcTanh[c + d*x] + Log[l - E~(-2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[c +
d*x]))] - Logl[-1 + E"(2%(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] + Log
[dxe*x(1 + E~(2*ArcTanh([c + d*x])) - (1 + ¢ - E7(2%ArcTanh[c + d*x]) + c*xE~(
2xArcTanh[c + d*x]))*f] - Logl[(d*ex(1 + E~(2*%ArcTanh[c + d*x])) - (1 + ¢ -
E~(2xArcTanh[c + d*x]) + c*E~(2xArcTanh[c + d*x]))*f)/(2*E"ArcTanh[c + d*x]
)1) + ((dxe - c*xf)*(2+ArcTanh[c + d*x]~3 + 3*ArcTanh[c + dxx] 2xLogl[l - E~(
-2%(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x]))] - 3*ArcTanh[c + dxx]~2*Log
[1 - E"(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])] - 3*ArcTanh[c + d*x] 2%
Log[l + E"(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])] - 3*ArcTanh[c + d*x]
*xPolyLog[2, E~(-2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] - 6%ArcTanh
[c + d*x]*PolyLog[2, -E~(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])] - 6*Ar
cTanh[c + d*x]*PolyLog[2, E~(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x])] +
6*PolyLog[3, -E~(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])] + 6*%PolyLogl[3,
E”(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])]1))/3 + ((d*e - c*f)*(4*ArcTa
nh[c + d*x]~3 - 6%ArcTanh[c + d*x] 2*Log[l - E~(2*%(ArcTanh[(d*e - cxf)/f] +
ArcTanh([c + d*x]))] - 6*ArcTanh[c + d*x]*PolyLog[2, E~(2*(ArcTanh[(d*e - ¢
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xf)/f] + ArcTanh[c + d*x]))] + 3*PolyLogl[3, E~(2*(ArcTanh[(d*e - cxf)/f] +

ArcTanh([c + d*x]))]1))/6 - ((d*e - c*xf)*(4xArcTanh[c + d*x]~3 - 6*ArcTanh[c

+ d*x] "2*xLog[1l + (E~(2*ArcTanh[c + d*x])*(d*e + f - cxf))/(d*xe - (1 + c)*f)
] - 6*%ArcTanh[c + d*x]*PolyLog[2, -((E~(2*ArcTanh[c + d*x])*(d*e + f - cxf)
)/(d*xe - (1 + c)*f))] + 3*PolyLogl[3, -((E~(2*ArcTanh[c + d*x])*(d*e + £ - ¢
*f))/(dxe - (1 + c)*£))]))/6)/(d"2%e”2 - 2kckdrexf + (-1 + c72)*£72)))/(£x(
-(d*e) + cxf))))/(d*x(e + f*x))

Maple [C] time = 0.878, size = 1984, normalized size = 9.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) "2/ (f*x+e),x)

[Out] 1/2*%Ixb~2/fxcsgn(I/((d*x+c+1)72/(1-(d*x+c) 2)+1))*csgn(I*(c*xf*((d*x+c+l) 2/
(1-(d*x+c)~2)+1)+ (= (d*x+c+1) "2/ (1-(d*x+c) ~2) -1) xexd+(1- (d*x+c+1) "2/ (1- (d*x+
c)~2))*f) ) kcsgn (I (cxfx ((d*xx+c+1) "2/ (1-(d*x+c)~2)+1)+(-(d*x+c+1) "2/ (1- (d*x+
c)~2)-1) *exd+(1-(d*x+c+1) "2/ (1-(d*x+c) ~2) ) *xf) / ((d*xx+c+1) "2/ (1-(d*x+c) ~2)+1)
)*arctanh (d*x+c) "2*Pi+2*axbx1n ( (d*x+c)*f-c*f+d*e) /f*rarctanh(d*x+c)-a*b/f*ln
((d*x+c)*f-cxf+d*e) *In(((d*x+c) *f+f) / (cxf-d*e+f) ) +axb/f*1n ((d*x+c)*f-c*xf+dx*
e)*1n(((d*x+c)*f-f)/(c*xf-dxe-£f))+b~2xc/ (c*f-d*e-f)*arctanh(d*x+c) “2*1n(1-(c
*f-dxe-f)* (d*x+c+1) "2/ (1-(d*x+c) "2) / (—cxf+d*e-f) ) +b~2*c/ (c*xf-d*e-f) *arctanh
(d*x+c)*polylog(2, (cxf-d*xe-f)* (d*x+c+1) "2/ (1-(d*x+c) ~2) /(-cxf+d*e-£))-I*b~2
/f*¥Pi*arctanh (d*x+c) “2+a”2*1n((d*x+c)*f-cxf+d*e) /f+1/2%b~2/f*polylog(3, - (dx*
x+c+1) 72/ (1-(d*x+c)"2) ) +1/2%b~2/ (c*f-d*e-f) *polylog(3, (cxf-d*xe-f)* (d*x+c+1)
~2/(1-(d*x+c)~2) / (-cxf+d*xe-f) ) +1/2*%d*xb~2/f*e/ (cxf-d*e-f)*polylog(3, (cxf-dx*e
—-£)*x(d*x+c+1) 72/ (1-(d*x+c) ~2) / (-cxf+d*xe-£) ) +I*b~2/f*csgn (I* (cxf* ((dkx+c+1)”
2/ (1-(d*x+c) "2)+1) + (- (d*x+c+1) "2/ (1-(d*x+c) "2) -1) xe*xd+(1-(d*x+c+1) "2/ (1- (dx*
x+c)"2))xf) / ((d*x+c+1) "2/ (1-(d*x+c) ~2)+1) ) "2xarctanh (d*x+c) "2xPi-1/2xI*b~2/
fxcsgn(Ix(cxf* ((d*xx+c+1) 72/ (1-(d*x+c) "2)+1)+ (- (d*x+c+1) "2/ (1-(d*x+c) "2)-1)*
exd+(1-(d*x+c+1) 72/ (1-(d*x+c) ~2) ) *f) / ((d*x+c+1) "2/ (1-(d*x+c)"2)+1) ) "3*arcta
nh (d*x+c) “2*Pi-b~2/ (cxf-d*e-f)*arctanh (d*x+c) "2*1n(1-(cxf-d*e-f)* (d*x+c+1)~
2/ (1-(d*x+c) ~2) / (-cxf+dxe-£))-b~2/ (cxf-d*e-f) *arctanh (d*x+c)*polylog(2, (c*xf
—-d*xe-f)*(d*xx+c+1) "2/ (1-(d*x+c)~2) / (—cxf+d*e-£f) ) +b~2*1n((d*x+c) *f-cxf+d*e) /f
*xarctanh (d*x+c) 72-1/2%b"2%c/ (cxf-d*e-f)*polylog(3, (cxf-d*e-£)* (d*x+c+1) ~2/(
1-(d*x+c)72) / (-cxf+d*e-f))-axb/f*dilog (((d*x+c) *f+f) / (cxf-d*e+f))+axb/f*xdil
og(((d*x+c)*f-f)/(cxf-dxe-f))-b~2/f*arctanh(d*x+c) "2*1n(cxf* ((d*xx+c+1)~2/(1
—(d*x+c) "2)+1) +(-(d*x+c+1) "2/ (1-(d*x+c) “2) -1) *e*xd+(1-(d*x+c+1) "2/ (1- (d*x+c)
~2))*f)-b~2/fxarctanh (d*x+c)*polylog(2,-(d*x+c+1) "2/ (1-(d*x+c) ~2))-1/2%xI*b"
2/fxcsgn(I/ ((d*xx+c+1) 72/ (1-(d*x+c)~2)+1) ) *csgn(I* (cxfx((d*xx+c+1) "2/ (1-(d*x+
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c)"2)+1)+ (- (d*x+c+1) "2/ (1-(d*x+c) "2) -1) *e*xd+ (1- (d*x+c+1) "2/ (1-(d*x+c) ~2) ) *f
)/ ((d*x+c+1) "2/ (1-(d*x+c)~2)+1)) "2*arctanh (d*x+c) "2*xPi-d*b~2/f*e/ (cxf-dxe-f
Y*arctanh (dxx+c) "2*x1n(1-(cxf-dxe—f) * (d*xx+c+1) "2/ (1-(d*x+c) ~2) / (—cxf+d*xe-f))
-d*b~2/f*e/(cxf-d*e-f)*arctanh (d*x+c)*polylog(2, (cxf-d*e-f)*(dxx+c+1)~2/(1-
(d*x+c)~2) / (—cxf+d*xe-£f))-1/2%Ixb~2/fxcsgn (I (cxf* ((d*xx+c+1) "2/ (1-(d*x+c)~2)
+1)+ (- (d*x+c+1) "2/ (1-(d*x+c) ~2) -1) *exd+ (1-(d*x+c+1) "2/ (1-(d*x+c) "2) ) *f) ) *cs
gn (I*(c*xf*x((d*x+c+l) "2/ (1-(d*x+c) "2)+1)+(-(d*x+c+1) "2/ (1-(d*x+c) "2) -1) xe*xd+
(1-(d*x+c+1) "2/ (1-(d*x+c) ~2) ) *f) / ((d*x+c+1) "2/ (1-(d*x+c) "2)+1)) "2*arctanh(d
*x+c) "2%Pi

Maxima [F] time = 0., size = 0, normalized size = 0.

a*log (fx + €) b?>(log (dx + ¢ +1) — log (-dx — ¢ + 1))2 ab(log (dx + c +1) — log (—dx — ¢ + 1))
+\f + dx
f 4 (fx + e) fx+e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (f*x+e),x, algorithm="maxima"

[Out] a"2*log(f*x + e)/f + integrate(1/4*b~2x(log(d*x + c + 1) - log(-d*x - c + 1
))"2/(fxx + e) + axbx(log(d*x + ¢ + 1) - log(-d*x - c + 1))/(f*xx + e), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 artanh (dx + ¢)* + 2 abartanh (dx + ¢) + a2 x)

integral[ Frve

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (f*x+e),x, algorithm="fricas")

[Out] integral((b~2*arctanh(d*x + c)~2 + 2*axb*arctanh(d*x + c) + a”2)/(f*xx + e),
x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out



267

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**2/(f*x+e) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (dx + ¢) + a)?
fx+e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (f*x+e),x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~2/(f*x + e), x)
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2
(a+btanh;%c+dxﬂ

343 [ dx

Optimal. Leaf size=480

2 2d
b?dPolyLog (2, - 1) b?dPolyLog (2,1 - ) ) b*dPolyLog (2,1 - 1) b?dPolyLog (2,1 = ol

2f(—cf +det f) | 2f(cf +de—f) (cf +det Nde—(+1)f) | (—cf +de+ f)(de—(c

ct+dx+1 2

c+dx+1

[Out] -((a + b*ArcTanh[c + d*x])~2/(fx(e + f*x))) + (b~2*d*ArcTanh[c + d*x]*Logl[2
/(1 - c - d*x)])/(fx(d*xe + £ - cxf)) - (axb*d*Log[l - ¢ - dxx])/(fx(d*e + f
- c*xf)) - (b"2xd*ArcTanh[c + d*x]*Log[2/(1 + ¢ + d*x)])/(fx(d*¥e - £ - cxf)
) + (2xb~2*xd*ArcTanh[c + d*x]*Logl[2/(1 + ¢ + d*x)])/((d*e + f - cxf)x*(d*e -
(1 + c)*f)) + (axb*xd*xLogl[l + c + d*x])/(f*(d*e - f - c*f)) + (2*xaxb*d*Logl
e + f*xx])/(£72 - (d*e - c*f)72) - (2xb~2*xd*ArcTanh[c + d*x]*Log[(2*d*(e + f
*x))/((d*e + £ - cxf)*(1 + ¢ + d*x))])/((d*e + £ - cxf)*(d*xe - (1 + c)*f))
+ (b~2*d*PolyLog[2, -((1 + ¢ + d*x)/(1 - ¢ - d*x))])/(2xf*x(d*e + f - c*f))
+ (b"2*xd*PolyLogl[2, 1 - 2/(1 + c + d*x)])/(2*f*(d*e - £ - cxf)) - (b"2*d*Po
lyLogl[2, 1 - 2/(1 + ¢ + d*x)])/((d*e + £ - cxf)*x(d*xe - (1 + c)*f)) + (b72xd
xPolyLog[2, 1 - (2*d*(e + f*x))/((d*e + f - c*xf)*(1 + c + d*x))])/((d*e + £
- cxf)*x(d*e - (1 + c)*f))

Rubi [A] time = 1.71296, antiderivative size = 485, normalized size of antiderivative =

. . ber of rul
1.01, number of steps used = 21, number of rules used = 19, integrand size = 20, o o e
integrand size

=0.95, Rules used = {6109, 1982, 705, 31, 632, 6741, 6121, 706, 633, 6688, 12, 6725, 72, 6742,
5918, 2402, 2315, 5920, 2447}

2 _ c+dx+1 2 _ 2 2 _ 2 2 _ 2d,
b“dPolyLog (2, 0 1) b“dPolyLog (2,1 prron 1) ) b*dPolyLog (2,1 pryro 1) b“dPolyLog (2,1 il

2f(cf tdetf) 2f(cft+de—f) (—cf +det )de—(c+1)f) | (cf +de+ f)de—(c

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*xx])"2/(e + f*xx)~2,x]

[Out] -((a + b*ArcTanh[c + d*x])~2/(fx(e + f*x))) + (b~2*d*ArcTanh[c + d*x]*Log[2
/(1 - c - d*x)])/(f*x(d*e + £ - c*f)) - (axbxdxLogl[l - c - d*x])/(f*(d*e + £

- cxf)) - (b”™2xd*ArcTanh[c + dxx]*Log[2/(1 + c + dx*x)])/(f*x(d*e - f - cx*f)
) + (2xb~2*xd*ArcTanh[c + d*x]xLogl[2/(1 + ¢ + d*x)])/((d*e + f - cxf)x*(d*e -

(1 + c)*f)) + (axb*xd*Logl[l + c + d*x])/(f*x(d*e - £ - c*f)) - (2*xaxb*d*Logl[
e + f*xx])/((d*xe + f - cxf)x(d*e - (1 + c)*f)) - (2xb~2*dxArcTanh[c + d*x]*L
ogl(2xd*x(e + f*x))/((d*e + £ - cxf)*(1 + ¢ + d*x))])/((d*¥e + £ - cxf)*(d*e
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- (1 + c)*f)) + (b™2xd*PolyLog[2, -((1 + c + d*x)/(1 - ¢ - d*x))])/(2*f*(dx*
e + £ - cxf)) + (b"2xd*PolylLogl[2, 1 - 2/(1 + ¢ + d*x)])/(2*f*x(d*xe - f - cx*f
)) - (b™2xd*PolyLog[2, 1 - 2/(1 + ¢ + d*x)])/((d*e + f - cxf)*(d*e - (1 + ¢
)*£)) + (b"2xd*PolyLog[2, 1 - (2xd*(e + f*x))/((d*e + f - cxf)*(1 + c + d*x
))1)/((d*e + £ - cxf)*(d*e - (1 + c)*f))

Rule 6109

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[((e + f*x)"(m + 1)*(a + bxArcTanh[c + d*x]) p)/(fx(m
+ 1)), x] - Dist[(b*xd*p)/(f*(m + 1)), Int[((e + f*x)"(m + 1)*(a + bxArcTan
hic + d*x])~(p - 1)/ - (c + d*x)~"2), x], x] /; FreeQ[{a, b, ¢, d, e, £},
x] && IGtQ[p, 0] && ILtQ[m, -1]

Rule 1982

Int[(u_) " (m_.)*(v_)~(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
[v, x]7p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])

Rule 705

Int[1/C((d_.) + (e_)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)), x_Symbol]

:> Dist[e™2/(c*d™2 - bxd*xe + a*e”2), Int[1/(d + exx), x], x] + Dist[1/(cx*d
~2 - bxd*e + a*e”2), Int[(c*d - bxe — cxexx)/(a + bxx + c*xx"2), x], x] /; F
reeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + axe”
2, 0] && NeQ[2*cxd - bxe, 0]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 632

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> W
ith[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(c*d - ex(b/2 - q/2))/q, Int[1/(b/2 - q/
2 + c*x), x], x] - Dist[(cxd - ex(b/2 + q/2))/q, Int[1/(b/2 + q/2 + c*x), X
1, x11 /; FreeQl{a, b, c, d, e}, x] && NeQ[2*c*d - bxe, 0] && NeQ[b~2 - 4xa
xc, 0] && NiceSqrtQ[b~2 - 4xaxc]

Rule 6741

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Intl[v, x] /; v =!
= 11]
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Rule 6121

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_)*((A_.) + (B_.)*(x_) + (C_.)*x(x_)"2)"(q_.), x_Symbol] :> Dist[1/d, Subs
t[Int[((d*e - cxf)/d + (f*x)/d)"m*(-(C/d~2) + (C*xx~2)/d~2) g*(a + bxArcTanh
[x])7p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, A, B, C, m, p, q},

x] && EqQ[B*(1 - c72) + 2xAxc*xd, 0] && EqQ[2*c*C - Bxd, 0]

Rule 706

Int[1/(C(d_) + (e_.)*x(x_))*x((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + axe”2), Int[1/(d + exx), x], x] + Dist[1/(c*xd"2 + a*e”2), Int[(cxd -
cxexx)/(a + c*x2), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd"2 + a*xe”2,
0]

Rule 633

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (c*xd)/(2*%q), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
*d)/(2%q), Int[1/(q + c*x), x], x]1] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rule 6688

Int[u_, x_Symbol] :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl
erIntegrandQ[v, u, x]]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 6725

Int[(u_)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 72

Int[((e_.) + (£_)*(x_))"(p_.)/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Int[ExpandIntegrand[(e + f*x)“p/((a + b*x)*(c + d*x)), x], x]
/; FreeQ[{a, b, c, d, e, £}, x] && IntegerQ[p]
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Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c~2%x72)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_ ) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
c¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*x(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(Q*c*(d + exx))/((c*xd + e)*(1 + c*x))])/e, x1) /; FreeQl{a, b, c, d, e}
, x] && NeQ[c™2%d"2 - e72, 0]

Rule 2447

Int[Loglu J*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/Dlu, x]13}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rubi steps
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a+btanh™ (c+dx)
(2b )f (e+fx)(1- (c+dx)2)
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~ (a +b tanh_l(c + dx))2

a+b tanh_l(x)

(%7 7))

dx,x,c + dx
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fle+fx)

(a +b tanh_l(c + dx))2
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fle+ fx) f
B (11 +btanh ™ (c + dx))z _abdlog(l —c—dx) abdlog(l+c+dx) 2abdlog
fle+ fx) f(de+ f —cf) f(de— f —cf) (de+ f —cf)(
) ([1 n btanh_l(c + dx))z bZdtanh (C + dx) log (1 o dx) abd log(l —Cc— dx) B b_2
fle+ fx) flde+ f =cf) flde+ f =cf)
3 (ﬂ +b tanh_l(c + dx))z b*d tanh_l(c +dx)log (1—(:2—dx) _ abdlog(1 — ¢ — dx) ~ b_2
fle+fx) flde+ f =cf) flde+ f =cf)
 (a+btanh e +dw)  Pdtanh (e +dv)log (1_f_dx) abdlogl—c—dv) ¥
fle+ fx) f(de+ f —cf) f(de+ f —cf)
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Mathematica [C] time = 7.45192, size = 425, normalized size = 0.89

(de—cf), 7 7 7
Bd(e+fx) (@)

PolyLog(Z,cxp(—Z(tanh_l(dc_cf)+tanh_1(c+dx))))—2tanh_l(c+dx) log(l—cxp(—Z(tanh_l(dc_cf)+tanh_1(c+dx))))—2tanh_l(dc_cf)(log(l—exp(—I

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c + d*x])~2/(e + f*x)~2,x]

[Out] (-(a~2/f) + (2xaxbx((f - c™2xf + d"2xexx + cxd*(e - f*x))*ArcTanh[c + d*x]
- dx(e + f*xx)*Logl[(d*(e + f*x))/Sqrt[l - (c + d*x)"2]1))/((d*e + £ - c*f)*(
dxe - (1 + c)*f)) + (b"2*d*(e + f*xx)*(-(ArcTanh[c + d*x]~2/(E"ArcTanh[(d*e
- cxf)/f]*f*Sqrt[1 - (d*xe - cxf)~2/£72])) + ((c + d*x)*ArcTanh[c + d*x]~2)/
(d*x(e + fxx)) + ((d*e - c*f)*(I*PixLog[l + E~(2*ArcTanh[c + d*x])] - 2*ArcT
anh[c + d*x]*Log[l - E~(-2%(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + dx*x]))] -
IxPi*(ArcTanh[c + d*x] + Logl[1/Sqrt[l - (c + d*x)"2]]1) - 2*ArcTanh[(d*e - ¢
xf)/f]*(ArcTanh[c + d*x] + Logl[l - E~(-2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[
c + d*x]))] - Logl[I*Sinh[ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]]]) + Pol
yLog[2, E~(-2*%(ArcTanh[(d*e - cxf)/f] + ArcTanh[c + d*x]))]))/(d"2%e”2 - 2%
ckdxexf + (-1 + c72)*f72)))/(d*e - c*f))/(e + f*x)

Maple [A] time = 0.168, size = 783, normalized size = 1.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*xx+c)) 2/ (f*xx+e)"2,x)

[Out] -d*a~2/(dxfxx+dxe)/f-dxb~2/(dxfxx+dxe)/f*arctanh(d*x+c) "2+2*xdxb~2/f*arctanh
(d*x+c) / (2%c*xf-2*d*e—-2*f) *1n (d*x+c-1)-2*d*b~2/f*arctanh (d*x+c) / (2xcxf-2*d*e
+2x%f ) *x1n(d*x+c+1)-2*xd*b~2*arctanh (d*x+c) / (cxf-d*e-f)/(cxf-d*e+f)*1n((d*x+c)
xf-cxf+d*xe)+d*b~2/ (cxf-d*xe-f) / (cxf-dxe+f)*1n(((d*x+c)*f+f)/(cxf-d*e+f))*1n(
(d*x+c)*xf-cxf+d*e)+d*xb~2/ (cxf-d*e-f) /(cxf-d*xe+f) *dilog(((d*x+c)*f+f)/(c*xf-d
*e+f))-d*b"2/ (cxf-d*xe—f)/(cxf-d*e+f) *1n(((d*x+c)*f—f)/(c*f-d*e-f)) *1n((d*xx+
c)*f-cxf+d*xe)-d*b~2/ (cxf-dxe-f)/(cxf-d*e+f)*dilog (((d*x+c)*f-f)/(cxf-d*xe-f)
)+1/4%d*xb~2/f/ (c¥f-d*e-f)*1n(d*x+c-1)"2-1/2%d*b"2/f/(cxf-d*e-f)*dilog(1/2+1
/2*%dxx+1/2*%c)-1/2*xd*¥b"2/f/ (c*xf-d*e-f)*1n(d*x+c-1)*1n(1/2+1/2*d*x+1/2*c)+1/2
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*dxb~2/f/ (cxf-dxe+f)*1n(-1/2*%d*x-1/2*%c+1/2) *1n(1/2+1/2*d*x+1/2%c)-1/2*d*b"2
/f/ (cxf-dxe+f)*1n(-1/2*xd*x-1/2*c+1/2) *1n(d*x+c+1)+1/2*%d*xb~2/f/ (cxf-d*e+f)*d
ilog(1/2+1/2*d*x+1/2%c)+1/4*d*xb~2/f/ (c*f-dxe+f) *1n(d*x+c+1) "2-2%d*a*xb/ (d*f*
x+d*e) /fxarctanh (d*x+c)+2*xd*axb/f/ (2xcxf-2xd*xe-2*f) *1n (d*x+c-1) -2*xd*axb/f/ (
2% cxf-2kd*ke+2*f) *1n (d*xx+c+1) -2*d*a*xb/ (ckxf-dxe-f) / (cxf-d*e+f)*1n ((d*x+c) *f-c
*f+d*xe)

Maxima [F] time = 0., size = 0, normalized size = 0.

p log(dx+c+1)_log(dx+c—1)_ 21og(fx+e) _2artanh(dx+c) ab—lbz log(—dx—c+1)2 *
def —(c+1)f> def —(c-1)f? dZBZ—ZCdef-I-(CZ—l)fz fex+ef 4 fPx+ef

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (f*x+e)”2,x, algorithm="maxima"

[Out] (d*(log(d*x + c + 1)/(d*exf - (c + 1)*£72) - log(d*x + ¢ - 1)/(d*exf - (c -
1*£72) - 2xlog(f*x + e)/(d"2*%e”2 - 2xckdxexf + (c™2 - 1)*f72)) - 2xarctan

h(d*x + c)/(£f72xx + exf))*axb - 1/4*b"2*(log(-d*x - c + 1)72/(£72*x + exf)

+ integrate(-((d*f*x + cxf - f)*log(d*x + c + 1)72 + 2x(d*f*x + d*xe - (d*f*

x + cxf - f)xlog(d*x + c + 1))*log(-d*x - c + 1))/(d*f73*x"3 + c*xe™2xf - e~

2%f + (2*d*exf~2 + c*f"3 - £73)*x72 + (d*e”2xf + 2*xc¥xexf~2 - 2*%exf"2)*x), X

)) - a”2/(f72*x + exf)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 artanh (dx + c)* + 2 abartanh (dx + ¢) + a2 x)

integral
Hesra ( f2x2 +2efx + €2

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctanh(d*x+c)) 2/ (f*x+e)”2,x, algorithm="fricas")

[Out] integral((b~2*arctanh(d*x + c)~2 + 2*axb*arctanh(d*x + c) + a”2)/(£f72*x"2 +
2%exfxx + e72), x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(dxx+c))**2/(f*x+e)**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (dx + ¢) + a)2
dx

(fx + e)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c)) 2/ (f*x+e)”2,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~2/(f*x + e)~2, x)
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2
(a+btanh;%c+dxﬂ

344 | dx
(e+fx)3
Optimal. Leaf size=750
Pd?PolyLog (2,—f:_d;x++11) ) 1d2PolyLog (2,1 o 1)  PP(de —cfPolyLog (2,1 o 1) Pd2(de - cf)Pol
Af(—cf +de + f)? A4f(—cf +de - f)? (=cf +de+ f)?(de— (c +1)f)? (—cf +a

[Out] -((a*xb*d)/((£72 - (d*e - cxf)"2)x(e + f*x))) + (b"2+d*ArcTanh[c + d*x])/((d
xe + f — cxf)*(dxe - (1 + c)*f)x(e + f*x)) - (a + bxArcTanh[c + dx*x])~2/ (2%
fx(e + £xx)72) + (b"2xd"2*ArcTanh[c + d*x]*Log[2/(1 - c - d*x)])/(2xf*(d*e
+ f - cxf)72) - (axbxd™2*xLogl[l - ¢ - d*x])/(2*fx(dxe + £ - cxf)72) + (b™2xd
“2xLog[l - ¢ - d*x])/(2+(d*e + f - c*xf)"2+(d*e - (1 + c)*f)) - (b~2xd"2xArc
Tanh[c + d*x]*Log[2/(1 + c + d*x)])/(2xf*x(d*e - f - c*xf)~2) + (2xb~2xd"2*(d
xe — cxf)*ArcTanh[c + d*x]*Logl[2/(1 + ¢ + d*x)])/((d*e + f - cxf) 2*x(d*e -
(1 + c)*£)72) + (axbxd~2*Logl[l + c + d*x])/(2*f*(d*e - £ - c*f)72) - (b~2*d
“2xLog[l + ¢ + d*x])/(2x(dxe + £ - cxf)*x(d*e - (1 + c)*£)72) + (b~2xd"2*f*L
ogle + f*xx])/((d*e + f - cxf)"2x(d*e - (1 + c)*f)"2) - (2*%axb*d™2*(d*e - cx
f)*Logle + f*x])/((dxe + £ - cxf)"2x(d*e - (1 + c)*£)72) - (2*b~2xd"2x(d*e
- cxf)*ArcTanh[c + d*x]*Log[(2xd*(e + fxx))/((d*e + f - c*xf)*(1 + c + dx*x))
1)/((d*e + £ - c*xf)"2x(d*xe - (1 + c)*f)"2) + (b~2*d"2%PolyLog[2, -((1 + ¢ +
d*x)/(1 - ¢ - d*x))])/(4xf*x(d*e + £ - c*xf)~2) + (b~2*d"2+PolyLog[2, 1 - 2/
(1 + c + d*x)])/(4*xfx(d*e - £ - c*xf)"2) - (b"2xd"2*(d*e - c*f)*PolyLogl[2, 1
- 2/(1 + c + d*x)])/((dxe + £ - cxf) 2x(d*¥e - (1 + c)*f)72) + (b72xd~2x*(dx*
e - c*xf)*PolyLog[2, 1 - (2xd*(e + f*x))/((d*xe + f - cxf)*x(1 + ¢ + d*x))])/(
(dxe + £ - cxf)"2x(d*e - (1 + c)*f)"2)

Rubi [A] time = 2.12567, antiderivative size = 750, normalized size of antiderivative = 1.,

. . number of rules
number of steps used = 26, number of rules used = 18, integrand size = 20, ———— =
integrand size

0.9, Rules used = {6109, 1982, 709, 800, 6741, 6121, 710, 801, 6725, 5918, 2402, 2315, 5926,
706, 31, 633, 5920, 2447}

c+dx+1 2 2
Pd2PolyLog (2—%) ) 1d?PolyLog (2,1 - dm)  PP(de ~cfPolyLog (2,1 - MM) Bd2(de - cf)Pol
4f(cf +de+ f)2 4f(cf +de—fP2 (—cf +de+ P(de—(c + 1)f ) (cf +¢

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*x])"2/(e + f*x)~3,x]
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[Out] -((axb*xd)/((£f72 - (d*e - cxf)"2)*(e + f*x))) + (b"2xdxArcTanh[c + dx*x])/((d
xe + f - cxf)x(d¥e - (1 + c)*f)*(e + f*x)) - (a + b*ArcTanh[c + d*x])~2/(2x
fx(e + £xx)72) + (b™2xd"2*%ArcTanh[c + d*x]*Log[2/(1 - c - d*x)])/(2xf*(d*e
+ f - cxf)72) - (axbxd™2*xLogl[l - c - d*x])/(2*fx(d*xe + £ - cxf)72) + (b™2%d
“2xLog[l - ¢ - d*x])/(2x(dxe + £ - cxf)"2*(d*e - (1 + c)*f)) - (b~2*d"2#*Arc
Tanh[c + d*x]*Log[2/(1 + c + d*x)])/(2xf*x(d*e - f - c*xf)~2) + (2xb~2xd"2*(d
*xe - cxf)*ArcTanh[c + d*x]*Log[2/(1 + c + d*x)])/((d*e + f - c*f) " 2x(d*e -
(1 + c)*f)72) + (axbxd"2*Log[l + c + d*x])/(2*f*x(d*e - f - c*f)72) - (b~2*d
“2%Log[l + ¢ + d*x])/(2x(dxe + f - cxf)*x(d*e - (1 + c)*f)72) + (b~2xd"2*f*L
ogle + f*x])/((d*e + £ - cxf)"2x(d*e - (1 + c)*f)72) - (2*%axb*d"2*(d*e - c*
f)*Logle + f*x])/((dxe + £ - cxf)"2x(d*e - (1 + c)*£)72) - (2*b~2xd"2x(d*e
- c*f)*ArcTanh[c + d*x]*Logl[(2xd*(e + f*x))/((d*e + f - cxf)*(1 + c + d*x))
1)/((d*e + £ - c*xf)"2x(d*xe - (1 + c)*f)"2) + (b~2*d"2%PolyLogl[2, -((1 + c +
d*x)/(1 - ¢ - d*x))])/(4xf*x(d*e + £ - c*f)~2) + (b~2*d"2+PolyLogl[2, 1 - 2/
(1 + c + d*xx)])/(4*xfx(d*xe - £ - cx£)72) - (b"2xd"2*x(d*e - cxf)*PolyLog[2, 1
- 2/(1 + ¢c + d*xx)])/((d*xe + £ - cxf)"2x(d*e - (1 + c)*£)72) + (b™2xd~2*(d*
e - cxf)*PolylLog[2, 1 - (2%d*(e + f*x))/((d*e + f - cxf)*(1 + c + d*x))])/(
(dxe + £ - cxf)~"2x(d*e - (1 + c)*f)~2)

Rule 6109

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£f_.)*x(x_))"(
m_), x_Symbol] :> Simp[((e + f*x)~(m + 1)*(a + bxArcTanh[c + d*x])"p)/(f*x(m
+ 1)), x] - Dist[(bxd*p)/(f*(m + 1)), Int[((e + f*x)"(m + 1)*(a + bxArcTan
hlc + d*x])~(p - 1))/(1 - (¢ + d*x)~2), x], x] /; FreeQ[{a, b, c, 4, e, £},
x] && IGtQlp, 0] && ILtQ[m, -1]

Rule 1982

Int[(u_ )~ (m_.)*(v_)~(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
[v, x]17p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])

Rule 709

Int[((d_.) + (e_)*(x_))"(m_)/((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol
] :> Simp[(e*x(d + e*xx)"(m + 1))/((m + 1)*x(cxd™2 - b*dxe + a*xe”2)), x] + Dis
t[1/(c*d”2 - bxd*e + axe”2), Int[((d + e*xx)"(m + 1)*Simp[c*d - bxe - c*e*x,
x])/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b"2 -
dxaxc, 0] && NeQ[c*d"2 - bxdxe + axe”2, 0] && NeQ[2*cxd - bxe, 0] && LtQ[m
, —-1]

Rule 800
Int[(((d_.) + (e_.)*x(x_))"(m_)*((£f_.) + (g_.)*(x_)))/((a_.) + (b_.)*(x_) +
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(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + e*x) m*x(f + g*x))/(a
+ b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b~2 - 4xax
c, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && IntegerQ[m]

Rule 6741

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int([v, x] /; v =!
= U.]

Rule 6121

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*x(b_.)) " (p_.)*x((e_.) + (£_.)*(x_))"(
m_)*((A_.) + (B_.)*(x_) + (C_.)*x(x_)"2)"(q_.), x_Symbol] :> Dist[1/d, Subs
t[Int[((d*e - cxf)/d + (£f*x)/d)"m*(-(C/d~2) + (Cxx~2)/d”~2) g*(a + bxArcTanh
[x]1)7p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m, p, q},
x] && EqQ[Bx(1 - c72) + 2xAxc*xd, 0] && EqQ[2*c*C - B*d, 0]

Rule 710

Int[((d_) + (e_)*(x D))" (m_)/((a_) + (c_.)*x(x_)"2), x_Symbol] :> Simp[(ex(d
+ exx)"(m + 1))/((m + 1)*(cxd™2 + a*xe”2)), x] + Dist[c/(c*d"2 + a*e”2), In
t[((d + exx)"(m + 1)*(d - exx))/(a + c*xx"2), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[c*d~™2 + axe™2, 0] && LtQ[m, -1]

Rule 801

Int [(((d_.) + (e_)*x(x_))"(m_)*((f_.) + (g_.)*x(x_)))/((a_) + (c_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) m*(f + gxx))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e”2, 0] && IntegerQ[m]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*xLog[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c~2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2, 0
]
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Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x72), x], x] /; FreeQ[{a,
b, ¢, d, e, qF, x] && NeQlq, -1]

Rule 706

Int[1/(((d_) + (e_.)*x(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*e”2), Int[1/(d + ex*x), x], x] + Dist[1/(c*xd”2 + axe”2), Int[(cxd -
cxexx)/(a + cxx"2), x], x] /; FreeQ[{a, c, 4, e}, x] && NeQ[c*xd"2 + axe”2,
0]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 633

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 21}, Distle/2 + (c*d)/(2*q), Int[1/(-q + c*x), x], x] + Distle/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] &% NiceSqrtQ[
-(axc)]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c”2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2xcx(d + exx))/((cxd + e)x(1 + c*xx))])/e, x]) /; FreeQ[{a, b, c, d, e}
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, x] && NeQ[c™2xd"2 - e72, 0]

Rule 2447

Int[Loglu_J*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/D[u, x11}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,

x] [[2]], Expon[Pq, x]]

Rubi steps
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a+b tanh_l(c+dx)

f (a +btanh ™ (c + dx))2 (a +btanh ™' (c + dx))2 (bd) f (e+f02(1~(c+d?) x

X =—-

e+ fxp e+ 2 f

a+b tanh_l(c+dx)

(a +b tanh_l(c + dx))2 . (bd) f (e+fx)2(1-c2-2cdx—d?x2) X
2f(e+ fx)? f

-1

b Subst f M dx,x,c +dx
de—cf fx

(00

(a +b tanh_l(c + dx))2

d

T 2 f
ad? bd? tanh ™ (x)
(a +b tanh_l(c + alx))2 b Subst (f (_(de—cf+ f)2(-1+22)  (de—cf+ fx)z(—1+x2)) &
T 2 f
1
. _(u +btanh~\(c + dx))z ) (abdz) Subst ( f T dx, x,c + dx) ) (bzdz)
2f(e+ fx)? f
- 2 (b2d?) Subst ( [ (ﬂ
- abd (a+btanh (e +d)” T
(- @e-cfP)(e+ f) 2f(e+ fxP
~ abd (a +b tanh_l(c + dx))2 (bde) Subst (f tari}ll:x(X) dx,
T (P-Ge-cfP) e+ 2fle+fxP B 2f(de - f - cf)?
- abd . p2d tanh ™\ (c + dx) (2 +btanh (¢
T (- e-cfR) e+ fx) | e+ f-chide—(+f)e+fx) 2f(e+ )
) abd pd tanh ™! (c + dx) (a +btanh™(c
- _(fz —(de—cf)z)(e+fx) * (de+ f—cf)de— (A +0)f)e+ fx) 2f(e + fx)
- abd . pd tanh ™! (c + dx) (et btanh (¢
- (fz—(de—cf)z)(e+fx) (de+ f —cf)de—(1+c)f)(e+ fx) 2f(e + fx)
- abd . pd tanh ™ (c + dx) (e +btanh (¢
 (f2-e=cfR)(e+ fx) (de+f-cf)de—(1+0)f)e+ fx) 2f(e+ fx)

Mathematica [C] time = 14.6627, size = 1970, normalized size = 2.63

result too large to display
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Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTanh[c + d*x])~2/(e + f*x)~3,x]

[Out] -a~2/(2*xf*x(e + fxx)72) + (a*xb*x(dxe - cxf + fx(c + d*x)) " 3*x((£x(2 + ((d*e +
f - cxf)x(dxe - (1 + c)*f))/((d*e - cxf)/Sqrt[l - (c + d*x)~2] + (f*x(c + dx
x))/Sqrt[1 - (c + d*x)~2])"2)*ArcTanh[c + d*x])/((d*e + £ - c*f) 2x(-(d*e)
+ f + cxf)72) - ((c + d*x)*(f - 2xd*exArcTanh[c + d*x] + 2*cxfxArcTanh[c +
d*x]))/((d*e - c*xf)*(d*e + f - c*xf)*(d*xe - (1 + c)*f)*Sqrt[l - (c + d*x)~2]
*x((d*e - cxf)/Sqrt[1 - (c + d*x)"2] + (f*(c + d*x))/Sqrt[1 - (c + d*x)"21))
- (2x(dxe - cxf)*Logl[(d*e)/Sqrt[1l - (c + d*x)~2] - (cxf)/Sqrt[l - (c + d*x
)72] + (£fx(c + d*x))/Sqrt[1 - (c + d*x)~2]])/(d"2*e”2 - 2*ckxdxexf + (-1 + c
"2)%£72)72))/(d*(e + £*xx)73) + (b72+(d*e - c*xf + fx(c + d*x)) " 3*x((fx(1 - (c
+ d*x)72)7(3/2)*((d*e)/Sqrt[1l - (c + d*x)~"2] - (c*f)/Sqrt[l - (c + d*x)~2]
+ (fx(c + d*x))/Sqrt[1l - (c + d*x)~2]) " 3xArcTanh[c + d*x]~2)/(2*(d*e - f -
cxf)*x(dxe + £ - cxf)*(d*e - cxf + f*x(c + d*x)) 3*x(-((d*e)/Sqrt[1l - (c + dx
x)72]) + (c*xf)/Sqrt[1l - (c + d*x)72] - (f*x(c + d*x))/Sqrt[l - (c + d*x)72])
~2) + ((1 - (c + d*x)72)7(3/2)*((d*e)/Sqrt[1l - (c + d*x)~2] - (c*f)/Sqrt[1
- (c + d*x)72] + (fx(c + d*x))/Sqrt[l - (c + dxx)~2])73*((f*x(c + dxx)*ArcTa
nh[c + d*x])/Sqrt[l - (c + d*x)~2] - (d*ex(c + d*x)*ArcTanh[c + d*x]~2)/Sqr
t[1 - (c + d*x)"2] + (cxfx(c + d*x)*ArcTanh[c + d*x]~2)/Sqrt[l - (c + d*x)~
21))/((d*e - cxf)*(dxe - f - cxf)*(d*e + £ - ckxf)*(dxe - cxf + fx(c + d*x))
3% (-((d*e)/Sqrt[1 - (c + d*x)~2]) + (cxf)/Sqrt[l - (c + d*x)72] - (fx(c +
d*x))/Sqrt[l - (c + d*x)~2])) + (£fx(1 - (c + d*x)"2)~(3/2)*((d*e)/Sqrt[1l -
(c + d*x)~2] - (c*xf)/Sqrt[l - (c + d*x)~2] + (f*(c + d*x))/Sqrt[l - (c + d*
x)72])"3x(-(fxArcTanh[c + d*x]) + (d*e - cxf)xLogl[(d*e - c*f)/Sqrt[l - (c +
d*x)"2] + (f*(c + d*x))/Sqrt[1 - (c + d*x)~2]]1))/((dxe - c*f)*(d*¥e - f - ¢
*xf)x(d¥e + £ - c*xf)*(-£72 + (d*e - cxf)"2)*(d*e - cxf + f*x(c + d*x))73) - (
cx(1 - (c + d*x)~2)7(3/2)*((d*e)/Sqrt[1 - (c + d*x)~2] - (cxf)/Sqrt[l - (c
+ d*x)"2] + (fx(c + d*x))/Sqrt[l - (c + d*x)~2])73*(-(ArcTanh[c + d*x]~2/E”
ArcTanh([(d*e - c*f)/f]) + (Ix(dxe - c*xf)*(-((-Pi + (2+I)*ArcTanh[(d*e - cxf
)/f])*ArcTanh[c + d*x]) - 2*%(IxArcTanh[(d*e - c*f)/f] + IxArcTanh[c + d*x])
xLog[1 - E7((2*I)*(I*xArcTanh[(d*e - c*f)/f] + I*ArcTanh[c + d*x]))] - PixLo
gll + E7(2%ArcTanh[c + d*x])] + PixLog[1/Sqrt[1l - (c + d*x)~2]] + (2xI)*Arc
Tanh[(d*e - c*f)/fl*Log[I*Sinh[ArcTanh[(d*xe - cx*f)/f] + ArcTanh[c + d*x]]]
+ I*PolyLog[2, E~((2*I)*(I*ArcTanh[(d*xe - cx*f)/f] + IxArcTanh[c + d*x]))]))
/(£xSqrt[1 - (dxe - c*x£)~2/£72])))/((d*e - cxf)*(d*e - f - c*f)*(dxe + f -
cxf)*xSqrt[(£72 - (dxe - cxf)"2)/f72]*(d*e - cxf + fx(c + d*x))73) + (d*ex(1
- (c + d*x)72)7(3/2)*((d*e)/Sqrt[1 - (c + d*x)~2] - (c*xf)/Sqrt[l - (c + dx
x)72] + (f*x(c + d*x))/Sqrt[1l - (c + d*x)~2])~3*(-(ArcTanh[c + d*x]~2/E~ArcT
anh[(d*e - c*f)/f]) + (Ix(d*e - cxf)*x(-((-Pi + (2xI)*ArcTanh[(d*e - c*f)/f]
)*ArcTanh[c + d*x]) - 2% (I*ArcTanh[(d*e - cx*f)/f] + IxArcTanh[c + d*x])*Log
[1 - E7((2*I)*(I*ArcTanh[(d*xe - c*f)/f] + I*ArcTanh[c + d*x]))] - Pi*Logl[1
+ E7(2%ArcTanh[c + d*x])] + PixLogl[1/Sqrt[1 - (c + d*x)~2]] + (2%I)*ArcTanh
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[(d*xe - c*f)/f]*Log[I*Sinh[ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]]] + Ix
PolyLog[2, E~((2*%I)*(I*ArcTanh[(d*e - c*f)/f] + I*ArcTanh[c + d*x]))]))/(f*
Sqrt[1 - (dxe - cxf)~2/£72])))/(f*x(d*e - c*f)*(d*e - f - c*f)*(d*e + f - cx
£)*Sqrt[(£72 - (dxe - c*xf)"2)/f72]*(dxe - c*xf + f*x(c + d*x))~3)))/(dx(e + £
*x)"3)

Maple [A] time = 0.179, size = 1428, normalized size = 1.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) 2/ (f*x+e) 3,x)

[Out] -d"2xb~2*f/(cxf-dxe-f) "2/ (cxf-d*xe+f) "2x1n(((d*x+c)*f+f)/(cxf-d*xe+f))*1n((d*
x+c)*xf-cxf+d*e) *xc-1/2*%d"2*xa~2/ (d*f*x+d*e) ~2/f+2+d~2*b~2*xf*arctanh (d*x+c) / (c
*f-d*e-f) "2/ (cxf-d*xe+f) "2x1n ((d*x+c) *f-c*xf+d*e) *c+d~2xb~2xf / (cxf-d*xe-f) "2/ (
cxf-d*xe+f) "2+¢In(((d*x+c) *f-f) / (cxf-dxe-f) ) *1n ((d*x+c) *f-cxF+d*e) xc+2xd " 2*a*
bxf/ (cxf-dxe-f) "2/ (cxf-d*e+f) "2x1n((d*x+c) *f-c*xf+d*e) xc+d " 2*axb/ (cxf-d*e—f)
/ (cxf-d*e+f)/(dxf*xx+d*e)-1/2*d"2%b~2/f*arctanh (d*x+c) / (cxf-d*e—f) "2*1n (d*x+
c-1)+1/2%d"2xb~2/f*arctanh (d*x+c) / (cxf-d*e+f) "2x1n(d*x+c+1)+1/4*d"2%b"2/f/(
cxf-d*xe-f) "2*¢In(d*x+c-1)*1In(1/2+1/2xd*x+1/2%c)-1/4*d"2*b"2/f/ (cxf-d*e+f) ~2%
In(-1/2*%d*x-1/2*%c+1/2)*1n(1/2+1/2*%d*x+1/2%c)+1/4*d"2xb"2/f/ (cxf-d*e+f) "2*1n
(-1/2%d*x-1/2%c+1/2) *1n(d*x+c+1)-d"2*a*xb/ (d*f*x+d*e) "2/f*arctanh (d*xx+c)+d "2
*b~2*arctanh (d*x+c) / (cxf-dxe-£f)/(cxf-d*e+f) / (d*f*xx+d*e)-d"2%b"2/ (c*f-d*xe-f)
/ (cxf-d*e+f) / (2xcxf-2*xd*xe-2*f) *1n (d*x+c-1)+d~2*¥b~2*f/ (cxf-d*e-f) ~2/ (cxf-d*e
+f) "2%1In((d*x+c) *f-c*xf+d*e) +d~3*b~2/ (cxf-d*e-f) "2/ (cxf-d*xe+f) "2xdilog (((d*x
+c)*f+f) / (cxf-d*xe+f) ) xe-d~3*xb~2/ (cxf-d*e-f) "2/ (cxf-d*xe+f) "2xdilog (((d*x+c)*
f-f)/(cxf-d*e—f))*e-1/2+%d"2*axb/f/ (cxf-d*xe—f) "2*x1n(d*x+c-1)+1/2*d " 2*axb/f/(
cxf-d*e+f) "2+1n(d*x+c+1)+d"2xb"2/ (cxf-d*e-£f) / (cxf-d*xe+f) / (2kxc*xf-2xd*e+2*f) *
In(d*x+c+1)-1/2*d"2%b"2/ (d*f*x+d*e) "2/f*arctanh (d*x+c) "2+1/4*d"2%b"2/f/ (c*f
—-d*e-f) "2+dilog(1/2+1/2xd*x+1/2%c)-1/4*d"2%b"2/f/ (c*f-d*e+f) "2xdilog(1/2+1/
2%d*x+1/2%c)-1/8*d"2xb"2/f/ (c*f-d*e+f) "2*x1In(d*x+c+1) "2-1/8*xd"2xb~2/f/(c*f-d
xe-f) "2*1In(d*x+c-1) "2-2*d"3*axb/ (cxf-d*e-f) "2/ (cxf-d*e+f) "2x1n ((d*x+c) *f-c*
f+dxe) *e-d"2*b~2*f/ (cxf-d*e-f) "2/ (cxf-d*e+f) "2+xdilog(((d*x+c)*f+f)/(c*xf-dxe
+f) ) xc+d"2%b72xf/ (cxf-d*e-f) "2/ (c*xf-dxe+f) "2xdilog (((d*x+c) *f-f)/ (cxf-d*xe-f
))*c-2%d"3*b~2*arctanh (d*x+c) / (cxf-d*xe-f) "2/ (c*f-d*xe+f) "2x1n ((d*x+c)*f-c*xf+
d*e) *e+d"3*b~"2/ (cxf-d*xe-f) "2/ (c*xf-d*xe+f) "2x1In (((d*x+c)*f+f) / (c*xf-d*xe+f) ) *1n
((d*x+c) *f-c*xf+d*e) *e-d"3*b"2/ (cxf-d*e-f) "2/ (cxf-d*xe+f) "2x1n (((d*x+c)*f-f)/
(cxf-d*e-f)) *1In((d*xx+c) *f—cxf+d*e) *xe
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Maxima [F] time = 0., size = 0, normalized size = 0.

1([ dlog (dx + c +1) dlog (dx +c—1) 4 (%

2((@e2f ~2(c+1)def2 + (2 +2c+1)f2 @2f -2(c-Ddef2 + (2 -2c+1)f3 diet—dede>f +2(3¢2 1),

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c)) 2/ (f*x+e)”3,x, algorithm="maxima")
g g

[Out] 1/2*(d*(d*log(d*x + c + 1)/(d"2xe"2xf - 2x(c + 1)*d*e*xf"2 + (c™2 + 2*%c + 1)
xf73) - dxlog(d*x + ¢ - 1)/(d"2*%e"2+f - 2*(c - 1)xd*exf~2 + (c72 - 2%c + 1)
*£73) - 4x(d"2%e - cxdxf)*log(f*x + e)/(d"4*e”4 - 4xc*xd”~3*%e”3xf + 2% (3*c™2
- 1)*d"2*%e"2%f72 - 4x(c”3 - c)xd*exf”3 + (c74 - 2%c”2 + 1)*f74) + 2/(d"2%e”
3 - 2kcxd*e”2xf + (c72 - 1)xexf™2 + (d™2xe”2*xf - 2xckdkexf~™2 + (c72 - 1)*f~
3)*x)) - 2%arctanh(d*x + c)/(£73%x72 + 2*exf~2%x + e72*f))*a*xb - 1/8xb~2x(1
og(-d*x - ¢ + 1)72/(£73*x72 + 2*exf~2*%x + e72xf) + 2xintegrate(-((d*f*x + c
xf - f)xlog(d*xx + ¢ + 1)72 + (d*f*x + dxe - 2*(d*f*x + cxf - f)*xlog(d*x + ¢
+ 1))*log(-d*x - c + 1))/(d*f"4*x"4 + c*e”3*%f - e73*f + (3*kd*exf~3 + c*xf™4
- £74)*%x73 + 3*%(d*e”2*f72 + cke*xf”3 - exf73)*x72 + (d*e"3xf + 3kckeT2xf"2
- 3%e"2xf72)xx), x)) - 1/2%a”2/(£f73%x72 + 2%e*xf"2xx + e”2%f)

Fricas [F] time = 0., size = 0, normalized size = 0.

- b2 artanh (dx + ¢)* + 2 abartanh (dx + ¢) + a2 N
integra ,
& f3x3 +3ef?x? +3e2fx + €3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (f*x+e)”3,x, algorithm="fricas")

[Out] integral((b~2*arctanh(d*x + c)~2 + 2*axb*arctanh(d*x + c) + a”2)/(£73*x"3 +
3kexf"2%x72 + 3*ke"2xfxx + e73), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*atanh(d*x+c))**2/(f*x+e)**3,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (dx +¢) + a)2

(fx + 6)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 2/ (f*x+e)”3,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~2/(f*x + )73, x)
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345  [(e+ fx?(a+btanh™(c +dx)) dx
Optimal. Leaf size=546

b2 (32 +1) f2 - 6cdef + 3d2¢2) PolyLog (2, 1- ﬁ) (a+btanh e +dx)) B ((32 +1) f2 - bcdef +3d2e2)
— 7 + 243

[Out] (axb™2*xf"2*x)/d"2 + (b~3*f"2%(c + d*x)*ArcTanh[c + d*x])/d"3 - (b*f~2*x(a +
b*ArcTanh[c + d*x])~2)/(2%d"3) + (3*bxf*x(d*xe - c*f)*(a + bkArcTanh[c + d*x]
)72)/d"3 + (3*b*f*x(d*e - cxf)*x(c + d*x)*(a + b*ArcTanh[c + d*x])~2)/d"3 + (
b*f 2% (c + d*x) 2%(a + bxArcTanh[c + d*x])"2)/(2%d"3) - ((d*xe - c*f)*(d"2xe
“2 — 2%xckdxexf + (3 + c”2)*f"2)*x(a + bxArcTanh[c + d*x])~3)/(3xd~3*f) + ((3
*d"2%e”2 - 6Gkxckdxexf + (1 + 3*%c”2)*f"2)*(a + b*ArcTanh[c + d*x])~3)/(3*d"3)
+ ((e + f*x)~3*(a + b*ArcTanh[c + d*x])~3)/(3*f) - (6*xb~2*xf*(d*xe - c*f)*(a
+ bxArcTanh[c + d*x])*Log[2/(1 - c - d*x)])/d™3 - (b*x(3*d"2%e”2 - Gkcxd*ex
f + (1 + 3xc™2)*f72)*(a + b*ArcTanh[c + d*x]) 2+Log[2/(1 - ¢ - d*x)])/d"3 +
(b~3*%f~2%Log[1 - (c + d*x)~2])/(2%xd"3) - (3*b~3*xfx(dxe - cx*f)*PolylLogl[2, -
(1 +c+d*xx)/(1 - c - d*x))])/d"3 - (b™2*%(3*d"2*e"2 — 6xcxdxexf + (1 + 3%
c"2)*f"2)*(a + bxArcTanh[c + d*x])*PolyLogl[2, 1 - 2/(1 - ¢ - d*x)])/d"3 + (
b73%(3%d"2%e”2 - 6xckdkexf + (1 + 3%c™2)*f~2)*PolyLog[3, 1 - 2/(1 - c - d*x
)1)/(2*%d~3)

Rubi [A] time = 1.04646, antiderivative size = 546, normalized size of antiderivative =
number of rules

1., number of steps used = 21, number of rules used = 14, integrand size = 20, — :
integrand size

= 0.7, Rules used = {6111, 5928, 5910, 5984, 5918, 2402, 2315, 5916, 5980, 260, 5948, 6048,
6058, 6610}

b2 ((3c2 +1) f2 - 6cdef + 3d2e2) PolyLog (2, 1- — dm) (a+btanh e +dx) B ((32 +1) f2 - bcdef +3d2e2)

- B * 2

Antiderivative was successfully verified.

[In] Int[(e + f*x)~2%(a + b*ArcTanh[c + d*x])~3,x]

[Out] (a*b™2*xf~2*xx)/d"2 + (b~3*f72+(c + d*x)*ArcTanh[c + d*x])/d"3 - (b*f~"2*x(a +
bxArcTanh[c + d*x])~2)/(2*d"3) + (3xb*f*x(d*¥e - cxf)*(a + bkArcTanh[c + dx*x]
)72)/d"3 + (3*b*kf*x(d*e - cxf)*x(c + d*x)*(a + b*ArcTanh[c + d*x])~2)/d"3 + (
b*f~2%(c + d*x) 2%(a + bxArcTanh[c + d*x])"2)/(2%d"3) - ((dxe - c*xf)*(d"2%e
"2 - 2xckxd¥exf + (3 + c”2)*xf"2)*(a + bxArcTanh[c + d*x])~3)/(3*xd~3*xf) + ((3
*d"2%e”2 - 6kxckdxexf + (1 + 3*xc”2)*f"2)*(a + bxArcTanh[c + d*x])~3)/(3%d"3)
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+ ((e + f*x)73%(a + b*ArcTanh[c + d*x])~3)/(3*%f) - (6*%b"2xfx(d*e - c*xf)*(a
+ b¥ArcTanh[c + d*x])*Logl[2/(1 - ¢ - d*x)])/d"3 - (b*(3*d"2%e”2 - 6*c*d*ex
f + (1 + 3*%c”™2)*f72)*(a + bxArcTanh[c + d*x]) 2xLogl[2/(1 - ¢ - d*x)])/d"3 +

(b~3*%f~2+Log[1 - (c + d*x)~2])/(2%d"3) - (3*b~3*fx(dxe - cx*f)*PolylLogl[2, -
((1 +c+d*xx)/(1 - c - d*x))])/d™3 - (b™2%(3*d"2*e"2 - 6*ckxdxexf + (1 + 3%
c"2)*f"2)*(a + b¥ArcTanh[c + d*x])*PolyLogl[2, 1 - 2/(1 - ¢ - d*x)])/d"3 + (
b~3%(3%d"2%e”2 - 6xckdkexf + (1 + 3%c™2)*f~2)*PolyLog[3, 1 - 2/(1 - c - d*x
)1)/(2%d~3)

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_)*x)DI*(_.)) " (p_)*x((e_.) + (f_.)*x(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) "m*(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, 0]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*x(x_)]*(b_.))"(p_)*((d_ ) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])7p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]

&& IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bx*A
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2xx~2), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d ) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])"(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (exx)/d)]1)/(1 - c~2%x72)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2%¥d"2 - €72, 0
]
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Rule 2402

Int[Log[(c_.)/((d ) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp [((d*x)~(m + 1)*(a + b*ArcTanh[c*x])"p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b¥ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] & IGtQlp, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*x((£f_.)*(x_))"(m_))/((d_ ) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]11/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_.)*x((f) + (g_)*(x D))" (m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx”2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && I
GtQlp, 0] && EqQLc~2%d + e, 0] && IGtQ[m, O]
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Rule 6058

Int[(Loglu_J*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.))/((d_) + (e_.)*x(x_)"~
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) p*xPolyLog[2, 1 - ul)/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d +
e, 0] && EqQ[(1 - w)~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl]] /; FreeQ[n, x]

Rubi steps
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de—cf  fx 2 -1 3
Subst f(T + 7) (a + btanh (x)) dx, x,c + dx

f(e + fx)? (a +btanh ™ (c + {Jlx))3 dx = .

3f2(decf)(a+b tanh_l(x))z £33
3 bSubst - - —
(e + fx)? (u +btanh ™ (c + dx)) oS f[ L

3f -

((de—cf)(d?e>~2cdef+3f2+c?£2)+f(3d
]

~ (e + fx) (a + btanh_l(c + dx))3 bSubst f

3f

3bf(de - cf)(c +dx) (a + btanh™ (c + dx))2 bf*(c+dx)? (a+btanh ™ (c -
= +
43 243

3bf(de - cf) (a+btanh™ (c + dx))z 3bf(de - cf)(c + dx) (a + btanh ™ (c -
+
43 43

2 -1 2 -1 2
a?f2x  bf?(a+btanh™ (c+dx))  3bf(de - cf)(a+btanh™ (c +dx))
2 243 + 43

~ 2
_ x| Bfc+dytanhc+dy) b7 (a+btanh e+ ) 3bf(
TR & 283

_ 2
_ P BPfAc+dntanhc+dy) bf? (a+btanhc+dn)  3bf(
T T P 2

_ 2
_ab?f?x .\ b3 £2(c + dx) tanh ™ (c + dx) ~ bf? (“ +btanh™ (c + dx)) N 3bf(e
2 a3 243

Mathematica [B] time = 9.38579, size = 1868, normalized size = 3.42

result too large to display

Warning: Unable to verify antiderivative.

[In] Integratel[(e + f*x)~2x(a + bxArcTanh[c + d*x])~3,x]
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[Out] (a™2x(a*xd™2%e”2 + 3kbkdke*xf - 2*bkc*kf~2)*x)/d"2 + (a™2xf*(2*a*xd*e + b*f)*x~
2)/(2%d) + (a73%f72%x73)/3 + a"2%bkx*(3%e”2 + 3xexfxx + f72xx72)*ArcTanh(c
+ d*x] + ((3xa”2xbxd"2%e”2 - 3*a”2xbkckxd"2%e”2 + 3*a”2xbkdkexf - Gka”2kbkcxk
dxe*xf + 3%a”2xbxc”2xd*exf + a"2xb*xf"2 - 3xa " 2xbkxcxf"2 + 3*a"2%bxc”2xf72 - a
“2xb*xc”3*%f72)*Log[1l - ¢ - d*x])/(2%d"3) + ((3*%a"2xb*xd~2*e”2 + 3*a~2%bxcxd~2
*e72 - 3*a " 2xbkdxexf - 6xa”2*bkxcxdkexf - 3ka"2xbxcT2xd*exf + a"2xbxf"2 + 3%
a"2xbkxcxf"2 + 3*a"2xbkcT2*f72 + a"2*bxc”3*f72)*Log[l + ¢ + d*xx])/(2xd"3) +
(3*a*xb~2*e” 2% (ArcTanh[c + d*x]*(-ArcTanh[c + d*x] + (c + d*x)*ArcTanh[c + d
xx] - 2xLog[l + E~(-2*%ArcTanh[c + d*x])]) + PolyLog[2, -E~(-2*ArcTanh[c + d
*x])]1))/d - (3%axb™2kexf*x((1 - (c + d*x)~2)*ArcTanh[c + d*x]~2 + 2%(-((c +
d*x)*ArcTanh[c + d*x]) - c*ArcTanh[c + d*x]~2 + c*(c + d*x)*ArcTanh[c + d*x
172 - 2xc*ArcTanh[c + d*x]*Log[l + E~(-2xArcTanh[c + d*x])] + Logl[1/Sqrt[1
- (c + d*x)~2]]) + 2xc*PolyLog[2, -E~(-2%ArcTanh[c + d*x])]))/d"2 + (b~3xe”
2% (ArcTanh[c + d*x]~2*%(-ArcTanh[c + d*x] + (c + d*x)*ArcTanh[c + d*x] - 3%L
ogll + E~(-2#ArcTanh[c + dxx])]) + 3xArcTanh[c + d*x]*PolyLog[2, -E~(-2%Arc
Tanh[c + d*x])] + (3*PolyLogl[3, -E~(-2*ArcTanh[c + d*x])])/2))/d + (b~ 3*exf
*(-(ArcTanh[c + d*x]*(3*xArcTanh[c + d*x] - 2%cxArcTanh[c + d*x]"2 + (1 - (c
+ d*x)"2)*ArcTanh[c + d*x]72 + (c + d*x)*ArcTanh[c + d*x]*(-3 + 2*c*ArcTan
hlc + d*x]) + 6%xLogl[l + E~(-2*%ArcTanh([c + d*x])] - 6*cxArcTanh[c + d*x]*Log
[1 + E7(-2%ArcTanh[c + d*x])])) + (3 - 6xc*ArcTanh[c + dx*x])*PolyLog[2, -E~
(-2%ArcTanh[c + d*x])] - 3*c*PolyLog[3, -E~(-2*ArcTanh[c + d*x])]))/d"2 - (
axb”2*xf72%(1 - (c + d*x)72)7(3/2)*x(-((c + d*x)/Sqrt[1l - (c + d*x)~2]) + (6%
cx(c + d*x)*ArcTanh[c + d*x])/Sqrt[l - (c + d*x)~2] + (3*(c + d*x)*ArcTanh[
c + d*x]72)/Sqrt[1 - (c + d*x)~2] - (3*c™2x(c + d*x)*ArcTanh[c + d*x]~2)/Sq
rt[1 - (c + d*x)~2] + ArcTanh[c + d*x] 2+Cosh[3*ArcTanh[c + d*x]] + 3*c™2xA
rcTanh[c + d*x]~2xCosh[3*ArcTanh[c + d*x]] + 2%ArcTanh[c + d*x]*Cosh[3*ArcT
anh[c + d*x]]*Log[l + E~(-2xArcTanh[c + d*x])] + 6*c™2xArcTanh[c + d*x]*Cos
h[3*%ArcTanh[c + d*x]]*Logl[l + E~(-2*ArcTanh[c + d*x])] - 6*c*Cosh[3*ArcTanh
[c + d*x]]*Log[1/Sqrt[1 - (c + d*x)~2]] + (ArcTanh[c + d*x]*(4 + 3*x(1 - 4xc
+ 3*%c"2)*ArcTanh[c + d*x]) + 6%(ArcTanh[c + d*x] + 3*c”2%ArcTanh[c + d*x])
*Log[1 + E~(-2*ArcTanh[c + d*x])] - 18*xc*Log[1/Sqrt[1 - (c + d*x)~2]])/Sqrt
[1 - (c + d*x)72] - (4x(1 + 3%c”2)*PolyLog[2, -E~(-2*ArcTanh[c + d*x])])/(1
- (c + d*x)~2)7(3/2) - Sinh[3*ArcTanh[c + d*x]] + 6*c*ArcTanh[c + d*x]*Sin
h[3*%ArcTanh[c + d*x]] - ArcTanh[c + d*x]~2*Sinh[3*%ArcTanh[c + d*x]] - 3*c~2
xArcTanh[c + d*x]~2+Sinh[3*ArcTanh[c + d*x]]))/(4%d"3) + (b~ 3*f72%((-3*c +
ArcTanh([c + d*x] + 3*c”2xArcTanh[c + d*x])*PolyLog[2, -E~(-2%ArcTanh[c + d*
x])] - ((1 - (c + d*x)"2)7(3/2)*((-3*(c + d*x)*ArcTanh[c + dxx])/Sqrt[1 - (
c + dxx)~2] + (9%c*(c + dxx)*ArcTanh[c + d*x]~2)/Sqrt[1l - (c + d*x)~2] + (3
x(c + dxx)*ArcTanh[c + d*x]~3)/Sqrt[l - (c + d*x)~2] - (3*%c™2*(c + d*x)*Arc
Tanh([c + d*x]~3)/Sqrt[1 - (c + d*x)~2] - 9*cxArcTanh[c + d*x] 2+Cosh[3*ArcT
anh[c + d*x]] + ArcTanh[c + d*x]~3*Cosh[3*ArcTanh[c + d*x]] + 3*c~2*xArcTanh
[c + d*x]~3*Cosh[3*ArcTanh[c + d*x]] - 18*cxArcTanh[c + d*x]*Cosh[3*ArcTanh
[c + d*x]]*Log[1 + E~(-2xArcTanh[c + d*x])] + 3*ArcTanh[c + d*x] 2*Cosh[3*A
rcTanh[c + d*x]]*Log[l + E~(-2xArcTanh[c + d*x])] + 9xc”2*xArcTanh[c + d*x]~
2xCosh [3*ArcTanh[c + d*x]]*Log[l + E~(-2%ArcTanh[c + d*x])] + 3*Cosh[3*ArcT
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anh[c + d*x]]*Logl[1/Sqrt[1 - (c + d*x)~2]] + (3*(ArcTanh[c + d*x]~2%(2 - 9%
c + ArcTanh[c + d*x] - 4*cxArcTanh[c + d*x] + 3*c”2%ArcTanh[c + d*xx]) + 3x*A
rcTanh[c + d*x]*(-6*%c + ArcTanh[c + d*x] + 3*%c”2*ArcTanh[c + d*x])*Logl[l +

E~(-2xArcTanh[c + d*x])] + 3*Logl[1/Sqrt[1 - (c + d*x)~2]]1))/Sqrt[l - (c + d
*x)7"2] - (6%(1 + 3*%c”2)*PolyLog[3, -E~(-2%ArcTanh[c + d*x])])/(1 - (c + dx*x
)72)7(3/2) - 3xArcTanh[c + d*x]*Sinh[3*ArcTanh[c + d*x]] + 9*c*ArcTanh[c +

d*x] "2*Sinh [3*ArcTanh[c + d*x]] - ArcTanh[c + d*x]~3*Sinh[3*ArcTanh[c + d*x
11 - 3%c™2%ArcTanh[c + d*x]~3*Sinh[3*ArcTanh[c + d*x]]))/12))/d"3

Maple [C] time = 4.24, size = 12111, normalized size = 22.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 2% (a+b*arctanh(d*x+c))"3,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2x(atb*arctanh(d*x+c))~3,x, algorithm="maxima"

[Out] 1/3*%a”3*f"2*x"3 + a~3*e*xf*x"2 + 3/2x(2*xx"2*arctanh(d*x + c) + d*x(2*x/d"2 -
(c™2 + 2%c + 1)*log(d*x + ¢ + 1)/d"3 + (c™2 - 2%c + 1)*log(d*x + ¢ - 1)/d"3
))*a”"2xbxexf + 1/2*%x(2*x"3*arctanh(d*x + c) + d*x((d*x"2 - 4*xcxx)/d"3 + (c”3
+ 3%c”2 + 3xc + 1)*log(d*x + ¢ + 1)/d"4 - (c”3 - 3*c™2 + 3*%c - 1)*log(d*x +
c - 1)/d74))*a"2*b*xf"2 + a~3xe"2*x + 3/2*%(2*x(d*x + c)*arctanh(d*x + c¢c) + 1
og(-(d*x + ¢c)72 + 1))*a"2%bxe”2/d - 1/24*%((b~3%d"3*f72%x"3 + 3*%b~3*d~3*ex*xfx*
X"2 + 3*b73%d"3%e"2%x + (cT3*f72 - 3xd"2xe”2 - 3k (dxexf + £T2)*cT2 - 3xdxex
f + 3%x(d72%e”2 + 2kxdxexf + f72)*c - £72)*xb"3)*log(-d*x - c + 1)73 - 3x(2x*ax
b~ 2%d"3*xf"2%x"3 + (6*xaxb”2xd"3kxexf + bT3*xd"2*f"2)*x"2 + 2% (3*axb”2xd"3*xe”2
+ (Bkd"2*xexf — 2xcxd*f72)*b"3)*x + (b73*d"3*xf"2*%x"3 + 3*¥b"3*kd"3kexf*kx"2 + 3
*b73%d"3*ke"2%x + (c73*f72 + 3kd"2%e”2 - 3k (dxexf — £72)*cT2 - 3kd¥xexf + 3*(
d72%e”2 - 2xd¥xexf + f72)*xc + £72)*b"3)*log(d*x + ¢ + 1))*log(-d*x - ¢ + 1)~
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2)/d”3 - integrate(-1/8*((b73*d"3*f"2*x~3 + (2xd"3*%exf + c*d™2+f~2 - d72%f~
2)*%b"3*x72 + (d73*%e”2 + 2xcxd"2%exf - 2*xd72*exf)*b"3*x + (c*xd"2%e”2 - d"2%*e
“2)*xb"3)*log(d*x + ¢ + 1)73 + 6*%(a*b”2*%d"3*f72%x"3 + (2%d"3xe*xf + c*xd"2*f"2
- d72*%f72) *axb"2*x72 + (d73%e”2 + 2%c*kd”"2kexf - 2xd"2xexf)*axb”2*x + (c*d”
2%e”2 - d"2*e”2)*a*b”"2)*log(d*xx + ¢ + 1)72 - (4*xaxb”2+d"3*f72xx"3 + 2% (6*ax
b~2%d"3*%exf + b73*d"2*xf"2) *x72 + 3% (b"3*d"3*f"2*xx"3 + (2*%d"3kexf + cxd"2*xf”
2 - d72*%f72)*b73*%x72 + (d73%e72 + 2%c*d"2kexf — 2xd"2xexf)*b"3*x + (c*d"2*e
T2 - d72*%e"2)*xb"3) *log(d*x + c + 1)72 + 4*(3*kaxb”2xd"3*e”2 + (3xd"2*exf - 2
*ckd*f72)*b73) *kx + 2% (6x(cxd"2xe”2 - d72*e"2)*axb”2 + (c73*f72 + 3*%d"2%e”2

- 3x(d*exf - £f72)*c”2 — 3xdxexf + 3*x(d"2%e”2 - 2*d*exf + f~2)xc + £72)*b"3

+ (6%a*xb”™2xd"3*f"2 + b73%d"3*f"2)*x"3 + 3*(b"3*d"3xexf + 2% (2xd"3*exf + c*d
“2%f72 - dT2*4f72) *axbT2)*xx72 + 3% (b73*%d"3*e”2 + 2% (d73*e”2 + 2xcxd"2%exf -

2xd"2*exf) xa*xb”2) *x)*xlog(d*x + ¢ + 1))*log(-d*x - c + 1))/(d"3*x + c*d”2 -

da~2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (a3f2x2 +2a%efx + ade? + (b3f2x2 +2b%fx + b3ez) artanh (dx + ¢)° + 3 (ab2f2x2 +2ab%efx + abzez) arta
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2x(atb*arctanh(d*x+c))~3,x, algorithm="fricas")

[Out] integral(a™3*f~2*x"2 + 2%a”3xexf*x + a”3%e”2 + (b™3*f"2*%xx"2 + 24b " 3xexf*x +
b~ 3*e"2)*arctanh(d*x + c)~3 + 3x(axb"2xf72%x"2 + 2kaxb"2kxexf*xx + axb"2xe”2
Yxarctanh(d*x + c)72 + 3*x(a"2xbxf~2%x72 + 2*a " 2*bkexf*x + a~2xbxe”2)*arctan
h(d*x + c), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**2*(atb*atanh(d*x+c))**3,x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

f (fx + e)z(b artanh (dx + ¢) + a)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2% (atb*arctanh(d*x+c))”~3,x, algorithm="giac")

[Out] integrate((f*x + e) 2x(bxarctanh(d*x + c) + a)~3, x)
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346  [(e+ fx)(a+btanh(c+dv) dx

Optimal. Leaf size=326

2 2

3b%(de — cf)PolyLog (2,1 - m) (a +btanh ™ (c + dx)) ) 3b%(de — cf)PolyLog (3,1 - — dm) 36 fPolyLc

d? 242

[Out] (3*b*xf*x(a + b*ArcTanh[c + d*x])~2)/(2*d"2) + (3*b*f*x(c + d*x)*(a + b*ArcTan
hlc + d*x])"2)/(2%d"2) + ((d*e - c*xf)*(a + b*ArcTanh[c + d*x])~3)/d"2 - ((d
~2%e”2 - 2xckdkexf + (1 + c¢”2)*xf"2)*(a + b¥ArcTanh[c + d*x])~3)/(2xd~2*f) +

((e + f*x)~2x(a + b*ArcTanh[c + dxx])~3)/(2*f) - (3*b~2*fx(a + b*ArcTanh[c

+ d*x])*Log[2/(1 - ¢ - d*x)])/d"2 - (3*bx(d*e - c*f)*(a + bxArcTanh[c + dx
x])"2xLog[2/(1 - ¢ - d*x)])/d"2 - (3*b~3*f*PolyLog[2, -((1 + c + d*x)/(1 -

c - d*x))])/(2*%d"2) - (3*b"2*(d*e - c*f)*(a + b*ArcTanh[c + d*x])*PolyLog[2

, 1 -2/(1 - c - d*x)])/d"2 + (3*%b"3x(d*e - c*f)*PolyLog[3, 1 - 2/(1 - c -
dxx)])/(2%d~2)

Rubi [A] time = 0.725945, antiderivative size = 325, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 11, integrand size = 18, ==
integrand size

= 0.611, Rules used = {6111, 5928, 5910, 5984, 5918, 2402, 2315, 6048, 5948, 6058, 6610}

2
—c—dx+1

2 _
3b2(de - cf)PolyLog (2,1 - — dm) (@ + btanh™ (c + dx)) ) 3b3(de — cf)PolyLog (3,1 -
- d2 242

) 33 fPolyLo

Antiderivative was successfully verified.

[In] Int[(e + f*x)*(a + b*ArcTanh[c + d*x])~3,x]

[Out] (3*b*f*x(a + bxArcTanh[c + d*x])~2)/(2xd"2) + (3*b*xf*(c + d*x)*(a + b*ArcTan
hlc + d*x])"2)/(2%d"2) + ((dxe - cxf)*(a + bxArcTanh[c + d*x])~3)/d"2 + ((2

xcke - (d*e”2)/f - ((1 + c~2)*f)/d)*(a + bxArcTanh[c + d*x])~3)/(2%d) + ((e

+ fxx)“2*%(a + bxArcTanh[c + d*x])~3)/(2xf) - (3*b~2xf*(a + b*ArcTanh[c + d
*x])*Log[2/(1 - ¢ - d*x)])/d"2 - (3*bx(d*e - cxf)*(a + bxArcTanh[c + d*x])~
2xLog[2/(1 - ¢ - d*x)])/d"2 - (3*b~3xf*PolylLog[2, -((1 + ¢ + d*x)/(1 - ¢ -
d*x))]1)/(2%d~2) - (3*xb~2*(d*e - c*xf)*(a + b*ArcTanh[c + d*x])*PolyLog[2, 1

- 2/(1 - ¢c - d*x)])/d"2 + (3*b~3x(d*e - cxf)*PolyLogl[3, 1 - 2/(1 - c - d*x)

1)/ (2xd~2)

Rule 6111
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Int[((a_.) + ArcTanh[(c_) + (d_)*x)DI*(M_.)) " (p_.)*x((e_.) + (f_.)*x(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) "m*x(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGt
Qlp, O]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*xx)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&% IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2xx~2), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d ) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c~2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]



297

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_) + (g_.)*(x_)) " (m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQl{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] && EqQ[c™2*d + e, 0] && IGtQ[m, O]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxc*xd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6058

Int[(Loglu_J*((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.))"(p_.))/((d) + (e_.)*x(x_ )"
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) p*xPolyLogl[2, 1 - ul)/(2%cx*d),
x] + Dist[(bxp)/2, Int[((a + b¥ArcTanh[c*x])~(p - 1)*PolyLogl[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*xd +
e, 0] & EqQ[(1 - w~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int [(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rubi steps
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) (a + btanh_l(x))3 dx,x,c + dx)

f e+ fx) (a +btanh™(c + dx)) dx =

G fx)? (a +btanh ™ (c + dx))3

fz(a+btanh_1(x))2 N (dzez—ZC(

(3b) Subst f [ y

2f

G fx)? (a +btanh ™ (c + dx))3

(d2e?-2cdef+(1+c2) f2+2f (de—cf)x)

1-x2

(3b) Subst| [

2f

3bf(c + dx) (a +b tanh_l(c + dx))2 (e + fx)? (a +b tanh_l(c + dx))3
= +

242 f

€

242

2f

3bf (a + btanh_l(c + dx))2 3bf(c + dx) (a +b tanh_l(c + dx))2 (e + fx)
= + +

242

242

3bf (a + btanh_l(c + dx))2 3bf(c + dx) (a +b tanh_l(c + dx))2 (de —cf)
= + +

242

242

3bf (a + btanh_l(c + dx))2 3bf(c + dx) (u +b tanh_l(c + dx))2 (de —cf)
= + +

242

242

3bf (a + btanh_l(c + dx))2 3bf(c + dx) (a +b tanh_l(c + dx))2 (de —cf)
= + +

242

242

3bf (a+btanh ™\ (c+dv))  3bf(c+dx) (a+btanh  (c+ ) (de—cf)
= + +

242

242

Mathematica [A] time = 1.29485, size = 566, normalized size = 1.74

12ab2de (PolyLog (2, 2 tanh'1<c+dx>) + tanh™\(c + dx) ((c +dx —1) tanh™ (¢ + dx) - 2log (e-ztanh'1<c+dx> ; 1))) 1

Warning: Unable to verify antiderivative.

[In] Integratel[(e + f*x)*(a + b*ArcTanh[c + d*x])~3,x]
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[Out] (2*a~2x(2xaxd*e + 3xbxf - 2xaxckxf)x(c + d*kx) + 2*%a”3xf*x(c + d*x)~2 - 6%a”2%
bk(c + d*x)*(cxf - d*(2%e + f*x))*ArcTanh[c + dxx] + 3*a”2+bx(2%dxe + f - 2
xc*xf)*Log[l - c - d*x] + 3xa”2xb*x(2*d*e - (1 + 2*c)*f)*Log[l + c + d*x] + 1
2xaxb”2xf*((c + d*x)*ArcTanh[c + d*x] - ((1 - (c + d*x)~2)*ArcTanh[c + d*x]
~2)/2 - Logl1/Sqrt[1 - (c + d*x)~2]]) + 12*%axb~2*d*ex(ArcTanh[c + d*xx]*((-1
+ ¢ + d*x)*ArcTanh[c + d*x] - 2*xLog[l + E~(-2*%ArcTanh[c + d*x])]) + PolyLo
gl2, -E~(-2xArcTanh[c + d*x])]) - 12%axb~2*cxf*(ArcTanh[c + d*x]*((-1 + ¢ +
d*x)*ArcTanh[c + d*x] - 2*xLog[l + E~(-2*ArcTanh[c + d*x])]) + PolyLogl[2, -
E~(-2%ArcTanh[c + d*x])]) + 2*%b~3xf*x(ArcTanh[c + d*x]*(3%(-1 + c + d*x)*Arc
Tanh[c + d*x] + (-1 + c72 + 2%c*xd*x + d~2*x"2)*ArcTanh[c + d*x]~2 - 6xLogl[1
+ E7(-2*%ArcTanh[c + d*x])]) + 3*PolyLog[2, -E~(-2%ArcTanh[c + d*x])]) + 4x
b~ 3*d*e*x (ArcTanh[c + d*x]"2*%((-1 + ¢ + d*x)*ArcTanh[c + d*x] - 3*Log[l + E~
(-2xArcTanh[c + d*x])]) + 3*%ArcTanh[c + d*x]*PolyLog[2, -E~(-2*ArcTanh[c +
d*x])] + (3*PolyLogl[3, -E~(-2*ArcTanh[c + d*x])])/2) - 4xb~3*c*f*(ArcTanh[c
+ d*x]"2%x((-1 + ¢ + dxx)*ArcTanh[c + d*x] - 3*Log[l + E~(-2*ArcTanh[c + d*
x])]) + 3*%ArcTanh[c + d*x]*PolyLog[2, -E~(-2*ArcTanh[c + d*x])] + (3*PolyLo
g3, -E~(-2%ArcTanh[c + d*x])])/2))/(4*d~2)

Maple [C] time = 1.31, size = 20255, normalized size = 62.1

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e)x*(atb*arctanh(d*x+c))”~3,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

1 3 2 2+2c+1)logdx+c+1) (c2-2c+1)log(dx+c—-1) q
—a3fx2+1 2x2artanh(dx+c)+d—x—( ) & +( ) & a’bf + a

2 d? a3 a3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arctanh(d*x+c))~3,x, algorithm="maxima"

[Out] 1/2*%a"3xf*xx"2 + 3/4%(2*x"2*arctanh(d*x + c) + d*x(2*xx/d"2 - (c72 + 2%c + 1)*
log(d*x + ¢ + 1)/d”™3 + (c7™2 - 2%c + 1)*log(d*x + ¢ - 1)/d”3))*a " 2*b*xf + a~3
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xexx + 3/2x(2x(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)72 + 1))*a”2xbx*e/d
- 1/16%((b73*d"2*f*x"2 + 2%b7"3*xd"2*%e*xx - (c72*f - 2*x(d*e + f)*c + 2kxdxe +
£)*b73)*xlog(-d*x - ¢ + 1)73 - 3% (2xa*xb”2xd"2xf*x"2 + 2% (2*xa*xb"2xd"2*%e + b~3
xd*xf)*x + (b7™3%d"2*%f*x"2 + 2*b73*xd"2xe*x - (c72*f - 2x(dxe - f)*c - 2xd*e +
£)*b~3)*log(d*x + c + 1))*log(-d*x - ¢ + 1)72)/d”2 - integrate(-1/8*((b~3x
d™2xfxx"2 + (d"2%e + ckd*f - d*f)*b"3xx + (ckd*e - d*e)*b~3)*log(d*x + c +

1)73 + 6% (axb™2xd"2xf*x"2 + (d"2*%e + cxd*f - d*f)*axb~2*xx + (ckdxe - dxe)*a
*b~2) *log(d*x + ¢ + 1)72 - 3*(2*%axb™2xd"2*xf*x"2 + (b~3*d"2*f*x"2 + (d"2%e +
ckxd*xf - d*f)*b”3xx + (cxd*e - d*e)*b~3)xlog(d*x + c + 1)72 + 2x(2xa*xb”~2xd”
2%e + b73*d*xf)*x + (4*(ckdxe - dxe)*a*xb”2 - (c™2*f - 2*x(d*e - f)*c - 2*dxe
+ £)*b73 + (4*%a*xb”2*xd"2*xf + b™3*xd"2*f)*x"2 + 2% (b73*d"2%e + 2% (d"2%e + c*dx
f - d*f)*axb”2)*x)*xlog(d*x + ¢ + 1))*log(-d*x - ¢ + 1))/(d"2*x + cxd - d),
x)

Fricas [F] time = 0., size = 0, normalized size = 0.
integral (a3fx +ale+ (b3fx + b3e) artanh (dx +¢)° + 3 (abzfx + abze) artanh (dx + ¢)* + 3 (azbfx + azbe) artanh (d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e)*(atb*arctanh(d*x+c))~3,x, algorithm="fricas")

[Out] integral(a”3xfxx + a"3xe + (b~3*f*x + b~ 3%e)*arctanh(d*x + c)~3 + 3x(a*xb”™2x
fxx + axb"2xe)*arctanh(d*x + c)~2 + 3x(a"2xbxf*x + a~2*bxe)*arctanh(d*x + ¢

), %)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)* (a+b*atanh (d*x+c))**3,x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

x +e)(bartanh (dx +¢) + a)3 dx
J (px+o)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(at+b*arctanh(d*x+c))~3,x, algorithm="giac")
g g g

[Out] integrate((f*x + e)*(b*arctanh(d*x + c) + a)~3, x)
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347  [(a+btanh™(c+dx)) dx

Optimal. Leaf size=132

2 - 2 ;
3b?PolyLog (2,1 - m) (a +btanh ™ (c + dx)) 3b*PolyLog (3,1 -~ m) (c + dx) (a + btanh ™ (c + dx))
- + +
d 2d d

[Out] (a + bxArcTanh[c + d*x])~3/d + ((c + d*x)*(a + b*ArcTanh[c + d*x])~3)/d - (
3xb*x(a + bxArcTanh[c + d*x]) 2xLog[2/(1 - ¢ - d*x)])/d - (3*b"2x(a + bxArcT
anh[c + d*x])*PolyLog[2, 1 - 2/(1 - ¢ - d*x)])/d + (3*b~3*PolyLog[3, 1 - 2/

(1 - c - d*xx)])/(2xd)

Rubi [A] time = 0.229602, antiderivative size = 132, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 7, integrand size = 12, e -

0.583, Rules used = {6103, 5910, 5984, 5918, 5948, 6058, 6610}

integrand size

2 -1 2 E
_3b2PolyLog (2,1 - m) (a +btanh (c+ dx)) . 3b*PolyLog (3,1 - m) . (c + dx) (a +btanh ™ (c + dx))
d 2d d

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + d*x])"3,x]

[Out] (a + bxArcTanh[c + d*x])~3/d + ((c + d*x)*(a + b*ArcTanh[c + d*x])~3)/d - (
3xb*x(a + bxArcTanh[c + d*x]) 2xLog[2/(1 - ¢ - d*x)])/d - (3*%b"2x(a + bxArcT
anh[c + d*x])*PolyLog[2, 1 - 2/(1 - ¢ - d*x)])/d + (3*b~3*PolyLog[3, 1 - 2/

(1 - ¢c - d*xx)])/(2xd)

Rule 6103

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Dist[1/d
, Subst[Int[(a + b*ArcTanh[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, c, d}
, x] && IGtQ[p, 0]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh[c*x])“p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]
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Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*x(x_))/((d_) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + bxArcTanh[c*x]) “p*Logl[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + bxArcTanh[c*x])~(p - 1)*Log[2/(1 + (exx)/d)])/(1 - c™2xx"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 6058

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.))/((d ) + (e_.)*(x_)~
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) pxPolyLog[2, 1 - ul)/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d +
e, 0] & EqQ[(1 - w~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl]] /; FreeQ[n, x]

Rubi steps
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Subst (f (a + btaunh_l(x))3 dx,x,c+ dx)
d

f (a+btanh™ (c +dv)” dx =

x(a+b tanh_l(x))2
(c+dx)(a+btanh™ (c + dx))3 (36) Subst (f 2 dnxcd dx)

d d
(a+b tanhfl(
3b) Subst | [ ———
(a + btanh_l(c + dx))3 (c + dx) (a +btanh™ (c+ dx))3 (3b) Subs [f 1-x
d d - d

-1 \
(a +b tanh_l(c + dx))3 (c + dx) (u +b tanh_l(c + dx))3 3b (‘1 +btanh “(c+ dx)‘
+ -
d d d

(a + btanh_l(c + dx))3 (c + dx) (a +btanh™ (c+ dx))3 3b (a + btanh_l(c + dx):

- d " d ) d
(a +b tanh_l(c + dx))3 (c + dx) (a +btanh™ (c+ UIx))3 3b (“ +b tanh_l(c + dx)/
p— + —_—
d d d

Mathematica [A] time = 0.148561, size = 194, normalized size = 1.47

6ab? (PolyLog (2, -2 tanh_l(”d")) + tanh_l(c + dx) ((c +dx-1) tanh_l(c +dx) —2log (e‘z tanh ™ e+ 4 1))) +2b° (

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c + d*x])~3,x]

[Out] (2%a~3x(c + d*x) + 6%a”2xbx(c + d*x)*ArcTanh[c + d*x] + 3*a”2xbxLog[l - (c
+ d*x)72] + 6*axb”2*%(ArcTanh[c + d*x]*((-1 + c + d*x)*ArcTanh[c + d*x] - 2%
Log[l + E~(-2%ArcTanh[c + d*x])]) + PolyLog[2, -E~(-2%ArcTanh[c + d*x])]) +
2xb~3*% (ArcTanh[c + dxx]~2*((-1 + ¢ + d*x)*ArcTanh[c + d*x] - 3x*Log[l + E~(
-2xArcTanh[c + d*x])]) + 3*ArcTanh[c + d*x]*PolyLog[2, -E~(-2xArcTanh[c + d
*xx])] + (3*PolyLogl[3, -E~(-2*%ArcTanh[c + d*x])])/2))/(2%d)

Maple [B] time = 0.106, size = 346, normalized size = 2.6

3 313 313 3 2
B 4 % + (Artanh (dx + c))3 N (Artanh (cilx + 1)) b°c N (Artanh (;lx +0)) b _3 b (Artang (dx +¢)) ln(?
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c))”3,x)

[Out] x*a~3+1/d*a”3*c+arctanh(d*x+c) "3*x*b~3+1/d*arctanh (d*x+c) “3*b~3*c+1/d*b"~3*a
rctanh (d*x+c) ~3-3/d*b~3*arctanh (d*x+c) “2*1n( (d*x+c+1) "2/ (1-(d*x+c)~2)+1)-3/
dxb~3*arctanh (d*x+c)*polylog(2,-(d*x+c+1)~2/(1-(d*x+c)~2))+3/2/d*b~3*polylo
g(3,-(d*x+c+1) "2/ (1-(d*x+c) ~2) ) +3*arctanh (d*x+c) “2*x*axb~2+3/d*arctanh (d*x+

c) "2*axb”2*c+3/d*axb”2*arctanh (d*x+c) "2-6/d*arctanh (d*x+c) *1n((d*x+c+1) ~2/(
1-(d*x+c)~2)+1) *a*b~2-3/d*polylog(2,-(d*x+c+1) "2/ (1-(d*x+c) ~2))*axb~2+3*arc

tanh (d*x+c) *x*a~2*b+3/d*arctanh (d*x+c) *a~2xbxc+3/2/d*a~2xb*1n (1- (d*xx+c) ~2)

Maxima [F] time = 0., size = 0, normalized size = 0.

3 (2 (dx + ¢) artanh (dx + ¢) + log (—(dx +o) + 1))11219 (b3dx +b3(c - 1)) log (~dx —c+1)° =3 (2 ab?dx + (k

+ —
a’x 24 8¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(d*x+c))~3,x, algorithm="maxima")
g g

[Out] a™3*x + 3/2x(2x(d*x + c)*arctanh(d*x + c) + log(-(d*x + c)72 + 1))*a”"2xb/d
- 1/8%((b~3*%d*x + b~3*%(c - 1))*log(-d*x - c + 1)73 - 3*%(2*xaxb”2xd*x + (b~3x

dxx + b73*(c + 1))*log(d*x + c + 1))*log(-d*x - c + 1)72)/d - integrate(-1/

8% ((b~3*d*x + b73*(c - 1))*log(d*x + ¢ + 1)73 + 6%(axb™2*d*x + axb™2%(c - 1
))xlog(d*x + ¢ + 1)72 - 3*(4*a*xb”2xdxx + (b~ 3*d*x + b~3*(c - 1))*log(d*x +

c+ 1)72 + 2%(b73*%(c + 1) + 2xaxb”™2x(c - 1) + (2%a*b”2*d + b~3*d)*x)*1log(d*

X + ¢+ 1))xlog(-d*x - ¢ + 1))/(d*x + ¢ - 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (b3 artanh (dx + ¢)° + 3 ab? artanh (dx + ¢)* + 3a2bartanh (dx + ) + a3, x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3,x, algorithm="fricas")

[Out] integral(b~3*arctanh(d*x + c)~3 + 3*a*b~2xarctanh(d*x + c)~2 + 3*a~2xbxarct
anh(d*x + ¢c) + a”3, x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (c + dx))® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**3,x)

[Out] Integral((a + b*atanh(c + d*x))**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (bartanh (dx + ) + a)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~3, x)
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3
3.48 f (a+b tanh_l(c+dx)) i

e+fx

Optimal. Leaf size=308

- 2d(e+fx _
312 (a + btanh ™ (c + dx)) PolyLog (3,1 e e f)) ) 3PolyLog (3,1 - ) (a + btanh ™ (c + dx) |

2f 2f

2
c+dx+1

[Out] -(((a + b*ArcTanh[c + d*x])~3*Log[2/(1 + c + d*x)])/f) + ((a + bxArcTanh[c
+ d*x]) "3*Log[(2*d* (e + f*x))/((d*e + f - cxf)*x(1 + ¢ + d*x))])/f + (3*bx(a

+ bxArcTanh[c + d*x])~2*PolyLogl[2, 1 - 2/(1 + c + d*x)])/(2*f) (3xbx(a +
bxArcTanh[c + d*x]) 2*PolyLog[2, 1 - (2*d*(e + fx*x))/((d*e + f - cxf)*(1 +

c + d*x))])/(2*xf) + (3*%b"2x(a + bxArcTanh[c + d*x])*PolyLog[3, 1 - 2/(1 +

c + d*x)])/(2xf) - (3*%b"2x(a + bxArcTanh[c + d*x])*PolyLog[3, 1 - (2xd*(e +
fxx))/((d*e + £ - c*xf)*(1 + c + dxx))])/(2%f) + (3*b~3*PolyLog[4, 1 - 2/(1

+ c + d*x)])/(4xf) - (3*b~3*PolyLogl[4, 1 - (2xdx(e + fx*x))/((dxe + f - cxf

)x(1 + ¢ + d*x))]1)/(4xf)

Rubi [A] time = 0.192988, antiderivative size = 308, normalized size of antiderivative =
1., number of steps used = 2, number of rules used = 2, integrand size = 20, number of rules _

integrand size
0.1, Rules used = {6111, 5924}

2 -1 2d(e+fx) 2 2 1
3b (a +btanh (c+ dx)) PolyLog (3,1 - (C+dx+1)(_cf+de+f)) . 3bPolyLog (3,1 - C+dx+1) (a +btanh "(c+ dx)) |

2f 2f

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c + dx*x])~3/(e + fx*x),x]

[Out] -(((a + bxArcTanh[c + d*x])~3*Logl[2/(1 + ¢ + d*x)])/f) + ((a + b*ArcTanhl[c
+ d*x])"3*Log[(2xd*x(e + f*x))/((d*e + f - c*xf)*(1 + c + d*x))])/f + (3*bx(a

+ b¥ArcTanh[c + d*x])~2xPolyLogl[2, 1 - 2/(1 + ¢ + d*x)])/(2xf) (3*b*x(a +
b*ArcTanh[c + d*x])~2%PolyLogl[2, 1 - (2xdx(e + fxx))/((d*e + f - c*xf)*(1 +

c + d*x))])/(2*xf) + (3*%b"2x(a + bxArcTanh[c + d*x])*PolyLog[3, 1 - 2/(1 +

c + dxx)])/(2%f) - (3*b~2*(a + b*ArcTanh[c + d*x])*PolyLogl[3, 1 - (2xdx(e +
fxx))/((d*e + £ - c*xf)*x(1 + c + d*x))])/(2xf) + (3*b~3*xPolyLogl4, 1 - 2/(1

+ c + d*x)])/(4xf) - (3*xb~3*PolylLogl[4, 1 - (2xd*x(e + f*x))/((d*e + f - cx*f

)x(1 + ¢ + d*x))])/(4xf)
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Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) "m*x(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IGt
Qlp, 0]

Rule 5924

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"3/((d_) + (e_.)*(x_)), x_Symbol] :>

-Simp[((a + b*ArcTanh[c*x]) ~3*Log[2/(1 + c*x)])/e, x] + (Simp[((a + b*ArcT
anh [c*x]) "3*Log[(2*c*(d + e*x))/((cxd + e)*(1 + c*x))])/e, x] + Simp[(3*b*(
a + b*ArcTanh[c*x]) “2*PolyLog[2, 1 - 2/(1 + c*x)])/(2xe), x] - Simp[(3*bx*(a
+ b*ArcTanh [c*x]) “2*PolyLog[2, 1 - (2xc*(d + e*x))/((cxd + e)*(1 + c*x))])
/(2xe), x] + Simp[(3*b~2*(a + b*ArcTanh[c*x])*PolyLog[3, 1 - 2/(1 + c*x)])/
(2xe), x] - Simp[(3*b~2*(a + b*ArcTanh[c*x])*PolyLogl[3, 1 - (2*cx(d + exx))
/((cxd + e)*(1 + c*x))])/(2%e), x] + Simp[(3*b~3*PolylLogl[4, 1 - 2/(1 + c*x)
1)/(4*e), x] - Simp[(3*b~3*PolyLogl[4, 1 - (2xcx(d + e*x))/((c*xd + e)*(1 + ¢
*x))])/(4xe), x]) /; FreeQ[{a, b, c, d, e}, x] && NeQ[c™2*xd"2 - e~2, 0]

Rubi steps
3
(a+btanh_l(x))
S b t —d X, +d
(a+btanh_1(c+dx))3 ubs (f @+% X, Xx,C+adx
f e+ fx = d
- 3 2 - 3 2d(e+fx
B _(a+btanh 1(c+clx)) 10g(1+c+dx) . (a + btanh 1(c+clx)) log((dﬁf_c(f%)
) f f

Mathematica [F] time = 30.1782, size = 0, normalized size = 0.

dx

(a +b tanh_l(c + dx))3
f e+ fx

Verification is Not applicable to the result.

[In] Integratel[(a + bxArcTanh[c + d*x])~3/(e + f*x),x]

[Out] Integrate[(a + b*ArcTanh[c + d*x])~3/(e + fx*x), x]
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Maple [C] time = 0.607, size = 4064, normalized size = 13.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(d*x+c)) 3/ (f*x+e),x)

[Out] 3/2*axb~2/fxpolylog(3,-(d*x+c+1)~2/(1-(d*x+c)~2))+3/2*a*xb~2/ (cxf-d*e-f)*pol
ylog(3, (cxf-d*xe—f)*(dxx+c+1) "2/ (1-(d*x+c)~2) /(-cxf+d*xe-f))+3/4*b~3*c/ (cxf-d
xe-f)*polylog(4, (cxf-d*xe-f)*(d*x+c+1)~2/(1-(d*x+c)~2)/(~c*xf+d*e-£f))-3/2%a"2
*b/f*dilog (((d*x+c)*f+f)/(cxf-d*xe+f))+3/2%a~2*%b/fxdilog(((d*x+c)*f-£)/(cxf-
dxe-£))+b~3*1n((d*x+c) *f-c*f+d*e) /f*arctanh(d*x+c) “3-b~3/f*arctanh(d*x+c) 3
*1n (c*xf*((d*x+c+1) 72/ (1-(d*x+c) "2) +1) + (- (d*x+c+1) 72/ (1-(d*x+c) "2) -1) *e*d+ (1
- (d*x+c+1) 72/ (1-(d*x+c) ~2) ) *f)-3/2*%b~3/f*arctanh (d*x+c) “2*polylog(2,-(d*x+c
+1) 72/ (1-(d*x+c) ~2))+3/2xb~3/f*arctanh (d*x+c) *polylog(3,-(d*x+c+1) "2/ (1-(dx*
x+c)"2))-b~3/ (cxf-d*e-f)*arctanh (d*x+c) "3*1n(1-(c*f-d*e-f)* (d*x+c+1)~2/(1-(
d*xx+c)"2)/(-cxf+d*e-£))-3/2%b"3/ (c*¥f-d*e-f)*arctanh (d*x+c) "2*polylog(2, (c*f
-dke-f)* (dxx+c+1) 72/ (1-(d*x+c) "2) / (-c*xf+dxe-f) ) +3/2xb~3/ (cxf-d*e-f) *arctanh
(d*x+c)*polylog(3, (cxf-d*xe-f)*(d*x+c+1) "2/ (1-(d*x+c)~2) /(-cxf+d*xe-f))+3/2*d
*xb~3/fxe/ (cxf-d*e-f)*arctanh (d*x+c)*polylog(3, (cxf-d*xe-f)*(d*x+c+1)~2/(1-(d
xx+c) "2)/ (-c*xf+dxe-£f))-d*b~3/f*xe/ (c*f-dxe-f)*arctanh (d*x+c) “3*1n(1-(cxf-dx*e
-f)*(d*x+c+1) "2/ (1-(d*x+c) "2) / (—c*xf+d*e-f) ) -3/2*d*b~3/f*e/ (cxf-d*e-f)*arcta
nh (d*x+c) "2*polylog(2, (c¥f-d*e-f)* (d*xx+c+1) "2/ (1-(d*x+c)~2)/(-c*f+d*e-£))+3
/2*d*xaxb~2/f*e/ (cxf-d*e-f)*polylog(3, (cxf-dxe-f)* (d*x+c+1) 2/ (1-(d*x+c)~2)/
(-cxf+d*xe-f))-3/2xIxa*xb~2/f*arctanh (d*x+c) “2*csgn (I* (c*xf* ((d*x+c+1)~2/(1-(d
*xx+c) "2)+1)+ (- (d*x+c+1) "2/ (1- (d*x+c) 72) —-1) *e*xd+ (1-(d*x+c+1) 72/ (1- (d*x+c) ~2)
)*£) / ((d*x+c+1) "2/ (1-(d*x+c) "2)+1)) "3*xPi+3*I*a*xb~2/f*arctanh (d*x+c) "2*csgn(
Ik (cxfx ((dkx+c+1) 72/ (1-(d*x+c) "2) +1) + (- (d*x+c+1) "2/ (1- (d*x+c) 72) -1) *e*xd+(1-
(d*x+c+1) "2/ (1-(d*x+c)~2) ) *f) / ((d*x+c+1) "2/ (1-(d*x+c) "2)+1) ) "2*Pi+a~3*1n((d
xx+c)*f-cxf+dxe) /£-3/4%b~3/f*polylog(4,-(d*x+c+1) "2/ (1-(d*x+c)~2))-3/4*b~3/
(cxf-dxe-f)*polylog(4, (cxf-d*xe-f)*(d*xx+c+1)~2/(1-(d*x+c)~2)/(-cxf+d*e-f))-3
xd*xaxb~2/fxe/ (cxf-d*xe-f)*arctanh (d*x+c) “2*1n(1-(cxf-d*e-£)* (d*x+c+1) "2/ (1-(
dxx+c) "2) / (-ckxf+dxe-f))-3*xd*a*xb~2/f*e/ (cxf-d*e-f)*arctanh (d*x+c)*polylog(2,
(cxf-dke-f)*(d*x+c+1) "2/ (1-(d*x+c) "2) / (—cxf+d*e-£f))-3/2*I*a*xb~2/f*arctanh(d
xx+c) "2xcsgn (Ix (cxf* ((dxx+c+1) 72/ (1-(d*x+c) "2)+1) + (- (d*x+c+1) "2/ (1-(d*x+c)
2) 1) *exd+(1-(d*x+c+1) "2/ (1-(d*x+c) ~2) ) *f) ) xcsgn (I* (cxf* ((d*x+c+1) 72/ (1-(dx*
x+c) "2)+1)+ (- (d*x+c+1) "2/ (1- (d*x+c) "2) -1) *e*xd+ (1-(d*x+c+1) "2/ (1-(d*x+c) ~2))
*xf) / ((d*x+c+1) "2/ (1-(d*x+c) 72)+1)) "2+Pi-3/2*I*a*xb~2/f*arctanh (d*x+c) "2*csgn
(I/((d*x+c+1)~2/(1-(d*x+c)"2)+1) ) *csgn(I* (cxf* ((d*x+c+1) 72/ (1-(d*x+c)"2)+1)
+(=(d*x+c+1) "2/ (1-(d*x+c) "2) -1) *e*xd+(1- (d*x+c+1) "2/ (1-(d*x+c) ~2) ) *f) / ((d*x+
c+1)72/(1-(d*x+c)~2)+1)) "2%Pi+1/2*Ixb~3/f*arctanh (d*x+c) “3*xcsgn(I/ ((d*x+c+1
)72/ (1-(d*x+c) "2)+1) ) *csgn (I* (c*xf* ((d*x+c+1) "2/ (1-(d*x+c) ~2) +1) +(-(d*x+c+1)
"2/ (1-(d*x+c) "2) -1) *e*xd+(1-(d*x+c+1) "2/ (1- (d*x+c) "2) ) *f) ) kcsgn (I (cxf* ((d*x
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+c+1) 72/ (1-(d*x+c) "2)+1) + (- (d*x+c+1) "2/ (1-(d*x+c) "2) -1) *e*d+ (1- (d*x+c+1) "2/
(1-(d*x+c)~2) ) *f) / ((d*x+c+1) "2/ (1-(d*x+c) "2)+1) ) *Pi+3/2*xI*axb~2/f*arctanh(d
xx+c) "2xcsgn(I/ ((d*x+c+1) "2/ (1-(d*x+c) "2)+1) ) *csgn(I* (c*xf* ((d*x+c+1) "2/ (1-(
d*xx+c) "2)+1) + (= (d*x+c+1) "2/ (1-(d*x+c) "2) -1) *exd+ (1- (d*x+c+1) "2/ (1-(d*x+c) "2
))*f))*xcsgn (I (cxf* ((d*x+c+1) 72/ (1-(d*x+c) “2)+1) + (= (d*x+c+1) "2/ (1-(d*x+c) "2
)-1)*exd+(1-(d*x+c+1) "2/ (1-(d*x+c) ~2) ) *f) / ((d*x+c+1) "2/ (1-(d*x+c) "2)+1) ) *¥Pi
-3/2*%axb”2xc/ (cxf-d*e-f)*polylog(3, (cxf-d*xe—f)*(d*xx+c+1) "2/ (1-(d*x+c)~2) /(-
cxf+dxe-f))-Ixb~3/f*Pi*arctanh (d*x+c) ~3+3*axb~2x1n ((d*x+c)*f-c*f+d*xe) /f*xarc
tanh (d*x+c) "2-3*axb”2/f*arctanh (dxx+c) "2*x1n (cxf* ((d*x+c+1) "2/ (1-(d*xx+c) "2) +
D)+ (-(d*x+c+1) "2/ (1-(d*x+c) ~2) 1) *exd+ (1- (d*x+c+1) "2/ (1-(d*x+c) ~2) ) *f ) -3*a*
b~2/f*arctanh (d*x+c)*polylog(2,-(d*x+c+1) "2/ (1-(d*x+c) ~2))-3*a*xb~2/(c*xf-dx*e
—-f)*arctanh (d*x+c) " 2*1n(1-(cxf-d*e-f)*(d*x+c+1) "2/ (1-(d*x+c)~2)/(-c*f+d*e-f
))-3*%axb~2/ (cxf-d*e-f)*arctanh(d*x+c)*polylog(2, (cxf-d*e-f)*(d*xx+c+1)~2/(1-
(d*x+c)~2) / (—cxf+d*xe-£f))+b~3*c/ (cxf-d*xe—f) *arctanh (d*x+c) "3*1n(1-(c*f-d*xe-f
Yx(d*x+c+1) "2/ (1-(d*x+c) "2) / (—cxf+d*e-f) ) +3/2*%b"3*c/ (cxf-d*e—f) *arctanh (d*x
+c) "2xpolylog(2, (cxf-d*xe-£)* (dxx+c+1) "2/ (1-(d*x+c) ~2) /(-cxf+d*xe-£f))-3/2%b~3
xc/ (cxf-d*e-f)*arctanh(d*x+c)*polylog(3, (cxf-d*e-f)* (d*x+c+1) "2/ (1-(d*x+c)”
2) / (—cxf+d*xe-f))+3*xa"2xbx1n ((d*x+c) *f-c*xf+d*e) /f*arctanh (d*x+c)-3/2*a”~2xb/f
*1n ((d*x+c) *f-cxf+d*e) *In(((dxx+c) *f+f) / (cxf-d*e+f) ) +3/2*xa~2*b/f*1n ((d*x+c)
xf-cxf+d*xe) *In(((d*x+c)*xf-f)/(cxf-d*xe-£f))-3/4*d*b~3/fxe/(c*f-d*xe-f)*polylog
(4, (cxf-d*e-f)*(d*x+c+1) "2/ (1-(d*x+c) ~2) / (—ckf+d*xe-f) ) +3*axb~2xc/ (cxf-d*e-f
)*arctanh (d*x+c) ~2*1n(1-(cxf-d*e-f)*(dxx+c+1) "2/ (1-(d*x+c)~2)/(-c*xf+d*e-f))
+3*%axb~2*xc/ (cxf-dxe-f)*arctanh (d*x+c)*polylog(2, (cxf-dxe-f)* (d*x+c+1)~2/(1-
(d*x+c)~2) / (—cxf+d*e-f) ) +Ixb~3/f*arctanh (d*x+c) "3*xcsgn (I* (cxf* ((d*x+c+1)~2/
(1-(d*x+c) "2)+1)+ (- (d*x+c+1) "2/ (1-(d*x+c) "2) -1) *e*xd+(1-(d*x+c+1) "2/ (1- (d*x+
c)"2))*f)/((d*x+c+1) "2/ (1-(d*x+c) "2)+1) ) "2+¥Pi-1/2%I*b"3/f*arctanh (d*x+c) ~3*
csgn(Ix(cxf* ((d*x+c+1) 72/ (1-(d*x+c) "2)+1)+ (- (d*x+c+1) "2/ (1-(d*x+c) "2)-1) *e*
d+(1-(d*x+c+1) "2/ (1-(d*x+c) ~2) ) *f) / ((d*x+c+1) "2/ (1-(d*x+c) "2)+1) ) "3*Pi-3*I*
axb~2/f*Pixarctanh (d*x+c) "2-1/2*%Ixb~3/f*arctanh(d*x+c) "3*csgn(I/((d*x+c+1)~
2/ (1-(d*x+c) "2)+1) ) *csgn(I* (cxf* ((d*x+c+1) "2/ (1-(d*x+c) "2) +1) + (- (d*x+c+1) "2
/ (1-(d*x+c) "2) -1) *exd+ (1-(d*x+c+1) "2/ (1-(d*x+c) ~2) ) *f) / ((d*x+c+1) "2/ (1-(d*x
+c)72)+1)) "24Pi-1/2%I*b~3/f*arctanh (d*x+c) “3*csgn (I* (ckxf* ((d*x+c+1)72/(1-(d
*x+c) "2)+1) + (- (d*x+c+1) "2/ (1-(d*x+c) ~2) -1) *exd+(1-(d*x+c+1) "2/ (1-(d*x+c) ~2)
)*f)) *csgn (I* (c*xf*x ((d*x+c+1l) "2/ (1-(d*x+c) ~2)+1) +(-(d*x+c+1) "2/ (1-(d*x+c)~2)
-1) *e*xd+ (1-(d*x+c+1) "2/ (1-(d*x+c) "2) ) *f) / ((d*x+c+1) "2/ (1-(d*x+c) "2)+1) ) "2*P
1

Maxima [F] time = 0., size = 0, normalized size = 0.

a®log (fx +e) . f b3 (log (dx + ¢ + 1) - log (~dx — ¢ + 1)) N 3ab?(log (dx + ¢ + 1) - log (~dx — ¢ + 1))? N 3a2b(log
f 8(fx+e) 4(fx+e)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(d*x+c)) 3/ (f*x+e),x, algorithm="maxima")

[Out] a"3*log(f*x + e)/f + integrate(1/8xb~3*(log(d*x + ¢ + 1) - log(-d*x - ¢ + 1
))"3/(f*x + e) + 3/4*xaxb”2x(log(d*x + ¢ + 1) - log(-d*x - c + 1))72/(f*x +
e) + 3/2xa"2xb*x(log(d*x + ¢ + 1) - log(-d*x - c + 1))/(f*x + e), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

b3 artanh (dx + c)3 + 3 ab? artanh (dx + c)2 + 3a’bartanh (dx + c) + a°
X
fx+e ’

integral(
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3/(f*x+e),x, algorithm="fricas")

[Out] integral((b~3*arctanh(d*x + c)~3 + 3*axb~2*arctanh(d*x + c)~2 + 3*a~2*b*arc
tanh(d*x + c) + a”3)/(f*x + e), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**3/(f*x+e) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (dx + ¢) + a)3
fx+e

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3/(f*x+e),x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~3/(f*x + e), x)



312

3
(a+btanh;%c+dxﬂ
(e+fx)?

3.49 dx

Optimal. Leaf size=1089

result too large to display

[Out] -((a + b*ArcTanh[c + d*x])~3/(fx(e + f*x))) + (3*a*xb”2*dxArcTanh[c + d*x]*L
ogl2/(1 - ¢ - d*x)])/(f*x(d*e + £ - cxf)) + (3*%b~3xd*ArcTanh[c + d*x] 2*Logl
2/(1 - ¢ - dxx)])/(2xf*x(d*e + £ - cxf)) - (3*a"2xbkd*Log[l - c - dxx])/(2xf
x(dxe + £ - c*f)) - (3xaxb~2*d*ArcTanh[c + d*x]*Log[2/(1 + c + d*x)])/(f*(d
xe — f - cxf)) + (6*axb~2*d*xArcTanh[c + d*x]*Log[2/(1 + ¢ + d*x)])/((d*xe +
f - cxf)*x(dxe - (1 + c)*f)) - (3*b~3*d*ArcTanh[c + d*x]~2*xLog[2/(1 + c + dx
x)]1)/(2xfx(d*e - f - c*f)) + (3*b~3xd*ArcTanh[c + d*x]~2*Log[2/(1 + c + d*x
)1)/((d*xe + £ - cxf)*(d*xe - (1 + c)*f)) + (3*%a"2*b*d*Logl[l + c + dxx])/(2xf
x(dxe - f - cxf)) + (3*%a"2xb*d*Logle + f*xx])/(£f72 - (d*e - c*xf)~2) - (6*axb
~2*dxArcTanh[c + d*x]*Log[(2*d*x(e + f*x))/((d*e + f - c*xf)*(1 + c + d*x))])
/((dxe + £ - cxf)x(dxe — (1 + c)*f)) - (3*b~3*d*ArcTanh[c + d*x] 2*xLog[(2xd
x(e + £xx))/((d*xe + £ - cxf)*(1 + ¢ + d*x))])/((d*xe + £ - cxf)*x(d*e - (1 +
c)*f)) + (3*xa*xb”2xd*PolyLogl[2, -((1 + ¢ + d*x)/(1 - c - d*x))])/(2xfx(d*e +
f - cxf)) + (3*b~3*kdxArcTanh[c + d*x]*PolyLog[2, 1 - 2/(1 - ¢ - d*x)])/(2%
fx(dxe + £ - cxf)) + (3*axb~2*d*PolyLog[2, 1 - 2/(1 + c + d*x)])/(2xf*(d*e
- f - cxf)) - (3*a*b”2*d*PolyLog[2, 1 - 2/(1 + c + d*x)])/((d*e + f - c*f)*
(d*e - (1 + c)*f)) + (3*b~3*dxArcTanh[c + d*x]*PolyLog[2, 1 - 2/(1 + c + dx
x)]1)/(2xfx(d*e - £ - c*f)) - (3*b~3*d*ArcTanh[c + d*x]*PolyLog[2, 1 - 2/(1
+ c + dxx)])/((d*e + £ - cxf)*(d*e - (1 + c)*f)) + (3xaxb”~2*d*PolyLogl[2, 1
- (2%d*(e + f*x))/((d*e + £ - c*xf)*x(1 + c + d*x))])/((d*e + £ - c*xf)*(dxe -

(1 + c)*f)) + (3*b~3*kdxArcTanh[c + d*x]*PolyLog[2, 1 - (2*dx(e + f*x))/((d
xe + £ — cxf)*(1 + ¢ + d*x))])/((d*e + £ - cxf)*x(d*e - (1 + c)*f)) - (3*xb~3
*d*PolyLog[3, 1 - 2/(1 - ¢ - d*x)])/(4*xf*x(d*e + £ - c*f)) + (3*b~3xd*PolyLo
gl3, 1 - 2/(1 + c + d*x)])/(4xf*x(d*xe - £ - c*xf)) - (3*b~3xd*PolylLogl[3, 1 -
2/(1 + ¢ + d*x)])/(2x(d*xe + £ - cxf)*x(d*xe - (1 + c)*f)) + (3*%b~3*d*PolyLogl
3, 1 - (2%d*x(e + f*xx))/((d*e + £ - c*xf)*(1 + c + d*x))])/(2%(d*e + f - cxf)
*x(dxe - (1 + c)*f))

Rubi [A] time = 2.82718, antiderivative size = 1094, normalized size of antiderivative =

number of rules

1., number of steps used = 30, number of rules used = 18, integrand size = 20, “ntegrand size

0.9, Rules used = {6109, 6741, 6121, 6688, 12, 6725, 72, 6742, 5918, 2402, 2315, 5920, 2447,
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5948, 6058, 6610, 6056, 5922}

. ) 2 3 1 2 2 )43 -1 2 2
3d tanh @%+dx)log(_0dxu)b __3dtanh (c4—dx)log(cﬂﬂ+l)b 3d tanh @%+dx)log(cﬂh+l

2f(de—cf + f) 2f(de—cf - f) " (de—cf + f)(de—(c+1)f)

)b3 3d te

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c + d*x])~3/(e + f*x)~2,x]

[Out] -((a + bxArcTanh[c + d*x])~3/(fx(e + f*x))) + (3*%a*b~2xd*xArcTanh[c + d*x]*L
ogl2/(1 - ¢ - d*x)])/(fx(dxe + £ - cxf)) + (3*b~3xd*ArcTanh[c + dx*x] 2*Logl
2/(1 - ¢ - d*x)])/(2xf*x(d*xe + f - c*f)) - (3xa~2xbxd*Logl[l - c - d*x])/(2*f
x(dxe + f - c*f)) - (3xaxb~2*d*ArcTanh[c + d*x]*Log[2/(1 + c + d*x)])/(f*(d
xe — f - cxf)) + (6*axb”2*d*ArcTanh[c + d*x]*Log[2/(1 + ¢ + d*x)])/((d*e +
f - cxf)*(d¥e - (1 + c)*f)) - (3*b~3xd*ArcTanh[c + d*x] 2*Logl[2/(1 + c + d*
x)1)/(2xfx(dxe - f - cxf)) + (3*b"3*d*xArcTanh[c + d*x] 2*xLog[2/(1 + ¢ + d*x
)1)/((d*e + £ - cxf)x(d*e - (1 + c)*f)) + (3xa~2*bxdxLogl[l + c + d*x])/(2*f
*x(d*e - f - c*xf)) - (3*a"2*xbxdxLogle + f*x])/((d*¥e + f - c*xf)*(d*¥e - (1 + ¢
)*f)) - (6*%axb~2xd*ArcTanh[c + dxx]*Log[(2xd*(e + fx*x))/((d*e + f - c*xf)*(1
+ ¢ + d*x))])/((dxe + f - cxf)x(d*¥e - (1 + c)*f)) - (3*xb~3*d*ArcTanh[c + d
xx] "2*Log[(2*d* (e + f*x))/((d*e + £ - c*xf)*(1 + ¢ + d*x))])/((d*e + f - cx*f
)*x(dxe - (1 + c)*f)) + (3*axb~2xd*PolyLogl[2, -((1 + ¢ + d*x)/(1 - c - d*x))
1)/ (2xfx(d*e + £ - cxf)) + (3*%b”3*kdxArcTanh[c + d*x]*PolyLog[2, 1 - 2/(1 -
c - d*x)])/(2xfx(d*e + £ - cxf)) + (3*axb~2*xdxPolyLogl[2, 1 - 2/(1 + c + d*x
)1)/(2*fx(dxe - £ - cxf)) - (3*a*xb~2*d*PolyLogl[2, 1 - 2/(1 + ¢ + d*x)]1)/((d
xe + f - cxf)x(dxe - (1 + c)*f)) + (3*b~3*d*ArcTanh[c + d*x]*PolyLog[2, 1 -
2/(1 + ¢ + d*x)])/(2xf*x(d*xe - f - cxf)) - (3*b~3xd*ArcTanh[c + d*x]*PolyLo
gl2, 1 - 2/(1 + ¢ + d*x)]1)/((d*¥e + £ - cxf)*(d*xe - (1 + c)*f)) + (3*axb~2xd
*PolyLog[2, 1 - (2xdx(e + f*x))/((d*e + f - cxf)*x(1 + ¢ + d*x))])/((d*e + £
- cxf)*(d*e - (1 + c)*f)) + (3*xb~3*xd*ArcTanh[c + d*x]*PolyLogl[2, 1 - (2*d*
(e + £xx))/((d*e + £ - c*f)*x(1 + ¢ + d*x))])/((d*e + f - c*xf)*(dxe - (1 + ¢
)*xf)) - (3*b"3*d*PolyLog[3, 1 - 2/(1 - ¢ - d*x)])/(4*fx(d*xe + f - c*f)) + (
3%b~3xd*PolyLogl3, 1 - 2/(1 + ¢ + d*x)])/(4xfx(dxe - f - c*f)) - (3*b~3xdxP
olyLogl[3, 1 - 2/(1 + ¢ + d*x)])/(2x(d*e + £ - c*xf)*(d*e - (1 + c)*f)) + (3
b~3*d*PolyLog[3, 1 - (2xd*(e + fxx))/((d*e + £ - cxf)*(1 + c + d*x))])/(2%(
dxe + £ - c*xf)x(d*e - (1 + c)*f))

Rule 6109

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(

m_), x_Symbol] :> Simp[((e + f*x)~(m + 1)*(a + b*ArcTanh[c + d*x]) p)/(fx(m
+ 1)), x] - Dist[(b*xd*p)/(f*x(m + 1)), Int[((e + f*x)"(m + 1)*(a + bxArcTan
hlc + d*x]1)"(p - 1))/ - (c + d*x)"2), x], x] /; FreeQ[{a, b, ¢, d, e, f},
x] && IGtQ[p, 0] && ILtQ[m, -1]
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Rule 6741

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!
= u]

Rule 6121

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(
m_)*((A_.) + (B_.)*(x_) + (C_.)*x(x_)"2)"(q_.), x_Symbol] :> Dist[1/d, Subs
t[Int[((d*e - c*xf)/d + (£f*x)/d)"m*(-(C/d"2) + (C*xx~2)/d"2) g*(a + bxArcTanh
[x]1)"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m, p, q},
x] && EqQ[Bx(1 - c72) + 2xAxc*xd, 0] && EqQ[2*c*C - B*d, 0]

Rule 6688

Int[u_, x_Symbol] :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl
erIntegrandQ[v, u, x]]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 6725

Int[(u_)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 72

Int[((e_.) + (£_)*(x_))"(p_.)/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Int[ExpandIntegrand[(e + f*x)“p/((a + b*x)*(c + d*x)), x], x]
/; FreeQ[{a, b, c, d, e, £}, x] && IntegerQ[p]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x )I*x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + bxArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c™2%x72)
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, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2%¥d"2 - €72, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + b*ArcTanh [c*x])*
Log[(2xc*x(d + e*x))/((cxd + e)*(1 + c*x))]1)/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - e~2, 0]

Rule 2447

Int[Log[u 1*(Pq )~ (m_.), x_Symbol]l :> With[{C = FullSimplify[(Pq~mx(1 - u))
/Dlu, %113}, Simp[C*PolylLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6058

Int [(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*(x_)"
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) p*xPolyLog[2, 1 - ul)/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d +
e, 0] && EqQ[(1 - w2 - (1 - 2/(1 - c*x))~2, 0]
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Rule 6610

Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rule 6056

Int [(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*(x_)"
2), x_Symbol] :> Simp[((a + b*ArcTanh[c*x]) “p*PolyLog[2, 1 - ul)/(2%cxd), x
] - Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d +
exx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d + e
, 0] && EqQ[(1 - w™2 - (1 - 2/(1 + c*x))~2, 0]

Rule 5922

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + b¥ArcTanh[c*x]) 2*Log[2/(1 + c*x)])/e, x] + (Simp[((a + b*ArcT
anh [c*x]) "2+Log[(2xcx(d + e*x))/((cxd + e)*(1 + c*x))])/e, x] + Simp[(bx(a

+ b¥ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/e, x] - Simp[(b*(a + b*ArcTa
nh[c*x])*PolyLog[2, 1 - (2*cx(d + exx))/((c*xd + e)*(1 + c*x))])/e, x] + Sim
pL(b~2%PolyLogl3, 1 - 2/(1 + c*xx)]1)/(2*%e), x] - Simp[(b~2xPolyLogl[3, 1 - (2
kck(d + exx))/((c*xd + e)*(1 + cxx))]1)/(2%e), x]) /; FreeQ[{a, b, c, d, e},

x] && NeQ[c™2xd"2 - e~2, 0]

Rubi steps
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Mathematica [C] time = 23.1682, size = 2683, normalized size = 2.46

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTanh[c + d*x])~3/(e + f*x)~2,x]

[Out] -(a”3/(f*x(e + f*x))) - (3*%a~2*b*ArcTanh[c + d*x])/(fx(e + fxx)) + (3*%a~2%b*
dxLog[l - ¢ - dx*x])/(2*f*x(-(d*e) - f + cxf)) - (3*a"2*bxdxLogl[l + c + d*x])
/(2xf*x(-(d*xe) + f + c*xf)) - (3xa~2*bxd*Logle + f*x])/(d"2%e”2 - 2xckdxexf -
£72 + ¢c72%£72) + (3*xaxb”2*%(1 - (c + d*x)"2)x((d*e - cxf)/Sqrt[1l - (c + d*x
)72] + (fx(c + d*x))/Sqrt[l - (c + d*x)~2])72x(-(ArcTanh[c + d*x]~2/(E~ArcT
anh[(d*e - cxf)/f]*f*Sqrt[1 - (dxe - c*f)~2/£f72])) + ((c + d*x)*ArcTanh[c +
d*x]~2)/(Sqrt[1 - (c + d*x)~2]*((d*e)/Sqrt[1l - (c + d*x)~2] - (c*xf)/Sqrt[1
- (c + d*x)72] + (f*x(c + d*x))/Sqrt[l - (c + d*x)"2])) + ((dxe - cx*f)=*(I*P
i*Log[1 + E~(2*ArcTanh[c + d*x])] - 2*ArcTanh[c + d*x]*Log[l - E~(-2x(ArcTa
nh[(d*xe - cxf)/f] + ArcTanh[c + d*x]))] - I*Pi*(ArcTanh[c + d*x] + Log[1/Sq
rt[1 - (c + d*x)~2]]) - 2*%ArcTanh[(d*e - c*f)/f]l*(ArcTanh[c + dxx] + Logl[1
- E7(-2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] - Log[I*Sinh[ArcTanh[
(d*e - c*f)/f] + ArcTanh[c + d*x]]]) + PolyLog[2, E~(-2*(ArcTanh[(d*e - cx*f
)/f] + ArcTanh[c + d*x]))]))/(d"2%e”2 - 2xckxd*exf + (-1 + c72)*£72)))/(d*x(d
xe — cxf)*x(e + £xx)72) + (b73*(1 - (c + d*x)~"2)*((d*e - c*xf)/Sqrt[l - (c +
d*x)"2] + (£x(c + d*x))/Sqrt[l - (c + d*x)~2])"2%((d*(c + d*x)*ArcTanh[c +
d*x]"3)/((d*e - c*f)*Sqrt[1 - (c + d*x)~2]*((d*e)/Sqrt[1 - (c + d*x)"2] - (
cxf)/Sqrt[1 - (c + d*x)72] + (fx(c + d*x))/Sqrt[l - (c + d*x)72])) - (3*dx*(
(ArcTanh([c + d*x]~2%(-(f*ArcTanh[c + d*x]) + (d*e - c*xf)*Logl[(d*e)/Sqrt[1l -
(c + d*x)~2] - (c*xf)/Sqrtll - (c + d*x)~2] + (f*(c + d*x))/Sqrt[l - (c + d
*x)72]1))/((dxe + £ - cxf)*(d*e - (1 + c)*f)) - (ArcTanh[c + d*x]*((-I)*d*e
*PikArcTanh[c + dxx] + Ixc*f*PixArcTanh[c + d*x] - 2xfxArcTanh[c + d*x]~2 +
(Sqrt[1 - c™2 - (d72*e"2)/f"2 + (2xcxd*e)/f]*fxArcTanh[c + dxx]~2)/E"ArcTa
nh[(d*xe - cxf)/f] + Ixd*exPixLogl[l + E~(2xArcTanh[c + d*x])] - Ixc*f*PixLog
[1 + E7(2*%ArcTanh[c + d*x])] - 2*d*exArcTanh[c + d*x]*Log[l - E~(-2*(ArcTan
h[(d*e - c*f)/f] + ArcTanh[c + d*x]))] + 2*cxf*xArcTanh[c + d*x]*Log[l - E~(
-2x(ArcTanh[(d*e - c*xf)/f] + ArcTanh[c + d*x]))] - I*d*exPixLogl[1/Sqrt[1 -
(c + d*x)~2]] + Ikxcxf*Pi*Log[1/Sqrt[l - (c + d*x)72]] + 2*d*e*ArcTanh[c + d
xx]*Log[(d*e) /Sqrt[1 - (c + d*x)~2] - (cxf)/Sqrtl[l - (c + d*x)~2] + (f*x(c +
d*x))/Sqrt[1l - (c + d*x)~2]] - 2*cxf*ArcTanh[c + d*x]*Log[(d*e)/Sqrt[1 - (
c + d*x)"2] - (cxf)/Sqrt[l - (c + d*x)~2] + (f*x(c + d*x))/Sqrt[l - (c + d*x
)~2]] - 2x(dxe - c*f)*ArcTanh[(dxe - c*f)/f]l*(ArcTanh[c + d*x] + Log[l - E~
(-2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] - Log[I*Sinh[ArcTanh[(d*e
- cxf)/f] + ArcTanh[c + d*x]]]) + (d*e - c*f)*PolyLog[2, E~(-2%(ArcTanh[(d
xe — c*xf)/f] + ArcTanh[c + d*x]))]))/((d*e + f - cxf)*(d*¥e - (1 + c)*f)) +
(((2%dxe + (-2 - 2%c + Sqrt[l - c”2 - (d"2*e"2)/f72 + (2*xcxd*e)/f]/E"ArcTan
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h[(d*e - cx*f)/f])*f)*ArcTanh[c + d*x]~3)/3 - (d*e - c*f)*ArcTanh[c + d*x]~2
xLog[-1 + E~(2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] + (d*e - cx*f)x
ArcTanh[c + d*x]*((-I)*Pix(ArcTanh[c + d*x] - Logl[l + E~(2%ArcTanh[c + d*x]
)] + Logl[(1 + E~(2%ArcTanh[c + dx*x]))/(2*E~ArcTanh[c + d*x])]) - 2*ArcTanh[
(d*e - c*f)/fl*(ArcTanh[c + dxx] + Log[l - E~(-2%(ArcTanh[(d*e - c*f)/f] +
ArcTanh([c + d*x]))] - Logl(I/2)*E~(-ArcTanh[(d*e - c*f)/f] - ArcTanh[c + d*
x])*(-1 + E7(2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x])))])) + (d*e - c*
f)*ArcTanh[c + d*x] "2*xLogl[d*e*(1 + E~(2%ArcTanh[c + d*x])) - (1 + ¢ - E7(2%
ArcTanh[c + d*x]) + c*E~(2xArcTanh[c + dx*x]))*f] - (d*e - c*f)*ArcTanh[c +
d*x] 2% (ArcTanh[c + d*x] + Log[l - E~(-2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[
c + d*x]))] - Logl[-1 + ET(2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] +
Logl[d*ex(1 + E7(2%ArcTanh[c + d*x])) - (1 + ¢ - E7(2%ArcTanh[c + d*x]) + ¢
*E~ (2*%ArcTanh[c + d*x]))*f] - Log[(d*e*x(1 + E~(2*ArcTanh[c + d*x])) - (1 +
c - E7(2%ArcTanh[c + d*x]) + c*E~(2*ArcTanh[c + d*x]))*f)/(2+«E"ArcTanh[c +
d*x])]) - ((d*e - c*f)*(4*xArcTanh[c + d*x]~3 - 6*ArcTanh[c + d*x]~2*xLog[l -
E~(2*(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] - 6*ArcTanh[c + d*x]*Po
lyLog[2, E~(2x(ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]))] + 3*PolyLogl3,
E™ (2% (ArcTanh[(d*e - cx*f)/f] + ArcTanh[c + d*x]))]))/6 + ((d*e - c*f)*(4*Ar
cTanh[c + d*x]~3 - 6*%ArcTanh[c + d*x]~2xLog[l + (E~(2*ArcTanh[c + d*x])=*(d*
e + f - cxf))/(d*xe - (1 + c)*f)] - 6xArcTanh[c + d*x]*PolyLog[2, -((E~(2xAr
cTanh[c + d*x])*(d*e + f - c*f))/(d*e - (1 + c)*f))] + 3*PolyLogl[3, -((E~(2
*ArcTanh[c + d*x])*(d*e + f - c*xf))/(d*e - (1 + c)*£))]))/6 - ((d*e - c*f)x*
(2%ArcTanh[c + d*x]~3 + 3*ArcTanh[c + d*x] 2*Log[l - E~(-2%(ArcTanh[(d*e -
cxf)/f] + ArcTanh[c + d*x]))] - 3*%ArcTanh[c + d*x]~2*Log[l - (E"ArcTanh[c +
dxx]*Sqrt[-(d*e) + (-1 + c)*f])/Sqrtld*xe - (1 + c)*f]] - 3*ArcTanh[c + d*x
172%Log[1 + (E"ArcTanh[c + d*x]*Sqrt[-(dxe) + (-1 + c)*f])/Sqrtld*e - (1 +
c)*f]] - 3%ArcTanh[c + d*x]*PolyLog[2, E~(-2*(ArcTanh[(d*e - c*f)/f] + ArcT
anh[c + d*x]))] - 6%ArcTanh[c + d*x]*PolyLog[2, -((ETArcTanh[c + d*x]*Sqrt[
-(d*e) + (-1 + c)*f])/Sqrtld*e - (1 + c)*f])] - 6xArcTanh[c + d*x]*PolyLogl
2, (E"ArcTanh[c + d*x]*Sqrt[-(d*e) + (-1 + c)*f])/Sqrtldxe - (1 + c)*f]] +
6+PolyLog[3, -((E"ArcTanh[c + d*x]*Sqrt[-(dxe) + (-1 + c)*f])/Sqrt[d*e - (1
+ ¢c)*f])] + 6*%PolyLog[3, (E"ArcTanh[c + d*x]*Sqrt[-(d*e) + (-1 + c)*f])/Sq
rtldxe - (1 + c)*£]11))/3)/(d"2%e”2 - 2xckdxexf + (-1 + c”2)*£72)))/(d*e - ¢
*£)))/(d72x(e + fxx)72)

Maple [C] time = 0.84, size = 5728, normalized size = 5.3
output too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(d*x+c)) 3/ (f*x+e)”2,x)
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[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3/(f*x+e)”2,x, algorithm="maxima")

[Out] 3/2*%(d*(log(d*x + c + 1)/(d*exf - (c + 1)*f72) - log(d*x + c - 1)/(d*exf -
(c = 1)*£72) - 2xlog(f*x + e)/(d"2%e”2 - 2%ckdxexf + (c”2 - 1)*f72)) - 2xar
ctanh(d*x + c)/(£72xx + e*xf))*a™2+b - a~3/(£72xx + exf) - 1/8%x(((d"2*xexf -
ckd*xf~2 - d*f72)*b"3%x + (ckdxexf - c"2xf72 - dxexf + £72)*xb"3)*log(-d*x -
c + 1)73 + 3x(2x(d"2*%e"2 - 2kckdxexf + c72xf72 - f72)*axb”2 - ((d"2*exf - ¢
xd*f72 + d*xf72)*b"3*x + (cxdkexf - c”2*%f72 + dxexf + £72)*b~3)xlog(d*x + c
+ 1))*log(-d*x - ¢ + 1)72)/(d"2*e"3*f - 2*c*kd*e™2+xf"2 + c™2xexf"3 - exf"3 +
(d72%e"2*f72 - 2xc*xd*exf~3 + c"2xf74 - f74)*x) - integrate(-1/8x(((d~2xexf
- ckd*f72 - d*f"2)*b"3*x + (ckdkexf - c”2xf72 - dxexf + £72)*b~3)*log(d*x
+ c + 1)73 + 6x((d72%e*xf - cxd*f~"2 - d*xf72)*a*xb”2*x + (ckxdkexf - c”2xf72 -
dxexf + £72)*axb”2)*log(d*x + c + 1)72 + 3*(4*x(d"2xexf - c*d*xf~2 - d*f~2)*a
*b72xx + 4x(d72%e”2 - cxd¥xexf - dxexf)*axb”2 - ((d72xe*xf - cxd*xf~2 - d*xf~2)
*b73%x + (ckdkexf - c™2xf72 - dkexf + £72)*b"3)*log(d*x + ¢ + 1)72 - 2%(b~3
*xd"2xf72%x72 + 2% (ckdkexf - cT2xf72 - dxexf + f72)*%axb”2 + (ckdxexf + dxexf
)*¥b73 + (2x(d72%exf - cxd*f~2 - d*xf72)*a*xb”2 + (d72%exf + cxd*f~2 + dxf"2)*
b~3)*x) *log(d*x + ¢ + 1))*log(-d*x - c + 1))/(c*xd*e”3*f - c™2xe”2*xf~2 - dxe
“3xf + e72xf72 + (d72%e*f”"3 - ckd*f"4 - dxfT4)*x73 + (2*%d"2xe"2+f"2 - cxdxe
*f73 - c72%f74 - 3kd*exf"3 + £74)*x72 + (d72%e"3xf + ckd*e"2xf72 - 2%cT2xex
£f73 - 3*kd*e"2*%f72 + 2*exf~3)*x), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

b3 artanh (dx + ¢)° + 3ab? artanh (dx + ¢)* + 3a2bartanh (dx + ¢) + x)

int |
tntegra ( f2x2 +2efx + €2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c)) 3/ (f*x+e)”2,x, algorithm="fricas")
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[Out] integral((b~3*arctanh(d*x + c)~3 + 3*axb~2*arctanh(d*x + c)~2 + 3%a~2*b*arc
tanh(d*x + c) + a”3)/(£72%x72 + 2%exf*x + e¢72), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(d*x+c))**3/(f*x+e)**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (dx + ¢) + a)3

d
(fx+e)2 i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(d*x+c))~3/(f*x+e)”~2,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~3/(f*x + e)~2, x)
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-1 3
350  [(e+ fx)y"(a+btanh™ (c +dx)) dx
Optimal. Leaf size=22

Unintegrable ((e + fx)" (a +btanh™ (c + dx))3 ,x)

[Out] Unintegrable[(e + f*x) mx(a + bxArcTanh[c + d*x])~3, x]

Rubi [A] time = 0.0681645, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ———— =0,
integrand size

Rules used = {}
4 3
f e+ f)" (a + btanh ™ (c +dv) dx

Verification is Not applicable to the result.
[In] Int[(e + f*x) m*(a + b*ArcTanh[c + d*x])~3,x]

[Out] Defer[Subst] [Defer[Int] [((d*e - c*f)/d + (f*x)/d) "m*(a + b*ArcTanh[x])~3, x
], x, ¢ + dx*x]/d

Rubi steps

Subst (f (@ + %) (a + btanh_l(x))3 dx,x,c+ dx)

f(e + fx)" (a + btanh_l(c + dx))3 dx = y

Mathematica [A] time = 4.23888, size = 0, normalized size = 0.

f (e + fxy" (a+ btanh ™\ (c + dx)) dx

Verification is Not applicable to the result.

[In] Integratel[(e + f*x)“m*(a + bxArcTanh[c + d*x])~3,x]

[Out] Integratel[(e + f*x) m*(a + bxArcTanh[c + d*x])~3, x]
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Maple [A] time = 1.266, size = 0, normalized size = 0.

x+e) (a+bArtanh dx + ) dx
[(rr+e) (dx +0)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) “m*(at+b*arctanh(d*xx+c))~3,x)

[Out] int((f*x+e) “m* (a+b*arctanh(d*x+c)) 3,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) m*(atb*arctanh(d*x+c))~3,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.
integral ((b3 artanh (dx + ¢)° + 3ab? artanh (dx + ¢)* + 3 a2b artanh (dx + ¢) + a3)( fx+ e)m, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e) m*(atb*arctanh(d*x+c))~3,x, algorithm="fricas")

[Out] integral((b~3*arctanh(d*x + c)~3 + 3*axb~2*arctanh(d*x + c)~2 + 3%a~2*b*arc
tanh(d*x + c) + a"3)*(f*x + e)"m, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**m*(atb*atanh(d*x+c))**3,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

f (bartanh (dx +¢) +a)’(fx +e¢) " dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) m*(atb*arctanh(d*x+c))~3,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)~3x(f*x + e)”m, x)
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1 2
351  [(e+ fxy"(a+btanh™ (c +dx)) dx
Optimal. Leaf size=22

Unintegrable ((e + fx)™ (a +btanh ™' (c + dx))2 ,x)

[Out] Unintegrable[(e + f*x) mx(a + bxArcTanh[c + d*x])~2, x]

Rubi [A] time = 0.0690405, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ————— =0,
integrand size

Rules used = {}
4 2
f e+ f)" (a+btanh ™ (c +dv) dx

Verification is Not applicable to the result.
[In] Int[(e + f*x) m*(a + b*ArcTanh[c + d*x])~2,x]

[Out] Defer[Subst] [Defer[Int] [((d*e - c*f)/d + (f*x)/d) "m*(a + b*ArcTanh[x])"2, x
1, x, ¢ + d*x]/d

Rubi steps

Subst (f (? + %) (a + btanh_l(x))2 dx,x,c+ dx)

f(e + fx)" (a + btanh_l(c + dx))2 dx = y

Mathematica [A] time = 0.288764, size = 0, normalized size = 0.

f (e + fxy" (a+ btanh ™\ (c + dx)) dx

Verification is Not applicable to the result.

[In] Integratel[(e + f*x)“m*(a + bxArcTanh[c + d*x])~2,x]

[Out] Integratel[(e + f*x) mx(a + bxArcTanh[c + d*x])~2, x]
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Maple [A] time = 1.103, size = 0, normalized size = 0.

x+e) (a+bArtanh dx + 0))* dx
[(re)" (dx +0)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) “m*(at+b*arctanh(d*x+c))~2,x)

[Out] int((f*x+e) “m* (a+b*arctanh(d*x+c)) 2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) m*(atb*arctanh(d*x+c))~2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

. 2 2 2 "
integral ((b artanh (dx + ¢)” + 2abartanh (dx + ¢) + a )(fx + e) , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) m*(atb*arctanh(d*x+c))~2,x, algorithm="fricas")

[Out] integral((b~2*arctanh(d*x + c)~2 + 2*axb*arctanh(d*x + c) + a"2)*(fxx + e)~

m, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**m*(atb*atanh(d*x+c))**2,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

f (bartanh (dx + ) + a)(fx +e) " dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) m*(atb*arctanh(d*x+c))”2,x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)” 2x(f*x + e)”m, x)
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352  [(e+ fx)y"(a+btanh™ (c +dx)) dx

Optimal. Leaf size=162

bd(e + fx)"+**Hypergeometric2F1 (L m+2,m+3, —d;:;—)f

2f(m+1)(m + 2)(de - (c +1)f) 2f(m+1)(m +2)(—cf +de + f)

) bd(e + fx)"*>Hypergeometric2F1 (1, m+2,m+3,

[Out] ((e + fxx)~(1 + m)*(a + b*ArcTanh[c + d*x]))/(fx(1 + m)) + (bxdx(e + fxx)~(
2 + m)*Hypergeometric2F1[1, 2 + m, 3 + m, (dx(e + f*x))/(d*e - f - c*xf)])/(
2xfx(d¥e - (1 + c)*f)*x(1 + m)*(2 + m)) - (bxd*(e + f*x)~ (2 + m)*Hypergeomet
ric2F1[1, 2 + m, 3 + m, (dx(e + f*x))/(d*xe + £ - c*xf)])/(2xf*x(d*e + f - cxf

)x(1 + m)*(2 + m))

Rubi [A] time = 0.257052, antiderivative size = 162, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 18, L

integrand size
0.222, Rules used = {6111, 5926, 712, 68}

e+ fx)*1 (a + btanh™(c + dx)) bd(e + fx)"*2 ,F; (1,m +2;m+3; %) bd(e + fx)™*2,F; (1,m +2;m+3;
f(m+1) - 2f(m+1)(m +2)(de — (c +1)f) - 2f(m+1)(m + 2)(—cf + de +

Antiderivative was successfully verified.

[In] Int[(e + f*x) m*(a + bxArcTanh[c + d*x]),x]

[Out] ((e + f*x)7(1 + m)*(a + b*ArcTanh[c + d*x]))/(fx(1 + m)) + (bxd*x(e + f*x)~(
2 + m)*Hypergeometric2F1[1, 2 + m, 3 + m, (d*(e + f*x))/(d*e - £ - cx£)])/(
2xfx(d*xe - (1 + c)*f)*(1 + m)*(2 + m)) - (bxd*(e + f*x)~(2 + m)*Hypergeomet
ric2F1[1, 2 + m, 3 + m, (d*(e + f*x))/(d*e + f — c*xf)])/(2*f*x(d*e + f - cx*f

d)x(1 + m)*(2 + m))

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x )]1*(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) "m*(a + b*A
rcTanh[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGt
Qlp, O]

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[((d + exx)"(q + 1)*(a + bxArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
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bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c™2%xx"2), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rule 712

Int[((d_) + (e_.)*x(x_)) " (m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Expand
Integrand[(d + e*x)"m, 1/(a + c*xx"2), x], x] /; FreeQ[{a, c, d, e, m}, x] &
& NeQ[c*d™2 + axe”2, 0] && !'IntegerQ[m]

Rule 68

Int[((a_) + (b_.)*(x_)) " (m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
b*c - a*xd) nx(a + b*x) " (m + 1)+*Hypergeometric2Fi[-n, m + 1, m + 2, -((d*(a
+ bxx))/(bxc - a*d))])/ (b~ (n + V*(m + 1)), x] /; FreeQ[{a, b, ¢, 4, m}, x]
&& NeQ[bxc - axd, 0] && !'IntegerQ[m] && IntegerQ[nl]

Rubi steps

Subst ( i (de:f + %) (a+ btanh_l(x)) dx, x,c + dx)

f(e + fx)™ (a + btanh_l(c + dx)) dx = y

(de—cf+f_x)1+m
b Subst f dl—i dx,x,c + dx
(e + fx)ltm (a +btanh ™ (c + dx)) -
B (1 +m) - (1 +m)
de—cf fx L+m de—cf fx 1+
b Subst f (T+7) (T+7)
(e + fx)ltm (a +btanh (¢ + dx)) 21~ 21+2)
- f(1+m) B FL+m)
(de—cf_'_f_x)“m
b Subst f dl—d dx,x,c + dx
(e + fx)ltm (a +btanh ™ (c + dx)) -
B (1 +m) - 2f(1 +m)
d(e
(e + fx)ltm (a +btanh ™ (c + dx)) bd(e + fx)**" 5Fy (1,2 +m;3 +m; %_j
- F+m) T 2fde— At oHA+m2+m)

Mathematica [F] time = 0.0834866, size = 0, normalized size = 0.

f e+ f)" (a+ btanh™(c + dv)) dx
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Verification is Not applicable to the result.

[In] Integrate[(e + f*x) m*(a + b¥ArcTanh[c + d*x]),x]

[Out] Integrate[(e + f*x) m*(a + b*ArcTanh[c + dxx]), x]

Maple [F] time = 1.027, size = 0, normalized size = 0.

[ (Fx+€)" @+ bArtanh (@x + ) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) “m*(at+b*arctanh(d*x+c)),x)

[Out] int((f*x+e) m*(a+b*arctanh(d*x+c)),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) m*(at+b*arctanh(d*x+c)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((b artanh (dx + ¢) + a)(fx + e)m,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) m*(atb*arctanh(d*x+c)),x, algorithm="fricas")

[Out] integral((bxarctanh(d*x + c) + a)*(f*x + e)”m, x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**m* (a+b*atanh(d*x+c)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f(b artanh (dx + ¢) + a)(fx + e)m dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) m*(atb*arctanh(d*x+c)),x, algorithm="giac")

[Out] integrate((b*arctanh(d*x + c) + a)*x(fxx + e)”m, x)
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-1
353 ftanh (a+bx) dx

c+dx3
Optimal. Leaf size=780

Vd(-a-bx+1) Y1 Vd(—a-bx+1) 3 (-1)2B Vd(-a-bx+1)
PolyL 2, ———— -1)%3PolyL 2, ———— V-1PolyLL 2, PolyL (
e Og( (1-a) Va+b e _( il ST =TT .\ YO\ Cipraca Sase ke . o8
6c2/3+/d 6c2/3/d 6c23/d (

[Out] -(Logl[l - a - b*x]*Log[(bx(c™(1/3) + d~(1/3)*x))/(bxc~(1/3) + (1 - a)*d~(1/
3))1)/(6%c™(2/3)*d~(1/3)) + (Logll + a + bxx]*Log[(b*(c™(1/3) + d~(1/3)*x))
/(o*xc™(1/3) - (1 + a)*d~(1/3))1)/(6%c™(2/3)*d~(1/3)) - ((-1)~(2/3)*Logl1 -
a - b*x]*Log[(b*(c~(1/3) - (-1)7(1/3)*d"~(1/3)*x))/(b*c~(1/3) - (-1)~(1/3)*(
1 - a)*xd™(1/3))1)/(6%c™(2/3)*d~(1/3)) + ((-1)7(2/3)*Log[1l + a + bxx]+*Log[(b
*(c™(1/3) - (-1)7(1/3)*d~(1/3)*x))/(bxc™(1/3) + (-1)7(1/3)*(1 + a)*d~(1/3))
1)/(6xc™(2/3)*d~(1/3)) + ((-1)"(1/3)*Logll - a - b*x]*Logl[(b*(c~(1/3) + (-1
)7(2/3)*d”(1/3)*x)) / (b*xc™(1/3) + (-1)7(2/3)*(1 - a)*d~(1/3))])/(6*c™(2/3)*d
~(1/3)) - ((-1)7(1/3)#Logl1l + a + b*x]*Log[(b*(c~(1/3) + (-1)7(2/3)*d"(1/3)
*x))/(b*xc™(1/3) - (-1)7(2/3)*(1 + a)*d~(1/3))1)/(6%xc~(2/3)*d"(1/3)) - PolyL
ogl2, (d7(1/3)*(1 - a - bxx))/(b*c™(1/3) + (1 - a)*d~(1/3))1/(6xc™(2/3)*d"~(
1/3)) - ((-1)7(2/3)*PolyLog[2, -(((-1)7(1/3)*d~(1/3)*(1 - a - b*x))/(b*c~(1
/3) = (-1)7(1/3)*(1 - a)*d~(1/3)))1)/(6xc~(2/3)*d~(1/3)) + ((-1)~(1/3)*Poly
Log[2, ((-1)7(2/3)*d~(1/3)*(1 - a - b*x))/(b*c™(1/3) + (-1)7(2/3)*(1 - a)*d
~(1/3))1)/(6%c™(2/3)*d~(1/3)) + PolyLogl[2, -((d~(1/3)*(1 + a + b*x))/(b*c™(
1/3) - (1 + a)*d~(1/3)))1/(6xc™(2/3)*d~(1/3)) + ((-1)7(2/3)*PolyLogl[2, ((-1
)7 (1/3)*d”(1/3)*(1 + a + b*x))/(b*c™(1/3) + (-1)7(1/3)*(1 + a)*d~(1/3))1)/(
6xc™(2/3)*d~(1/3)) - ((-1)"(1/3)*PolyLog[2, -(((-1)"(2/3)*d~(1/3)*(1 + a +
b*x))/(bxc™(1/3) - (-1)7(2/3)*(1 + a)*d~(1/3)))1)/(6xc~(2/3)*d~(1/3))

Rubi [A] time = 1.39528, antiderivative size = 780, normalized size of antiderivative =

1., number of steps used = 23, number of rules used = 5, integrand size = 16, number of rules _

integrand size
0.312, Rules used = {6115, 2409, 2394, 2393, 2391}

%(—u—bxﬂ) 2 \3/—_1\3/3(—a—bx+1) 3 (-1)2B3 %(—a—bx+])
PolyLog|2, ———-—"~" -1)*APolyLog |2, ~——————- —-1PolyLog |2, PolvL
> Og( (1-a) Va+b e ()" FolyLog bYe-V-1(1-a) Vd + . oS (-1)23(1-a) Vd+b e + oY Og(

6c2/3d 6c2/3d 6¢2/3d (

Antiderivative was successfully verified.

[In] Int[ArcTanh[a + b*x]/(c + d*x~3),x]
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[Out] -(Logl[l - a - b*x]*Log[(b*(c™(1/3) + d~(1/3)*x))/(b*xc~(1/3) + (1 - a)*d~(1/
3))1)/(6xc™(2/3)*d~(1/3)) + (Logl[l + a + bxx]*Logl[(b*(c~(1/3) + d~(1/3)*x))
/(bxc™(1/3) - (1 + a)*d~(1/3))1)/(6%c~(2/3)*d~(1/3)) - ((-1)"(2/3)*Log[1 -
a - bxx]*Log[(bx(c™(1/3) - (-1)"(1/3)*d~(1/3)*x))/(b*c~(1/3) - (-1)~(1/3)*(
1 - a)*d~(1/3))1)/(6xc~(2/3)*d~(1/3)) + ((-1)"(2/3)*Logl[l + a + b*x]*Log[(b
x(c™(1/3) - (1)~ (1/3)*d~(1/3)*x))/(bxc~(1/3) + (-1)"(1/3)*(1 + a)*xd~(1/3))
1)/(6%c™(2/3)*d~(1/3)) + ((-1)~(1/3)*Log[1 - a - b*x]*Log[(b*(c~(1/3) + (-1
)7(2/3)*d~(1/3)*x)) /(bxc™(1/3) + (-1)7(2/3)*(1 - a)*xd~(1/3))]1)/(6xc™(2/3)*d
~(1/3)) - ((-1)"(1/3)*Log[1l + a + b*x]*Log[(b*x(c~(1/3) + (-1)7(2/3)*d~(1/3)
*xx))/(bxc™(1/3) - (-1)7(2/3)*(1 + a)*d~(1/3))1)/(6*c~(2/3)*d"~(1/3)) - PolyL
ogl2, (@~ (1/3)*(1 - a - b*x))/(b*c”(1/3) + (1 - a)*d~(1/3))1/(6xc”(2/3)*d"(
1/3)) - ((-1)~(2/3)*PolyLog[2, -(((-1)~(1/3)*d~(1/3)*(1 - a - b*x))/(bxc~(1
/3) = (-1)7(1/3)*(1 - a)*d~(1/3)))1)/(6xc~(2/3)*d~(1/3)) + ((-1)"(1/3)*Poly
Log[2, ((-1)7(2/3)*d~(1/3)*(1 - a - b*x))/(b*c”(1/3) + (-1)7(2/3)*(1 - a)*d
~(1/3))1)/(6%c~(2/3)*d~(1/3)) + PolyLogl[2, -((d~(1/3)*(1 + a + b*x))/(b*xc"~(
1/3) = (1 + a)*d~(1/3)))1/(6xc~(2/3)*d~(1/3)) + ((-1)"(2/3)*PolyLog[2, ((-1
)" (1/3)%d~(1/3)*%(1 + a + b*x))/(b*c™(1/3) + (-1)~(1/3)*(1 + a)*d~(1/3))1)/(
6xc~(2/3)*d~(1/3)) - ((-1)~(1/3)*PolyLog[2, -(((-1)"(2/3)*d~(1/3)*(1 + a +
b*x))/(b*xc~(1/3) - (-1)7(2/3)*(1 + a)*d~(1/3)))1)/(6%c~(2/3)*d~(1/3))

Rule 6115

Int[ArcTanh([(c_) + (d_.)*x(x_)]1/((e_) + (f£_.)*x(x_)"(n_.)), x_Symbol] :> Dist
[1/2, Int[Log[l + c + d*x]/(e + f*x"n), x], x] - Dist[1/2, Int[Log[l - c -
d*x]/(e + fxx"n), x], x] /; FreeQl{c, d, e, f}, x] && RationalQ[n]

Rule 2409

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)]*x(b_.))"(p_)*x((f_) + (g_.
)*(x )~ (r_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[c*(d + exx)
“nl)"p, (f + g*x"r)"q, x1, x] /; FreeQl{a, b, ¢, d, e, £, g, n, r}, x] & I
GtQlp, 0] && IntegerQ[ql && (GtQlg, 0] || (IntegerQ[r] && NeQ[r, 11))

Rule 2394

Int[((a_.) + Logl(c_.)*((d_) + (e_)*x(x_)) " (n_.)Ix(b_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[(Logl[(ex(f + gxx))/(exf - dxg)]*(a + bxLoglcx(d + exx
)°nl))/g, x] - Dist[(b*e*n)/g, Int[Logl(ex(f + g*x))/(exf - d*g)]/(d + exx)
, x], x]1 /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_))]1*(b_.0)/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + g*x
1, x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - d*xg, 0] && EqQlg + cx*
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(exf - dxg), 0]
Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rubi steps

f tanh_l(a + bx) = 1 f log(1 —a - bx) f log(1 + a + bx) p
c + dx3 =72 c+dx3 T2 c + dx3 *

_ 1f _ logl-a-bx) log(1 — a — bx) _ log(1 — a — bx) i +1
2 3c23 (—\% - \B’/Ex) 3c23 (—\3/5 + \3/—_1{’/335) 3¢23 (—\3/5 - (—1)2/3\%2() 2.
f log(1-a-bx) y log(1-a-bx) p log(1-a—bx) f log(1+a+bx) f log(1+a+bx)
—{’/E— %x - 3c+%/—_1%/c_ix —%—(—1)2/3 %x —%— \S/Ex —%/E+§/—_1\3/Ex |
6023 6023 602/3 - 602/3 - 602/3
1 1 b( %/E+ %x) 1 1 b( %/E+ %x) 2/3 1
1-a-0b _ 1 b _ -1 1-a-b
og(l —a - bx)log Do Vi og(l +a + bx)log D Ji (-1)“°log(1 — a - bx)
= — + —
6c2/3d 6c2/3d 62/
1 1 b( %+ %x) 1 1 b( %/E+ %x) 2/3 1
1-a-0b _ 1 b B — -1 1-a-b
og(l —a - bx)log e Vi og(l +a + bx)log el (-1)“° log(1 — a — bx)
= — + _
6c2/3d 6c2/3d 6c2/:
| ol b( %+ %x) 1 ol b( %+ %x) 213 ) .
1-a- B — 1 _ -1 1-a-
og(l —a - bx)log| - Ve 3 og(l +a+bx)log| - Va3 (=1)7"log(1 — a - bx)
= — + -
6c2/3/d 6c2/3d 6c2/-

Mathematica [A] time = 0.727825, size = 623, normalized size = 0.8

Yd(a+bx-1) 1 Vd(a+bx-1) 3 (~1)%3 Vd(a+bx-1)
—PolyL 2, ———" 2 | — (=1)%3PolyL 2, —————— | + V-1PolyL 2, + PolyL 2
oY Og( b ¥e—(a-1) Vd (-1)"FolyLog V=1(a-1) Vd+b e OyHos (-1)%3(a-1) ¥d-b Je OyLog

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + b*x]/(c + d*x~3),x]
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[Out] (-(Logll - a - bxx]xLogl[(bx(c™(1/3) + d~(1/3)*x))/(b*c™(1/3) - (-1 + a)*d™(
1/3))1) + Logl[l + a + b*x]*Logl(b*(c™(1/3) + d~(1/3)*x))/(bxc~(1/3) - (1 +
a)*d~(1/3))]1 - (-1)7(2/3)*Logl[l - a - bxx]*Log[(b*x(c™(1/3) - (-1)~(1/3)*d"(
1/3)*x))/(bxc™(1/3) + (=1)"(1/3)*(-1 + a)*xd~(1/3))] + (-1)"(2/3)*Logll + a
+ bxx]*Log[(bx(c™(1/3) - (-1)7(1/3)*d~(1/3)*x))/(b*c™(1/3) + (-1)~(1/3)*(1
+ a)*d~(1/3))] + (-1)7(1/3)*Logl[l - a - b*x]*Logl[(bx(c~(1/3) + (-1)7(2/3)*d
“(1/3)*x))/ (b*xc™(1/3) - (-1)7(2/3)*(-1 + a)*d~(1/3))] - (-1)7(1/3)*Logll +
a + b*x]*Log[(b*(c™(1/3) + (-1)7(2/3)*d~(1/3)*x))/(b*c~(1/3) - (-1)7(2/3)*(
1 + a)*xd~(1/3))] - PolyLogl[2, -((d"(1/3)*(-1 + a + b*x))/(b*c™(1/3) - (-1 +
a)*d~(1/3)))1 - (-1)7(2/3)*PolyLogl[2, ((-1)7(1/3)*d~(1/3)*(-1 + a + b*x))/
(b*c™(1/3) + (-1)7(1/3)*(-1 + a)*d~(1/3))] + (-1)7(1/3)*PolyLogl[2, ((-1)7(2
/3)*d~(1/3)* (-1 + a + b*x))/(-(bxc™(1/3)) + (-1)7(2/3)*(-1 + a)*d~(1/3))] +
PolyLog[2, -((da~(1/3)*(1 + a + b*x))/(b*c™(1/3) - (1 + a)*xd~(1/3)))] + (-1
)7 (2/3)*PolyLogl[2, ((-1)7(1/3)*d~(1/3)*(1 + a + bxx))/(b*c™(1/3) + (-1)~(1/
3)*(1 + a)xd~(1/3))] - (-1)~(1/3)*PolyLogl2, ((-1)7(2/3)*d"(1/3)*(1 + a + b
*x))/(=(b*xc™(1/3)) + (-1)7(2/3)*(1 + a)*d~(1/3))1)/(6xc~(2/3)*d~(1/3))

Maple [C] time = 0.493, size = 587, normalized size = 0.8

2 b?
R ) R

_R1=RootOf((a3d~cb3-3 a2d+3 ad~d)_7°+(3 a3d-3 cb3~3 a2d-3 ad+3 d)_Z*+(3 a3d-3 cb®+3 02d-3 ad-3 d)_Z*+a3d~cb3+3 a2d+3 ad+d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(d*x"3+c),x)

[Out] -2/3*b~2xsum(1/(_R174*a~3*d-_R174%b~3*c-3*_R174xa"2xd+3* R174*a*xd+2x_R172xa
~3%d-2% R172%b~3%c—_R174*d-2% R1"2%a~2%d-2% R1~2kaxd+a~3+d-b~3%c+2% R172d+
a~2*d-a*d-d)* (arctanh (b*x+a)*1n(( R1-(b*x+a+1)/(1-(b*x+a)~2)~(1/2))/ R1)+di
log ((_R1-(b*x+a+1)/(1-(b*x+a)~2)~(1/2))/_R1)),_R1=Root0f ((a”3*d-b~3*c-3*a”2
xd+3*axd-d)*_Z~6+(3*a"3*d-3*b"3xc-3*a”"2*d-3*a*xd+3*d) * Z~4+(3*a”"3*d-3*b"3*c+
3*a”2xd-3*a*xd-3*d) *_Z~2+a”3xd-c*xb~3+3*a"2*xd+3*a*d+d))-2/3*b"2*sum(_R172/(_R
174%a~3*d- R174xb~3%c-3* R174*xa”2xd+3* R174*xa*xd+2*% R172%a”3*d-2% R172%b~3*c
- R174%d-2% R172%a~2+d-2% R1~2%akxd+a~3*d-b~3%c+2% R1~2%d+a~2+d-a*d-d)* (arct
anh (b*x+a)*1n((_R1-(b*x+a+1)/(1-(b*x+a)~2)~(1/2))/_R1)+dilog((_R1-(b*x+a+1)
/(1-(b*x+a)~2)~(1/2))/_R1)), R1=Root0f ((a~3*d-b~3*c-3*a~2xd+3*a*xd-d)* Z~6+(
3*a”3*%d-3*b”"3*c-3*a"2xd-3*axd+3*d) *_Z~4+(3*a"3*d-3*xb~3kc+3*a~2*d-3*a*d-3*d)
*_772+a”~3*d-cxb~3+3*a”~2xd+3*axd+d))




Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x"3+c),x, algorithm="maxima"

[Out] Exception raised: ValueError
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Fricas [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a) x)

integral ( T3 c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x~3+c),x, algorithm="fricas")

[Out] integral(arctanh(b*x + a)/(d*x~3 + c), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(d*x**3+c),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f artanh (bx + a) p
dx3 +c *

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arctanh(b*x+a)/(d*x"3+c),x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)/(d*x~3 + c), x)
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-1
3 54 f tanh ~(a+bx) dx

c+dx?
Optimal. Leaf size=481

3 \/E(—a—bx+1)) ( x/ﬁ(—a—bxﬂ)) ( _ Vd(a+bx+1) ) ( Vd(a+bx+1) )
_PolyLog (2, e . PolyLog |2, WA= ) PolyLog (2, = X PolyLog |2, PR

4—cVd 4=cVd 4—cVd 4=cVd

[Out] -(Logl[l - a - b*x]*Log[(b*(Sqrt[-c] - Sqrtl[dl*x))/(b*Sqrt[-c] - (1 - a)*Sqr
t[d])1)/(4xSqrt[-c]*Sqrt[d]) + (Logll + a + bxx]*Logl[(b*x(Sqrt[-c] - Sqrtl[d]
*xx))/(b*Sqrt[-c] + (1 + a)*Sqrtld])])/(4*Sqrt[-c]*Sqrt[d]) + (Logll - a - b
*xx]*Log [(bx(Sqrt[-c] + Sqrt[d]l*x))/(bxSqrt[-c] + (1 - a)xSqrt[d])])/(4*xSqrt
[-cl*Sqrt[d]) - (Logll + a + bxx]*Log[(bx(Sqrt[-c] + Sqrt[d]*x))/(b*Sqrt[-c
1 - (1 + a)*Sqrt[d])])/(4xSqrt[-cl*Sqrt[d]) - PolyLogl[2, -((Sqrtl[dl*(1 - a
- b*x))/(bxSqrt[-c] - (1 - a)*Sqrt([d]))]/(4*Sqrt[-c]l*Sqrt([d]) + PolyLogl2,
(Sqrt[d]*(1 - a - b*x))/(b*Sqrt[-c] + (1 - a)*Sqrt[d])]/(4*Sqrt[-c]l*Sqrt[d]
) - PolyLog[2, -((Sqrt[d]*(1 + a + b*x))/(b*Sqrt[-c] - (1 + a)*Sqrt[d]))]/(
4xSqrt [-c]*Sqrt[d]) + PolyLogl[2, (Sqrtl[dl*(1 + a + b*x))/(b*Sqrt[-c] + (1 +
a)*Sqrt[d])]/(4*Sqrt[-c]l*Sqrt[d])

Rubi [A] time = 0.605511, antiderivative size = 481, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 17, number of rules used = 5, integrand size = 16, e .

0.312, Rules used = {6115, 2409, 2394, 2393, 2391}

integrand size

3 \/E(—a—bx+1)) ( x/ﬁ(—a—bxn)) ( _ Vd(a+bx+1) ) ( Vd(a+bx+1) )
_PolyLog (2, i . PolyLog |2, R A= ) PolyLog (2, = . PolyLog |2, P

4—cVd 4=cVd 4—cVd 4=cVd

Antiderivative was successfully verified.

[In] Int[ArcTanhl[a + b*x]/(c + d*x"2),x]

[Out] -(Log[l - a - b*x]*Logl[(b*(Sqrt[-c] - Sqrtl[dl*x))/(b*Sqrt[-c] - (1 - a)*Sqr
t[d])1)/(4+Sqrt[-c]*Sqrt[d]) + (Logll + a + bxx]*Logl[(bx(Sqrt[-c] - Sqrtld]
*xx))/(bxSqrt[-c] + (1 + a)*Sqrt[d])])/(4*xSqrt[-c]*Sqrtld]) + (Log[l - a - b

*xx] *Log [(bx(Sqrt [-c] + Sqrt[d]l*x))/(b*Sqrt[-c] + (1 - a)*xSqrtl[d])])/(4*Sqrt
[-cl*Sqrt[d]) - (Logll + a + bxx]*Log[(bx(Sqrt[-c] + Sqrt[d]*x))/(b*Sqrt[-c

1 - (1 + a)*Sqrt[d])])/(4*Sqrt[-cl*Sqrt[d]) - PolyLogl[2, -((Sqrt[dl*(1 - a

- bxx))/(bxSqrt[-c] - (1 - a)*Sqrt[d]))]/(4xSqrt[-c]*Sqrt[d]) + PolyLogl[2,
(Sqrt[d]l*(1 - a - bxx))/(b*Sqrt[-c] + (1 - a)*Sqrt[d])]/(4xSqrt[-c]*Sqrt[d]

) - PolyLogl[2, -((Sqrt[d]*(1 + a + b*x))/(b*Sqrt[-c] - (1 + a)*Sqrt[d]))]/(
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4x3qrt [-c]*Sqrt [d]) + PolyLogl[2, (Sqrt[dl*(1 + a + b*x))/(b*Sqrt[-c]
a)*Sqrt[d] )]/ (4*Sqrt[-c]l*Sqrt[d])

+

1+

Rule 6115

Int[ArcTanh[(c_) + (d_.)*(x_)1/((e_) + (f£_.)*(x_)"(n_.)), x_Symbol] :> Dist
[1/2, Int[Logl[l + c + d*x]/(e + f*x"n), x], x] - Dist[1/2, Int[Log[1
d*x]/(e + f*x"n), x], x] /; FreeQl[{c, d, e, £}, x] && RationalQ[n]

c -

Rule 2409

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_)]*(_.)0)"(p_)*x((f_) + (g_.
)¥(x_ )7 (r_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[c*(d + exx)
“n])7p, (f + gxx"r)7q, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, v}, x] & I
GtQ[p, 0] &% IntegerQ[ql && (GtQlgq, 0] || (IntegerQlr] && NeQ[r, 11))

+

Rule 2394

Int[((a_.) + Logl(c_.)*x((d_) + (e_)*x(x_))"(n_)1*x(b_.))/((£f_.) + (g_.)*x(x_
)), x_Symbol] :> Simp[(Log[(ex(f + g*x))/(exf - dxg)]l*(a + b*Loglcx(d + e*x
)7°nl))/g, x] - Dist[(bxe*n)/g, Int[Logl(ex(f + g*x))/(exf - dxg)]/(d + exx)
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] && NeQ[exf - dxg, O]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))1*(b_.0)/((£f_.) + (g_)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*e*xx)/gl)/x, x], x, f + g*x
1, x]1 /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - d*g, 0] && EqQ[g + cx
(exf - dxg), 0]

Rule 2391
Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlc*d, 1]

Rubi steps
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tanh™ (a + bx) (1 rlogl—a- bx) log(1 +a+ bx)
f c + dx? dx__(if c +dx? ) 2f C + dx? ax
B f \/—clog(l - a — bx) \/_log(l -a- bx) f v/—clog(1 + a + bx) \/—_cl
- ZC(\/_—\/EX) Zc(\/—_c+\/_x T2 2c \/_—\/_x) 2c(

log(1-a—bx) log(1-a-bx) log(1+a+bx) log(1+a+bx)
[logtoatn g ploglaty p o plogretky g lograrhy g

\/—_c—\/c_lx + \/—_c+\/c_lx _ \/—_c—\/ax _ \/—_C+\/Ex
a—c a—c = ac
b \/—_c—\/;lx b \/—_C—\/L_ix
) log(1l — a — bx) log (b\/(__c_(—l_a)ja) ) log(1 + a + bx) log (za\/(—_ch(—lm)\)/E) log(1 — a — bx) log(
4yJ=cVd 4y/—cVd 4/=cV,
b \/—_c—\/;ix b \/—_C—\/L_ix
log(1l — a — bx) log (b\/(—_c—(—l—a)\l;) ) log(1 + a + bx) log (z;\/(—_ch(—lm)\)/E) ) log(1 — a — bx) log(
4=cVd 4=cVd 4y=cV
b \/—_c—\/;lx b \/—_C—\/L_ix
log(1l — a — bx) log (b\/(__c_(—l_a)ja) log(1 + a + bx) log (za\/(—_ch(—lm)\)/E) log(1 — a — bx) log(

4=cVd * 4=cVd ’ 4y=cV

Mathematica [A] time = 0.29092, size = 365, normalized size = 0.76

_»ﬁmw%n)_ ( wWMkn)_ ( _»ﬁmwﬂn) ( ﬁmwﬁn)_
PolyLog (2, PN =W i PolyLog (2, —(u_l) N PolyLog (2, N N + PolyLog |2, —(a+1) iy

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + bx*x]/(c + d*x~2),x]

[Out] (-(Logl[l - a - b*x]*Logl[(b*(Sqrt[-c] - Sqrtldl*x))/(b*Sqrt[-c] + (-1 + a)*S
grt[d])]) + Logl[l + a + b*xx]*Log[(b*(Sqrt[-c] - Sqrtl[d]l*x))/(b*Sqrt[-c] + (

1 + a)*Sqrt[d])] + Logll - a - b*x]*Log[(b*x(Sqrt[-c] + Sqrtl[d]l*x))/(b*Sqrt[

-c] - (-1 + a)*Sqrtld])] - Logl[l + a + b*x]*Log[(b*x(Sqrt[-c] + Sqrt[d]l*x))/
(b*xSqrt[-c] - (1 + a)*Sqrt[d])] + PolyLog[2, -((Sqrt[d]*(-1 + a + bx*x))/(b*
Sqrt[-c] - (-1 + a)*Sqrt[d]))] - PolyLogl[2, (Sqrtl[d]l*(-1 + a + b*x))/(b*Sqr

t[-c] + (-1 + a)*Sqrt[d])] - PolyLogl[2, -((Sqrtl[d]l*(1 + a + b*x))/(b*Sqrt[-

c] - (1 + a)xSqrt[d]))] + PolyLogl[2, (Sqrt[d]l=(1 + a + b*x))/(b*Sqrt[-c] +

(1 + a)*Sqrt[d])])/(4+Sqrt[-c]*Sqrt[d])
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Maple [B] time = 0.352, size = 1300, normalized size = 2.7

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(d*x"2+c) ,x)

[Out] 1/2/bx(-b~2*c*d)~(1/2)/c*1ln(1-(a"2*d+b~2*xc—-2*a*xd+d) * (b*xx+a+1) "2/ (1-(b*x+a) "~
2)/(—a~2*%d-b"2*c-2x (b~ 2*c*d) ~(1/2) +d) ) *arctanh (b*x+a) *a~2/ (a~2*d+b~ 2*c+2* (
-b"2xc*xd) " (1/2)-d) +1/2%bx (-b~2*xc*d) ~(1/2) /d*1n(1-(a~2*d+b~2*xc-2*a*xd+d) * (bxx
+a+1) "2/ (1-(b*x+a) "2)/(-a~2*d-b"2*c-2* (-b"2xc*d) ~(1/2)+d) ) *arctanh (bxx+a) / (
a~2xd+b"2%c+2x (-b"2%c*d) ~(1/2)-d)-1/2/b* (-b~2*c*d) " (1/2) /cxarctanh (bxx+a) "2
*a~2/ (a”2%d+b"2%c+2% (-b~2%c*d) " (1/2)-d) -1/2%b* (-b~2xc*d) ~(1/2) /d*arctanh (b*
x+a) "2/ (a”2*%d+b"2xc+2% (=b~2*c*d) " (1/2)-d) +1/4/b* (-b~2%c*d) ~ (1/2) /c*polylog(
2, (a™2*d+b~2*xc-2*axd+d) * (bxx+a+1) "2/ (1-(b*x+a) ~2) / (-a~2*xd-b"2xc-2* (-b~2*c*d
)7 (1/2)+d)) *a~2/ (a"2xd+b" 2xc+2x (-b"2*c*xd) ~(1/2)-d) +1/4xb*x (-b~2*c*xd) ~(1/2) /4
xpolylog(2, (a”2*d+b~2*xc-2*a*xd+d) * (b*x+a+1) ~2/ (1-(b*x+a) ~2) / (-a~2*d-b~2*c-2x
(-b"2%c*d) " (1/2)+d) )/ (a~2*d+b~2*xc+2* (b~ 2*c*d) " (1/2) -d) -b/ (a"2*d+b~2*c+2* (-
b~ 2%c*xd) ~(1/2)-d) *1n(1-(a"2*d+b~2*xc-2*a*xd+d) * (bxx+a+1) “2/(1-(b*x+a) ~2) /(-a~
2%d-b"2*c-2*% (-b~2*xc*d) ~(1/2)+d) ) *arctanh (b*x+a)-1/2/b*x (-b~2xc*d) ~(1/2) /c*1n
(1-(a™2*d+b~2*c-2*xax*xd+d) * (bxx+a+1) "2/ (1-(b*x+a) "2) / (-a~2*xd-b"2*c-2* (b~ 2*c*
d) ~(1/2)+d))*arctanh (bxx+a)/(a~2xd+b~2%c+2% (-b~2%c*d) ~(1/2) -d) +b/ (a~2%d+b"2
*c+2% (b~ 2*xc*d) " (1/2) -d) *arctanh (b*x+a) ~2+1/2/b*x(-b~2%c*xd) ~(1/2) /c*arctanh (
bxx+a) "2/ (a”2xd+b~2*%c+2x (~b~2*c*d) " (1/2)-d) -1/2xb/ (a~2*d+b~2xc+2* (-b~2%c*d)
~(1/2)-d)*polylog(2, (a~2*d+b~2xc-2*axd+d) * (b*x+a+1) "2/ (1-(b*x+a) ~2)/(-a~2*d
~b"2%c-2% (-b"2%c*d) " (1/2)+d) ) -1/4/b* (-b"2xc*d) ~(1/2) /c*polylog(2, (a~2*d+b"2
xc—2%axd+d) * (b¥x+a+1) "2/ (1-(b*x+a) ~2) / (—a~2%d-b~2xc-2% (-b~2*c*d) ~(1/2)+d) )/
(a™2%d+b"2%c+2*% (b~ 2*c*d) ~(1/2)-d)-1/2/b* (b~ 2*c*d) ~(1/2) /c/d*arctanh (b*x+a
)*1n(1-(a~2*d+b~2*c-2*a*xd+d) * (bxx+a+1) "2/ (1- (b*x+a) ~2) / (-a~2*d-b~2*c+2* (-b~
2%c*xd) " (1/2)+d) ) +1/2/bx (-b~2xc*d) ~(1/2) /c/d*arctanh (b*x+a) “2-1/4/b* (-b~2*c*
d)~(1/2)/c/d*polylog(2, (a~2*d+b~2*c-2*a*d+d) * (b*x+a+1) "2/ (1-(b*x+a) ~2) / (-a”~
2%d-b~2%c+2% (-b~2%c*d) ~(1/2)+d))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x"2+c),x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a) x)

integral ( e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x"2+c),x, algorithm="fricas")

[Out] integral(arctanh(b*x + a)/(d*x"2 + c), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(d*x**2+c) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f artanh (bx + a) p
dx? +c¢ *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x"2+c),x, algorithm="giac")

[Out] integrate(arctanh(bxx + a)/(d*x"2 + c), x)
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-1
3 55 f tanh ~(a+bx) dx

c+dx
Optimal. Leaf size=120

2b(c+dx) 2 -1
_PolyLog (2,1 plren 1;;;%” d)) . PolyLog (2,1 - — 1) . tanh ~(a + bx) log(

2d 2d d

2b(c+dx) )

2
(a+bx+1)(—ad+bc+d) log (a+bx+

[Out] -((ArcTanh[a + b*x]*Log[2/(1 + a + bxx)])/d) + (ArcTanh[a + b*x]*Log[(2%b*(
c + d*x))/((bxc + d - axd)*(1 + a + b*x))])/d + PolylLog[2, 1 - 2/(1 + a + D
xx)]/(2%d) - PolyLog[2, 1 - (2xbx(c + dx*x))/((b*c + d - a*d)*(1 + a + bx*x))

1/ (2xd)

Rubi [A] time = 0.129895, antiderivative size = 120, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 14, e o e

0.357, Rules used = {6111, 5920, 2402, 2315, 2447}

integrand size

2b(c+dx) 2 -1 2b(c+dx) 2
_POlyLOg (2’1 a (a+bx+1)(—ad+bc+d)) + POlyLOg (2’1 h a+bx+1) + tanh (ll + bx) log ((a+bx+1)(—ad+bc+d)) log (m

2d 2d d -

Antiderivative was successfully verified.

[In] Int[ArcTanhl[a + b*x]/(c + d*x),x]

[Out] -((ArcTanh[a + bxx]*Log[2/(1 + a + b*x)])/d) + (ArcTanh[a + b*x]*Logl[(2xbx(
c + d*x))/((bxc + d - axd)*(1 + a + b*x))])/d + PolylLog[2, 1 - 2/(1 + a + D
xx)]/(2xd) - PolyLogl[2, 1 - (2xbx(c + dx*x))/((b*c + d - a*d)*(1 + a + bx*x))
1/(2xd)

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (fxx)/d) "m*(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IGt
Qlp, 0]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b¥ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - ¢c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
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/((c*xd + e)*(1 + c*x))]/(1 - c™2*x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2%cx(d + exx))/((cxd + e)*(1 + c*x))])/e, x]) /; FreeQl{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - 72, 0]

Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 2447

Int[Loglu 1*x(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*x(1 - u))
/Dlu, x]11}, Simp[C+PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]1]

Rubi steps

tanhfl(x)
Subst f ———dx,x,a + bx
+_

-1
f tanh " (a + bx) = 5
c+dx b

2
tanh™(a + b log (—2—)  tanh™(a + bx) log (2t} Subst| [ ﬁ dx,
_ an (tl x) 08 1+a+bx + an (a x) 08 (be+d—ad)(1+a+bx) + 1
B d d d
-1 2 -1 2b(c+dx) . 2b(c+dx)
tanh (ll + bx) log (1+a+bx) tanh (Il + bx) 1Og ((bc+d—ad)(1+a+bx)) le (1 B (be+d—ad)(1+a+b

d d 2d
tanh_l(a + bx) 1og( 2 ) tanh ™ (a + bx) log (M) Li, (1 2 ) Li.

1+a+bx (be+d—ad)(1+a+bx) " Ttatbx

- d d 2d

Mathematica [A] time = 0.0124459, size = 138, normalized size = 1.15

d(—a-bx+1) d(a+bx+1) b(c+dx) b(c+dx)
_PolyLog (2, i ) . PolyLog (2, e berd ) . log(—a —bx + 1) log (— _(1_a)d_bc) . log(a + bx +1) log (bc—(u+1)

2d 2d 2d 2d
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Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh[a + b*x]/(c + d*x),x]

[Out] -(Logl[l - a - b*x]*Logl[-((b*x(c + d*x))/(-(b*c) - (1 - a)*d))])/(2+d) + (Log
[1 + a + bxx]*Log[(bx(c + d*x))/(b*c - (1 + a)*d)])/(2%d) - PolyLog[2, -((d
*(1 - a - b*xx))/(-(bxc) - d + axd))]/(2xd) + PolyLogl[2, (d*(1 + a + bxx))/(

-(bxc) + d + a*xd)]/(2*d)

Maple [A] time = 0.213, size = 176, normalized size = 1.5

ad —bc+d

In (d (bx + a) — ad + bc) Artanh (bx +a) In (d (bx + a) — ad + bc) d(bx+a)+d 1 .
- In — —dilog

d(bx+a)+d
d 2d ad —bc +d 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(d*x+c) ,x)

[Out] 1n(d*(b*x+a)-a*d+b*c)/d*arctanh(b*x+a)-1/2/d*1n(d* (bxx+a)-a*d+b*xc)*1n((d* (b
xx+a)+d) / (axd-b*xc+d))-1/2/d*dilog ((d* (b*x+a)+d) /(a*xd-b*c+d))+1/2/d*1n (d* (b*
x+a) —a*xd+b*c)*1n ((d* (b*x+a)-d) / (a*d-b*c-d) ) +1/2/d*dilog ((d* (b*x+a)-d) / (a*d-

b*xc-d))

Maxima [A] time = 0.988907, size = 259, normalized size = 2.16

bdx+ad—d . bdx+ad—d bdx+ad+d . bdx+ad+d

1 bgwx+a_nk%(ﬁ%%3+1)+LQ(W£ZHJ bgwx+a+nkg(£z;;+1)+h2tbf;;) :

—— b _ B
2 bd b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x+c),x, algorithm="maxima"

[Out] -1/2xb*((log(bxx + a - 1)*log((b*d*x + a*d - d)/(b*c - axd + d) + 1) + dilo
g(-(bxd*x + a*d - d)/(b*c - a*d + d)))/(bxd) - (log(b*x + a + 1)*log((b*xd*x
+ axd + d)/(b*c - a*d - d) + 1) + dilog(-(b*d*x + axd + d)/(b*c - axd - d)
))/(b*xd)) - 1/2%b*(log(b*x + a + 1)/b - log(b*x + a - 1)/b)*log(d*x + c)/d

+ arctanh(b*x + a)*log(d*x + c)/d
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Fricas [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a) )
—x

int 1
integra ( o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x+c),x, algorithm="fricas")

[Out] integral(arctanh(b*x + a)/(d*x + c), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f atanh (a + bx) i

c+dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(bxx+a)/(d*x+c),x)

[Out] Integral(atanh(a + b*x)/(c + d*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)
[,
dx +c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(d*x+c),x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)/(d*x + c), x)
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-1
3 56 ftanh (;z+bx) dx

c+=
X

Optimal. Leaf size=186

c(—a-bx+1) c(a+bx+1) b(cx+d) b(cx-
dPolyLog (2, Cabert )  dPolyLog (2, T) ) dlog(—a - bx +1) log (_M M)  dloga+ b+ Dlog (—ac_bf
2¢2 2¢2 2¢2 2¢2
[Out] ((1 - a - bxx)*Log[l - a - b*x])/(2xbxc) + ((1 + a + bxx)*Log[l + a + b*x])
/(2xb*c) - (dxLogl[l + a + b*xx]*Logl[-((b*x(d + cx*xx))/(c + axc - bxd))])/(2%c”
2) + (dxLogl[l - a - b*x]*Logl[(b*(d + c*x))/(c - axc + bxd)])/(2xc”2) + (d*P
olyLog[2, (c*(1 - a - bxx))/(c - a*c + bxd)])/(2%c”2) - (d*PolyLog[2, (cx(1
+ a + bxx))/(c + axc - bxd)])/(2*c”2)
Rubi [A] time = 0.237145, antiderivative size = 186, normalized size of antiderivative =
1., number of steps used = 15, number of rules used = 7, integrand size = 16, % =
0.438, Rules used = {6115, 2409, 2389, 2295, 2394, 2393, 2391}
c(—a-bx+1) c(a+bx+1) b(cx+d) b(cx-
dPolyLog (2, e ) . dPolyLog (2, v ) . dlog(-a —bx +1)log (_ac+bd+c) . dlog(a + bx + 1) log (_E

2c? 2c2 2c? 2c2

Antiderivative was successfully verified.

[In] Int[ArcTanh[a + b*x]/(c + d/x),x]

[Out] ((1 - a - bxx)*Log[l - a - b*x])/(2xbxc) + ((1 + a + bxx)*Log[l + a + b*x])
/(2xb*c) - (dxLogl[l + a + b*x]*Logl[-((b*x(d + cx*x))/(c + a*c - bxd))])/(2xc”

2) + (d*Logl[l - a - b*x]*Logl[(b*(d + c*x))/(c - axc + b*xd)])/(2*c”2) + (d*P
olyLogl[2, (cx(1 - a - b*x))/(c - a*xc + b*d)])/(2*c™2) - (d*PolyLogl[2, (c*(1

+ a + bxx))/(c + a*xc - bxd)])/(2xc72)

Rule 6115

Int[ArcTanh[(c_) + (d_.)*(x )]1/((e ) + (f£_.)*(x_)"(n_.)), x_Symbol] :> Dist
[1/2, Int[Logl[l + ¢ + d*x]/(e + f*x"n), x], x] - Dist[1/2, Int[Logl[l - ¢ -
d*x]/(e + f*x"n), x], x] /; FreeQ[{c, d, e, £}, x] && RationalQ[n]

Rule 2409

Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_))"(n_.)]1*(b_.))"(p_.)*x((f_)
)k(x_ )7 (r_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[cx(d

+

(g_.

e*xx)

+
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“n])7p, (f + gxx"r)7q, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, 1}, x] & I
GtQlp, 0] && IntegerQlql && (GtQlq, 0] || (IntegerQ[r] && NeQ[r, 1]))

Rule 2389

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_))"(n_.)]1*(b_.))"(p_.), x_Symbol] :
> Dist[1/e, Subst[Int[(a + b*Loglc*x"n])"p, x], x, d + exx], x] /; FreeQ[{a
, b, ¢, d, e, n, p}, x]

Rule 2295

Int[Logl[(c_.)*(x_)"(n_.)], x_Symbol] :> Simp[x*Loglc*x™n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

Rule 2394

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))"(n_)1*x(M_.0)/((f_.) + (g_.)*x(x_
)), x_Symbol] :> Simp[(Logl(ex(f + g*x))/(exf - dxg)]l*(a + b*Loglcx(d + ex*x
)7°nl))/g, x] - Dist[(bxe*n)/g, Int[Logl(ex(f + g*x))/(exf - dxg)]/(d + exx)
, x1, x] /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*x(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + g*x
1, x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - dxg, 0] && EqQ[g + c*
(exf - dxg), 0]

Rule 2391
Int[Logl(c_.)*x((d_ ) + (e_)*x(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps
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f tanh_l(ad+ bx) = — 1 f log(1 — ud— bx) el s 1 f log(1 + ad+ bx) i
2 C+ o 2 c+ o

c+ -
:_(1f(log(l—a—bx) dlog(l—a—bx)) dx)+1f(log(l+a+bx) dlog(1 + a + bx)
2

2 c - c(d + cx) c - c(d + cx)
log(1-a-bx) 10g(1+u+bx)
[log(1 —a-bx)dx  [log(l +a + bx)dx dde df dx
T 2c - 2c - 2c 2c
b(d+cx) cx)
dlog(l + a + bx) log (—m) dlog(l — a — bx)log (C ac+bd) Subst(flog(x) dx, x,1 -
T 2¢? 2¢? - 2bc
b(d+cx)
_(-a-bylogl-a=bx) (1+a+bologl+a+by dlog(l +a +bx)log (_—c+ac—bd)
B 2bc 2bc 2¢2
b(d+cx)
_(-a-bylog-a—bx) (1+a+bologll+a+by dlog(l +a +bx)log (_—c+uc—bd)

2bc 2bc - 2c?

Mathematica [C] time = 3.92718, size = 759, normalized size = 4.08

bd(bd — ac)PolyLog (2, exp (2 (tanh_l (a - ?) —tanh™ (a+ bx)))) + bd(ac — bd)PolyLog (2, —e‘Ztanhfl(“bx)) + be

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh[a + b*x]/(c + d/x),x]

[Out] (-2*a”2*c”2xArcTanh[a + b*x] + 2*axb*cxd*ArcTanh[a + bxx] + Ixaxbkcxd*Pi*Ar
cTanh[a + b*x] - I*b~2xd"2*PixArcTanh[a + b*x] - 2*axb*c”2*x*ArcTanh[a + b*
x] + 2%b"2*ckd*x*ArcTanh[a + b*x] - 2*axbkckd*ArcTanh[a - (b*d)/c]*ArcTanh[
a + bxx] + 2xb~2%d"2*xArcTanh[a - (b*d)/c]*ArcTanh[a + b*x] - b*ckdxArcTanh[
a + b*x]~2 - axbxckdxArcTanh[a + b*x]~2 + b~2*d"2%ArcTanh[a + b*x]~2 + bxcx
dxSqrt[1 - a2 + (2*axbxd)/c - (b~2*%d"2)/c”2]*E"ArcTanh[a - (b*d)/c]*ArcTan
hla + b*x]~2 - 2*axb*ckd*ArcTanh[a - (b*d)/cl*Logl[l - E~(2*(ArcTanh[a - (b*
d)/c] - ArcTanh[a + b*x]))] + 2xb~2*xd"2*ArcTanh[a - (b*d)/c]*Logl[l - E~(2x(
ArcTanh[a - (b*d)/c] - ArcTanh[a + b*x]))] + 2*axb*ckdxArcTanh[a + b*x]*Log
[1 - E7(2*%(ArcTanh[a - (b*d)/c] - ArcTanh[a + b*x]))] - 2*b~2*d"2*ArcTanh[a
+ b*x]*Log[l - E~(2*(ArcTanh[a - (b*d)/c] - ArcTanh[a + bx*x]))] - 2xa*b*cx
dxArcTanh[a + b*x]*Log[l + E~(-2*ArcTanh[a + b*x])] + 2*b~2*d"2%ArcTanh[a +
bxx]*Log[1 + E~(-2%ArcTanh[a + b*x])] - I*axbkc*d*Pi*Log[l + E~(2xArcTanh[
a + b*x])] + I*b~2*d"2+Pi*Log[1 + E~(2%ArcTanh[a + bx*x])] + 2%axc”2*Log[1/S
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grt[1 - (a + bxx)72]] - 2*bxckd*xLogl[1/Sqrt[1 - (a + bxx)~2]] + I*axb*cxd*Pi
xLog[1/Sqrt[1 - (a + b*x)~2]] - Ixb~2xd"2*PixLog[1/Sqrt[l - (a + b*x)~2]] +
2xaxbxcxd*ArcTanh[a - (b*d)/cl*Log[(-I)*Sinh[ArcTanh[a - (b*d)/c] - ArcTan
hla + b*x]]] - 2*%b~2*d"2%ArcTanh[a - (b*d)/c]l*Log[(-I)*Sinh[ArcTanh[a - (b*
d)/c] - ArcTanh[a + b*x]]] + bxd*(-(axc) + bxd)*PolyLog[2, E~(2*(ArcTanh[a
- (b*d)/c] - ArcTanh[a + b*x]))] + bxd*(a*c - b*d)*PolyLog[2, -E~(-2%ArcTan
hla + bxx])]1)/(2%b*c™2x(-(axc) + bxd))

Maple [A] time = 0.197, size = 297, normalized size = 1.6

Artanh (bx + a) x N Artanh (bx + a)a  Artanh (bx + a)d In (c (bx + a) — ac + bd) ~ d1In (c (bx + a) — ac + bd) n (C_(

c be c? 2c? ‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(c+d/x),x)

[Out] arctanh(b*x+a)/c*x+1/b*arctanh(b*x+a)/c*xa-arctanh(b*x+a)/c”2*d*1n(c* (b*x+a)
—axc+b*xd)-1/2/c”2*xd*1n(c* (bxx+a) —a*c+b*d) *1n((c* (b*x+a)-c)/(axc-b*d-c))-1/2
/c”2*d*dilog((c*x (b*x+a)-c)/(a*xc-b*d-c))+1/2/c™2xd*1n(cx (b*x+a)-a*c+b*d) *1n(

(cx (b*xx+a)+c)/ (a*xc-b*xd+c))+1/2/c~2xd*dilog ((c* (b*x+a)+c) /(a*c-bxd+c))+1/2/b
/cxln(a”2*xc”2-2*%axbxcxd+b~2%d " 2+2* (c* (b*x+a) —a*c+b*xd) xaxc-2* (c* (b*x+a) —a*xc+

b*d) *bxd+ (c* (b*x+a)-axc+b*d) “2-c~2)

Maxima [A] time = 0.961282, size = 259, normalized size = 1.39

bex+bd . bex+bd bex+bd . bex+bd
1 ) (10g (cx +d)log (ac_bd+c + 1) + Li, (——ac_bd+c))d ) (log (cx +d)log (ac_bd_c + 1) + Li, (—ac_bd_c))d . (@+1)log
2 bc? bc? b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x),x, algorithm="maxima"

[Out] 1/2*%b*((log(c*x + d)*log((b*cxx + b*d)/(axc - b*d + c) + 1) + dilog(-(b*c*x
+ bxd)/(a*c - b*d + c)))*d/(b*c”2) - (log(cxx + d)*log((b*c*xx + bx*d)/(a*c
- bxd - ¢c) + 1) + dilog(-(b*c*x + b*d)/(a*c - b*xd - c)))*d/(b*c”2) + (a + 1
)*¥log(b*x + a + 1)/(b”2*%c) - (a - 1)*log(bxx + a - 1)/(b"2%c)) + (x/c - dx*l
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og(cxx + d)/c”2)*arctanh(b*x + a)

Fricas [F] time = 0., size = 0, normalized size = 0.

x artanh (bx + a) )
X

int |
integra ( p——

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x),x, algorithm="fricas")

[Out] integral(x*arctanh(b*x + a)/(c*x + d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

xatanh (a + bx)
f dx
cx +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(c+d/x),x)

[Out] Integral(x*atanh(a + b*x)/(c*x + d), x)

Giac [F] time = 0., size = 0, normalized size = 0.

d

artanh (bx + a)
f dx
c+ -
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x),x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)/(c + d/x), x)
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-1
3 57 ftanh (;z+bx) dx

c+—
2

Optimal. Leaf size=545

V-c(-a-bx+1) V=c(~a-bx+1) ( V=c(a+bx+1) ) ( v
dPolyLog |2, ——————— yemamorrs) yodaroxr ) N
\dPo y og( o) \/__C) \/EPolyLog (2, Ve \/E) \/EPolyLog 2, W= \/EPolyLog 2, ™

4(—c)32 - 4(—c)32 4(—c)32 - 4(—c)32

[Out] ((1 - a - b*xx)*Log[l - a - b*x])/(2xbxc) + ((1 + a + bxx)*Log[l + a + b*x])
/(2xb*c) + (Sqrtld]*Log[l - a - b*x]*Logl[-((b*(Sqrt[d] - Sqrtl[-clx*x))/((1 -
a)*xSqrt[-c] - b*Sqrt[d]))])/(4x(-c)~(3/2)) - (Sqrt[d]*Logll + a + bxx]*Log
[(b*x(Sqrt[d] - Sqrtl-cl*x))/((1 + a)*Sqrt[-c] + b*Sqrtl[d])])/(4x(-c)~(3/2))
+ (Sqrt[d]l*Logl[l + a + b*x]*Log[-((b*(Sqrt[d] + Sqrt[-cl=*x))/((1 + a)*Sqrt
[-c] - b*xSqrt[d]))])/(4*x(-c)~(3/2)) - (Sqrtld]*Logl[l - a - bxx]*Log[(b*x(Sqr
tld] + Sqrtl-cl*x))/((1 - a)*Sqrt[-c] + b*Sqrt[d])])/(4x(-c)~(3/2)) + (Sqrt
[d]*PolyLog[2, (Sqrt[-cl*(1 - a - bxx))/(Sqrt[-c] - a*Sqrt[-c] - b*Sqrt[d])
1)/(4x(-c)~(3/2)) - (Sqrtl[d]*PolyLog[2, (Sqrtl[-cl*(1 - a - b*x))/((1 - a)*S
qrt[-c] + b*Sqrt[d])])/(4x(-c)~(3/2)) + (Sqrt[d]*PolyLog[2, (Sqrt[-cl*(1 +
a + b*xx))/((1 + a)*Sqrt[-c] - b*Sqrt[d])])/(4*x(-c)~(3/2)) - (Sqrt[d]*PolyLo
gl2, (Sqrtl-c]*(1 + a + b*x))/((1 + a)*Sqrt[-c] + bxSqrt[d])])/(4*x(-c)~(3/2
)

Rubi [A] time = 0.910714, antiderivative size = 545, normalized size of antiderivative =
1., number of steps used = 25, number of rules used = 7, integrand size = 16, number of rules _

integrand size
0.438, Rules used = {6115, 2409, 2389, 2295, 2394, 2393, 2391}

V—c(-a-bx+1) V—c(-a-bx+1) V—c(a+bx+1) I ( v
dPolyLog (2, ——————— PolyL — PolyL =7 I
VdPo Y Og( u(—\/—c)—bx/ﬁﬂ/—c) Vd olyLog (2' (1—a)\/—c+b\/¢§) v olyL.og (2’ (u+1)v—c—b\/¢;l) v olyLog {2, (a

4(—c)32 4(—c)3? 4(—c)3? 4(—c)32

Antiderivative was successfully verified.

[In] Int[ArcTanhl[a + b*x]/(c + d/x"2),x]

[Out] ((1 - a - bxx)*Log[l - a - b*x])/(2xbxc) + ((1 + a + bxx)*Log[l + a + b*x])
/(2xb*c) + (Sqrtld]*Logl[l - a - b*x]*Logl[-((b*(Sqrt[d] - Sqrtl[-clx*x))/((1 -
a)*Sqrt[-c] - b*Sqrt[d]))])/(4x(-c)~(3/2)) - (Sqrtl[dl*Logl[l + a + b*x]*Log
[(bx(Sqrt[d] - Sqrtl[-cl*x))/((1 + a)*Sqrt[-c] + b*Sqrtl[d])])/(4*x(-c)~(3/2))
+ (Sqrt[d]*Logl[l + a + b*x]*Logl[-((b*(Sqrt[d] + Sqrt[-cl*x))/((1 + a)*Sqrt
[-c] - b*Sqrtl[d]))]1)/(4x(-c)~(3/2)) - (Sqrtl[dl*Logl[l - a - b*x]*Logl[(b*(Sqr
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t[d] + Sqrtl-cl*x))/((1 - a)*Sqrt[-c] + b*Sqrtl[d])])/(4x(-c)~(3/2)) + (Sqrt
[d]*PolyLog[2, (Sqrt[-cl*(1 - a - b*x))/(Sqrt[-c] - a*Sqrt[-c] - bxSqrt[d])
1)/(4*(-c)~(3/2)) - (Sqrtldl*PolyLogl[2, (Sqrtl[-cl*(1 - a - bxx))/((1 - a)*S
qrt[-c] + b*Sqrt[d])])/(4*x(-c)~(3/2)) + (Sqrt[d]l*PolyLog[2, (Sqrt[-c]=*(1 +
a + b*x))/((1 + a)*Sqrt[-c] - b*Sqrtl[d])])/(4*x(-c)~(3/2)) - (Sqrtl[d]*PolyLo
gl2, (Sqrtl-c]*(1 + a + b*x))/((1 + a)*Sqrt[-c] + bxSqrt[d])])/(4x(-c)~(3/2
))

Rule 6115

Int[ArcTanh[(c_) + (d_.)*(x)]1/((e ) + (£_.)*(x_)"(n_.)), x_Symbol] :> Dist
[1/2, Int[Log[l + ¢ + d*x]/(e + f*x"n), x], x] - Dist[1/2, Int[Logl[l - ¢ -
d*x]/(e + f*xx"n), x], x] /; FreeQl[{c, d, e, £}, x] && RationalQ[n]

Rule 2409

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_)) " (n_.)1*x(b_.))"(p_.)*x((f_) + (g_.
)¥(x_ )7 (r_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + bxLogl[c*(d + exx)
“n])7p, (f + gxx"r)"q, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, v}, x] & I
GtQ[p, 0] &% IntegerQl[ql && (GtQlgq, 0] || (IntegerQlr] && NeQ[r, 11))

Rule 2389

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_))"(n_.)]*(b_.))"(p_.), x_Symbol] :
> Dist[1/e, Subst[Int[(a + b*Loglc*x"nl)"p, x], x, d + exx], x] /; FreeQ[{a
, b, c, d, e, n, p}, x]

Rule 2295

Int[Logl(c_.)*(x_)"(n_.)], x_Symbol] :> Simpl[x*Loglc*x™n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

Rule 2394

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_.)I*x(b_.))/((£f_.) + (g_.)*x(x_
)), x_Symbol] :> Simp[(Log[(ex(f + g*x))/(exf - dxg)]l*(a + b*Loglcx(d + e*x
)°nl]))/g, x] - Dist[(b*exn)/g, Int[Logl(ex(f + gxx))/(exf - d*xg)]/(d + ex*x)
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2393

Int[((a_.) + Logl(c_.)*((@) + (e_)*x(x )N)I*x(_.0)/((f_.) + (g_)*x(x.)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + g*x
1, x]1 /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - d*g, 0] && EqQlg + cx
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(exf - dxg), 0]
Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]
Rubi steps

-1
ftanh (ad+ bx) dx:_[lflog(l a — bx) dx]+1flog(1+a+bx) i
2 d 2 d
c+ = c+ = C+x_2

x x2

(1 log1 —a—-0bx) dlog(l-a-bx) 1 log1 +a+bx) dlog(l + a+ bx)
el ] Joo -2 ] (d+cxz>)

c c (d + cxz)

log(1+a+bx) dx

[logt—a-bx)dx  [log(l +a+bodr d[EEE gy g [laleeby
. . .

d+cx?
2c 2c 2c 2c
f log(1-a-bx) + E
B Subst(flog(x) dx,x,1—a - bx) s Subst(f log(x)dx, x,1 + a + bx) . 2Vd(Vi-y=cx) 2V
B 2bc 2bc 2c
log(1-a- bx) log(l a-
_(1—a—bx)log(1—a—bx)+(1+a+bx)log(1+a+bx) \/—f d \/—f
- 2bc 2bc 4c 4c
b(Vd-v=c
_(-a-bylogll-a=bx) (+a+bx)logll+a+bs) Vdlog(1 -~ bx)log (_ (-a)yet
B 2bc 2bc 4(~c)32
b(Vd—+/=c
log(1 —a - bx)log |-
_ (1-a-bx)log(l —a-bx) N (1 +a+ bx)log(l + a + bx) N vd og(l —a-bx) og( (1-a)y/=c-1
B 2bc 2bc 4(—c)32
b(Vd—/=c
\/c—llog(l —a - bx)log (— PR

_ (I-a-bx)log(l —a-bx) N (1 +a+ bx)log(l + a + bx) N

2bc 2bc 4(-

Mathematica [C] time = 24.5071, size = 1456, normalized size = 2.67

result too large to display
Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh[a + b*x]/(c + d/x72),x]

c)32
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[Out] ((a + b*x)*ArcTanh[a + b*x] - Logl[1/Sqrt[1l - (a + b*x)"2]]1)/(b*c) + (Sqrtl[d
1x((2%I)*Sqrt [c]*ArcTan[((-1 + a)*Sqrt[c])/(b*Sqrt[d])]*ArcTan[(Sqrt[c]*x)/
Sqrt[d]] - (2*I)*a~2xSqrtlc]l*ArcTan[((-1 + a)*Sqrt[c])/(b*Sqrt[d])]*ArcTan[
(Sqrtlcl*x)/Sqrt[d]] - (2%I)*Sqrtlcl*ArcTan[((1 + a)*Sqrt[c])/(b*Sqrt[d])]=*
ArcTan[(Sqrt[c]*x)/Sqrt[d]] + (2*I)*a~2*Sqrt[c]*ArcTan[((1 + a)*Sqrtlcl)/(b
*xSqrt [d])]*ArcTan[(Sqrt [c]*x)/Sqrt[d]] - 2%b*Sqrt[d]*ArcTan[(Sqrt[c]*x)/Sqr
t[d]]172 + (b*Sqrt[d]*Sqrt[((-1 + a)~2*c + b~2*d)/(b~2*d)I*ArcTan[(Sqrt [c]*x
)/Sqrt[d]]~2)/E~(I*ArcTan[((-1 + a)*Sqrtlc])/(b*Sqrtl[d])]) + (axbxSqrt[d]*S
qrt[((-1 + a)~2*%c + b~2xd)/(b~2*d)]*ArcTan[(Sqrt [c]*x)/Sqrt[d]]~2)/E~ (I*Arc
Tan[((-1 + a)*Sqrt[c])/(b*Sqrt[d])]) + (bxSqrt[d]l*Sqrt[((1 + a)~2*c + b~2xd
)/ (b~2%d) ] *ArcTan[(Sqrt [c]*x) /Sqrt[d]]~2) /E~(IxArcTan[((1 + a)*Sqrt[c])/(bx*
Sqrt[d])]) - (axb*Sqrt[d]l*Sqrt[((1 + a)~2*c + b~2*d)/(b~2xd)]*ArcTan[(Sqrt[
c]*x)/Sqrt[d]]~2) /E~ (I*ArcTan[((1 + a)*Sqrtlc]l)/(b*Sqrtld])]) - 4x(-1 + a~2
)*Sqrt [c]*ArcTan[(Sqrt [c]*x)/Sqrt[d]]*ArcTanh[a + b*x] + 2xSqrt[c]l*ArcTan[(
(-1 + a)*Sqrt[cl)/(bxSqrt[d])]*Logll - E~((-2*%I)*(ArcTan[((-1 + a)*Sqrt[c])
/ (bxSqrt [d])] + ArcTan[(Sqrtlc]#*x)/Sqrt[d]]))] - 2*a~2*xSqrt[c]*ArcTan[((-1
+ a)*Sqrt [c])/(b*Sqrt [d])]1*Log[1l - E~((-2*I)*(ArcTan[((-1 + a)*Sqrtlc])/(b*
Sqrt[d])] + ArcTan[(Sqrt[cl*x)/Sqrt[d]l]))] + 2xSqrtlc]l*ArcTan[(Sqrt[c]l*x)/S
grt[d]]*Log[1 - E~((-2*I)*(ArcTan[((-1 + a)*Sqrt[c])/(b*Sqrt[d])] + ArcTan[
(Sqrtlcl*x)/Sqrt[d]]))] - 2*xa~2*Sqrt[cl*ArcTan[(Sqrt[c]*x)/Sqrt[d]]*Log[l -
E~((-2*I)*(ArcTan[((-1 + a)*Sqrtlc])/(b*Sqrt[d])] + ArcTan[(Sqrt[c]*x)/Sqr
t[d]1]1))] - 2xSqrtlcl*ArcTan[((1 + a)*Sqrt[c]l)/(b*Sqrt[d])]*Logl[l - E~((-2%I
)*(ArcTan[((1 + a)*Sqrtlcl)/(b*Sqrtld])] + ArcTan[(Sqrt[cl*x)/Sqrtl[d]l]))] +
2xa~2*xSqrt [c]*ArcTan[((1 + a)*Sqrtlc]l)/(b*xSqrt[d])]*Log[l - E~((-2%I)*(Arc
Tan[((1 + a)*Sqrtlc])/(b*Sqrt[d])] + ArcTan[(Sqrtlcl*x)/Sqrt[d]]))] - 2*Sqr
t [c]*ArcTan[(Sqrt[c]*x)/Sqrt[d]]*Log[l - E~((-2*I)*(ArcTan[((1 + a)*Sqrt[c]
)/ (b*xSqrt[d])] + ArcTan[(Sqrt[cl*x)/Sqrtl[dl]))] + 2%a~2xSqrt[c]*ArcTan[(Sqr
t[c]*x)/Sqrt[d]1*Log[1 - E~((-2*I)*(ArcTan[((1 + a)*Sqrt[c]l)/(b*Sqrt[d])] +
ArcTan[(Sqrt[cl*x)/Sqrt[d]]))] - 2xSqrt[c]l*ArcTan[((-1 + a)*Sqrtlc])/(b*Sq
rt[d])]*Log[-Sin[ArcTan[((-1 + a)*Sqrtlc])/(b*Sqrt[d])] + ArcTan[(Sqrt[c]*x
)/Sqrt[d]]1]] + 2xa~2*Sqrt[cl*ArcTan[((-1 + a)*Sqrtlc]l)/(b*Sqrt[d])]*Log[-Si
n[ArcTan[((-1 + a)*Sqrt([c])/(bxSqrt[d])] + ArcTan[(Sqrt[cl*x)/Sqrt[d]]]] +
2*xSqrt [c]*ArcTan[((1 + a)*Sqrt(cl)/(b*Sqrt[d])]*Log[-Sin[ArcTan[((1 + a)*Sq
rt[c])/(b*Sqrt[d])] + ArcTan[(Sqrt[cl*x)/Sqrt[d]l]]] - 2*a~2%Sqrt[c]l*ArcTan[
((1 + a)*Sqrt[c]l)/(bxSqrt[d])]*Log[-Sin[ArcTan[((1 + a)*Sqrtlcl)/(b*Sqrt[d]
)] + ArcTan[(Sqrtlcl*x)/Sqrtl[d]]]] - Ix(-1 + a~2)*Sqrtlc]*PolyLog[2, E~((-2
*I)*x(ArcTan[((-1 + a)*Sqrt[c])/(b*Sqrt[d])] + ArcTan[(Sqrt[c]*x)/Sqrt[d]]))
1 + Ix(-1 + a"2)*Sqrt[c]*PolyLog[2, E~((-2*I)*(ArcTan[((1 + a)*Sqrt([c])/(b*
Sqrt[d])] + ArcTan[(Sqrt[cl#*x)/Sqrtl[d]]))]1))/(4*x(-1 + a~2)*c"2)

Maple [C] time = 3.524, size = 20505, normalized size = 37.6

output too large to display



Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(c+d/x"2),x)

[Out] result too large to display

356

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x"2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

x? artanh (bx + a) )
,X

integral
& ( cx? +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x"2),x, algorithm="fricas")

[Out] integral(x~2*arctanh(b*x + a)/(c*x"2 + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(c+d/x**2),x)

[Out] Timed out



357

Giac [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)
f dx

d
c+ 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x"2),x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)/(c + d/x72), x)
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-1
3 58 ftanh (;z+bx) dx

C+—
3

Optimal. Leaf size=832

3 b( %/Ex+ \3/3) 3 h( %—\3/—_1%/&)
og| —=|log(—a - bx +1 ~1)23vdlog| -—+—2 |log(-a - bx
(—a—-bx+1)log(—a—bx+1) N & ( Ye(1-ay+b Vd & ) D & V-11-0) Ye-0d J
2bc 6c43 * 6c43

[Out] ((1 - a - bxx)*Log[l - a - b*x])/(2xbxc) + ((1 + a + bxx)*Log[l + a + b*x])
/(2xbxc) - (d7(1/3)*Logl[l + a + bix]*Log[-((b*(d~(1/3) + c~(1/3)*x))/((1 +
a)*c”™(1/3) - b*d~(1/3)))]1)/(6xc~(4/3)) + (d~(1/3)*Logl[l - a - bxx]*Log[(b*(
d~(1/3) + ¢~ (1/3)*x))/((1 - a)*c™(1/3) + b*d~(1/3))1)/(6%c~(4/3)) + ((-1)7(
2/3)*d~(1/3)*Log[1l - a - b*xx]*Log[-((b*x(d~(1/3) - (-1)7(1/3)*c™(1/3)*x))/((
-D7(1/3)%(1 - a)*c™(1/3) - b*d~(1/3)))]1)/(6xc™(4/3)) - ((-1)7(2/3)*d~(1/3)
*Log[1l + a + bix]*Log[(bx(d™(1/3) - (-1)7(1/3)*c™(1/3)*x))/((-1)~(1/3)*(1 +
a)*c”(1/3) + bxd~(1/3))])/(6xc~(4/3)) + ((-1)7(1/3)*d~(1/3)*Log[1l + a + bx
x]*Log [- ((bx(d~(1/3) + (-1)7(2/3)*c™(1/3)*x))/((-1)7(2/3)*(1 + a)*c~(1/3) -
bxd~(1/3)))1)/(6%xc~(4/3)) - ((-1)7(1/3)*d~(1/3)*Logl[l - a - b*x]*Log[(b*x(d
“(1/3) + (-1)7(2/3)*c”(1/3)*x)) /((-1)7(2/3)*(1 - a)*c™(1/3) + b*d~(1/3))1)/
(6%c™(4/3)) + ((-1)7(2/3)*d"~(1/3)*PolyLog[2, ((-1)7(1/3)*c~(1/3)*(1 - a - Db
*x))/((-1)7(1/3)*%(1 - a)*c™(1/3) - b*xd~(1/3))]1)/(6%c~(4/3)) + (d~(1/3)*Poly
Logl[2, (c™(1/3)*(1 - a - bxx))/((1 - a)*c™(1/3) + b*d~(1/3))]1)/(6%xc~(4/3))
- ((-1)7(1/3)*d~ (1/3) *PolyLog[2, ((-1)7(2/3)*c~(1/3)*(1 - a - bxx))/((-1)"(
2/3)*%(1 - a)*c™(1/3) + b*d~(1/3))1)/(6xc™(4/3)) - (d~(1/3)*PolyLogl[2, (c~(1
/3)%(1 + a + bxx))/((1 + a)*c™(1/3) - b*xd~(1/3))]1)/(6%xc~(4/3)) + ((-1)"(1/3
)*d~(1/3)*PolyLog[2, ((-1)7(2/3)*c™(1/3)*(1 + a + bxx))/((-1)7(2/3)*(1 + a)
*c™(1/3) - b*d~(1/3))1)/(6%c™(4/3)) - ((-1)7(2/3)*d~(1/3)*PolyLog[2, ((-1)~
(1/3)%c™(1/3)*(1 + a + bxx))/((-1)7(1/3)*(1 + a)*c™(1/3) + bxd~(1/3))]1)/ (6%
c~(4/3))

Rubi [A] time = 1.42979, antiderivative size = 832, normalized size of antiderivative =

1., number of steps used = 31, number of rules used = 7, integrand size = 16, number of rules

0.438, Rules used = {6115, 2409, 2389, 2295, 2394, 2393, 2391}

integrand size

3 b( %/Ex+ \3/;1) 3 b( %—\3/—_1%/&)
dlog| =——= |log(-a—bx +1)  (-1)’Vdlog|-—2 |log(-a - bx
(—a —bx +1)log(—-a — bx + 1) & ( Ye1-ay+b¥d 8 ) D S =T 8l
2bc " 6c43 " 643

Antiderivative was successfully verified.



359

[In] Int[ArcTanh[a + b*x]/(c + d/x"3),x]

[Out] ((1 - a - bxx)*Log[l - a - b*x])/(2xbxc) + ((1 + a + bxx)*Log[l + a +
/(2%bxc) - (d7(1/3)*Logl[l + a + bix]*Log[-((b*(d~(1/3) + c~(1/3)*x))/((1 +
a)*c~(1/3) - bxd~(1/3)))1)/(6%xc~(4/3)) + (d~(1/3)*Logl[l - a - b*x]*Logl[ (b*(
d~(1/3) + ¢~ (1/3)*x))/((1 - a)*xc™(1/3) + b*d~(1/3))1)/(6xc~(4/3)) + ((-1)7(
2/3)*d”(1/3)*Logl[l - a - bkxx]*Log[-((b*(d~(1/3) - (-1)7(1/3)*c™(1/3)*x))/((
-1D7(1/3)%(1 - a)*c™(1/3) - b*d~(1/3)))1)/(6xc™(4/3)) - ((-1)7(2/3)*d"(1/3)
*Log[1 + a + bix]*Log[(bx(d"(1/3) - (-1)7(1/3)*c™(1/3)*x))/((-1)~(1/3)*(1 +
a)*c™(1/3) + bxd~(1/3))]1)/(6xc~(4/3)) + ((-1)7(1/3)*d~(1/3)*Log[l + a + bx
x]*Log [-((b*(d~(1/3) + (-1)7(2/3)*c~(1/3)*x))/((-1)"(2/3)*(1 + a)*xc~(1/3) -
b*d~(1/3)))1)/(6%xc~(4/3)) - ((-1)7(1/3)*d"~(1/3)*Logl[1l - a - bxx]*Log[(bx(d
“(1/3) + (-1)7(2/3)*c™(1/3)*x)) /((-1)7(2/3)*(1 - a)*c™(1/3) + b*d~(1/3))1)/
(6%c™(4/3)) + ((-1)7(2/3)*d"~(1/3)*PolyLog[2, ((-1)7(1/3)*c~(1/3)*(1 - a - Db
*xx))/((-1)"(1/3)*(1 - a)*c~(1/3) - bxd~(1/3))]1)/(6*c~(4/3)) + (d~(1/3)*Poly
Log[2, (c™(1/3)*(1 - a - bxx))/((1 - a)*c™(1/3) + b*d~(1/3))1)/(6%c~(4/3))
- ((-1)7(1/3)*d~ (1/3) *PolyLog[2, ((-1)7(2/3)*c~(1/3)*(1 - a - bxx))/((-1)"(
2/3)%(1 - a)*c™(1/3) + bxd~(1/3))])/(6%c~(4/3)) - (d~(1/3)*PolyLogl[2, (c~(1
/3)x(1 + a + b*x))/((1 + a)*c™(1/3) - b*d~(1/3))1)/(6%xc~(4/3)) + ((-1)~(1/3
)*d~(1/3)*PolyLog[2, ((-1)7(2/3)*c™(1/3)*(1 + a + bxx))/((-1)7(2/3)*(1 + a)
*c™(1/3) - b*d~(1/3))1)/(6%c™(4/3)) - ((-1)7(2/3)*d~(1/3)*PolyLog[2, ((-1)~
(1/3)%c™(1/3)*(1 + a + bxx))/((-1)7(1/3)*(1 + a)*c™(1/3) + bxd~(1/3))1)/ (6%
c~(4/3))

Rule 6115

Int[ArcTanh[(c_) + (d_.)*(x_)1/((e_ ) + (f_.)*(x_)"(n_.)), x_Symbol] :> Dist
[1/2, Int[Log[l + c + d*x]/(e + f*x"n), x], x] - Dist[1/2, Int[Log[l - c -
dxx]/(e + fxx"n), x], x] /; FreeQl{c, d, e, £}, x] && RationalQ[n]

Rule 2409

Int[((a_.) + Logl(c_.)*x((d_) + (e_)*x(x_))"(n_.)1*x(b_.))"(p_.)*x((f_) + (g_.
)*(x_)7(r_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[c*(d + exx)
“n])7p, (f + gxx"r)~q, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, v}, x] & I
GtQ[p, 0] &% IntegerQl[ql && (GtQlg, 0] || (IntegerQlr] && NeQ[r, 11))

Rule 2389

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_))"(n_.)]1*(b_.))"(p_.), x_Symbol] :
> Dist[1/e, Subst[Int[(a + b*Loglc*x™n]) p, x], x, d + e*x], x] /; FreeQ[{a
, b, ¢, d, e, n, p}, x]

Rule 2295

b*x])
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Int[Log[(c_.)*(x_)"(n_.)], x_Symbol] :> Simpl[x*Loglc*x"n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

Rule 2394

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_))"(n_)1*x(M_.0)/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[(Logl(ex(f + gxx))/(exf - dxg)]l*(a + b*Loglcx(d + exx
)7°nl))/g, x] - Dist[(bxe*n)/g, Int[Logl(ex(f + g*x))/(exf - dxg)]/(d + exx)
, x1, x] /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, O]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*x(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + gxx
1, x1 /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQlexf - dxg, 0] && EqQlg + cx
(exf - dxg), 0]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps
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-1
f tanh (ad+ bx) = — [1 f log(1 — a — bx) dx] N 1 f log(1 + a + bx) i
2 d 2 d
ct+ = 3

c+ —= C+—3
X x X

(1 log(1 —a—-0bx) dlog(l—a-bx) 1 log(1+a+bx) dlog(l+a+ bx)
e T

¢ c (d + cx3) c (d n cx3)
_ flog(l —-a- bx) dx flog(l +a+ bx) dx df logéle—Ci;bx) dx df log‘(lerCi;rbx) dx
o 2c * 2c + 2 e
_logllzazhy)
Subst(flog(x) dx,x,1—a—bx) Subst(f log(x)dx, x,1 + a + bx) 3d2/3(_ ¥ %/Ex)

2bc 2bc

\/_f log(1-a-bx) dx \/_f log(l

_ (I-a-bx)log(l —a-bx) N 1+a+bx)log(l+a +bx) —d-Yex
B 2bc 2bc 6¢ 6c
b %/3+ ;
%log(l +a+ bx)log| - ( > h
_ (1 -a-bx)log(1l —a-bx) N (1 +a+bx)log(l + a + bx) (1+a) Ve
B 2bc 2bc 6c43
b %/E+ 3
%log(l +a+ bx)log| - ( > \
_ (I-a-bx)log(l-a-bx) N (14 a+ bx)log(l + a + bx) (1+a) e
B 2bc 2bc 6c43
b %/E+ 3
%log(l +a+ bx)log| - ( 5 A
_ (1 -a-bx)log(l -a-bx) N (1 +a+bx)log(1l +a + bx) (1+a) Ve
B 2bc 2bc 6c43

Mathematica [C] time = 7.93517, size = 917, normalized size = 1.1

dRootSum |c#1%a3 + 3c#1%a3 + ca® + 3c#1a® — 3c#1%a2 — 3c#1%a2 + 3ca® + 3c#1a® + 3c#1°a — 3c#1%a + 3ca — 3c#

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh[a + b*x]/(c + d/x73),x]

[Out] -(-6x(a + b*x)*ArcTanh[a + b*x] + 6*Logl[1/Sqrt[l - (a + b*x)~2]] + b~3*d*Ro
otSum[c + 3%axc + 3*a”2xc + a”3*%c - b73xd - 3kck#l - 3kakck#l + 3xa"2xcxki#l
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+ 3xa”3kcx#l - 3xbT3kd¥#1 + 3kcHk#1T2 - JkaxcHk#172 - 3kaT2xck#172 + 3ka~3Ikcxk
#172 - 3%b73*kd*#172 - cx#173 + Jkakcx#173 - 3Jka"2xc*k#173 + a"3xc*k#1°3 - b73
*d*x#1°3 & , ((-I)*PixArcTanh[a + b*x] - 2*xArcTanh[a + b*x]"2 - 2*ArcTanh[a
+ b*x]*ArcTanh[(1 - #1)/(1 + #1)] + IxPixLog[l + E~(2%ArcTanh[a + b*x])] -
2xArcTanh[a + b*x]*Log[l - E~(-2%(ArcTanh[a + b*x] + ArcTanh[(1 - #1)/(1 +
#1)1))] - 2xArcTanh[(1 - #1)/(1 + #1)]*Logl[l - E~(-2*%(ArcTanh[a + b*x] + Ar
cTanh[(1 - #1)/(1 + #1)]))] - I*Pi*Log[1/Sqrt[l - (a + b*x)~"2]] + 2*ArcTanh
[(1 - #1)/(1 + #1)]*Log[I*Sinh[ArcTanh[a + b*x] + ArcTanh[(1 - #1)/(1 + #1)
111 + PolyLogl[2, E~(-2%(ArcTanh[a + b*x] + ArcTanh[(1 - #1)/(1 + #1)]1))] -
2%ArcTanh[a + b*x] 2*x#1 + IxPixArcTanh[a + bxx]*#172 + 2xArcTanh[a + b*x]*A
rcTanh[(1 - #1)/(1 + #1)]*#172 - I*PixLog[l + E~(2*ArcTanh[a + bx*x])]*#172
+ 2xArcTanh[a + b*x]*Log[l - E~(-2*(ArcTanh[a + b*x] + ArcTanh[(1 - #1)/(1
+ #1)1))1*#172 + 2xArcTanh[(1 - #1)/(1 + #1)]*Log[l - E~(-2*(ArcTanh[a + bx
x] + ArcTanh[(1 - #1)/(1 + #1)]1))]*#172 + I*Pi*Log[1/Sqrt[1l - (a + b*x)~2]]
*#172 - 2%ArcTanh[(1 - #1)/(1 + #1)]*Log[I*Sinh[ArcTanh[a + b*x] + ArcTanh[
(1 - #1)/(1 + #1)]1]1]1*#17°2 - PolyLog[2, E~(-2*(ArcTanh[a + b*x] + ArcTanh[(1

- #1)/(1 + #1)]1))]1*#172 + (2%ArcTanh[a + b*x]"2xSqrt[#1/(1 + #1)72])/E"Arc
Tanh[(1 - #1)/(1 + #1)] + (4xArcTanh[a + b*x] 2*#1xSqrt[#1/(1 + #1)72])/E"A
rcTanh[(1 - #1)/(1 + #1)] + (2xArcTanh[a + b*x] " 2*#172xSqrt [#1/(1 + #1)72])
/E"ArcTanh[(1 - #1)/(1 + #1)])/(a*c + 2%a”2%c + a”3%c - b73xd - 2kakxcx#l +
2%a " 3xck#1l - 2%b73xd*#1 + akxck#172 - 2xa"2xcx#172 + a"3kcx#172 - bT3kdx#172
) & 1)/(6%bxc)

Maple [C] time = 0.579, size = 650, normalized size = 0.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(c+d/x"3),x)

[Out] arctanh(b*x+a)/c*x+1/b*arctanh(b*x+a)/c*a+2/3*xb"2/c*d*sum(1/( R174*a~3*c- R
1°4%b~3%d-3% R1"4*a~2%c+3% R1~4%axc+2% R1™2%a~3%c-2% R1°2%b~3%d- R1"4*c-2%
R172*%a~2xc-2%_R172xa*xc+a”~3*c-b~3*d+2* R172*c+a”2xc-a*c-c)* (arctanh (b*x+a) *1
n((_R1-(b*xx+a+1)/(1-(b*x+a)~2)~(1/2))/_R1)+dilog((_R1-(b*x+a+1)/(1-(b*x+a)"~
2)7(1/2))/_R1)), _R1=Root0f ((a~3*c-b"3*d-3*a"2*c+3*axc-c)*_Z 6+(3*a~3*c-3*b"
3xd-3*a~2*c-3*%a*xc+3*c)*_Z"4+(3*a"3*kc-3*%b"3xd+3*a"2*c-3*ka*xc-3*c)*_Z " 2+a"~3xc-
d*b~3+3*%a”2*c+3*axc+c))+2/3*xb"2/c*kd*sum(_R172/( _R174*a”~3*c- R174xb~3*d-3* R
1°4%a~2%c+3% R1™4*a*c+2% R1°2%a"3*c—-2% R172%b"3%d- R1"4*c-2% R1°2%a 2kc—-2%
R172*a*c+a”~3*c-b~3xd+2* _R172xc+a~2xc-a*c-c)* (arctanh (b*x+a)*1n((_R1-(b*x+a+
1)/ (1-(b*x+a)~2)~(1/2))/_R1)+dilog((_R1-(b*x+a+1)/(1-(b*x+a)~2)~(1/2))/_R1)
), _R1=Root0f ((a"3*c-b~3*d-3*a~2*c+3*a*xc-c)*_Z~6+(3*xa”~3*c-3*b~3*d-3*%a"2xc-3*
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axc+3*c)* Z74+(3*%a”3*%c-3xb"3*kd+3*a"2xc-3*%a*c-3*c)* Z 2+a"3*xc-d*b"3+3*a"2*xc+
3*axc+c))+1/2/b/cx1n(b*x+a-1)+1/2/b/c*1n(b*x+a+1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x"3),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

x3 artanh (bx + a)
,X
cxd+d

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x"3),x, algorithm="fricas")

[Out] integral(x~3xarctanh(b*x + a)/(c*x"3 + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(c+d/x**3),x)

[Out] Timed out




364

Giac [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)
[t ),

d
c+ 3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x"3),x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)/(c + d/x”3), x)
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tanh_l(a+bx)
359 [ —dx

Optimal. Leaf size=585

\/E(c+d\/3_c) \/E(c+d\/§) \/Z(c+d\/§) \/E(c+d\/§)
cPolyLog (Z,W) cPolyLog (2,m cPolyLog |2, T cPolyLog |2, Tty clo
iz * iz ) Z ) 7

[Out] (2xSqrt[1 + alxArcTan[(Sqrt[bl*Sqrt[x])/Sqrt[1 + all)/(Sqrt[bl*d) - (2*Sqrt
[1 - al*ArcTanh[(Sqrt[b]l*Sqrt[x])/Sqrt[1 - all)/(Sqrtlbl*d) + (c*xLogl[(d*(Sq
rt[-1 - a] - Sqrt[b]l*Sqrt[x]))/(Sqrt[bl*c + Sqrt[-1 - alx*d)]*Loglc + d*Sqrt
[x]1)/d72 - (cxLogl[(d*(Sqrt[1 - al - Sqrt[bl*Sqrt[x]))/(Sqrt[b]l*c + Sqrt[1
- a]*d)]*Loglc + d*Sqrt[x]])/d"2 + (cxLogl[-((d*(Sqrt[-1 - al] + Sqrt[b]*Sqrt
[x1))/(Sqrt[b]l*c - Sqrt[-1 - al*d))]*Loglc + d*Sqrt[x]])/d"2 - (c*Log[-((dx*
(Sqrt[1 - al] + Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c - Sqrtl[l - al*d))]l*Loglc + d*Sq
rt[x]])/d"2 - (Sqrtlx]*Logl[l - a - b*x])/d + (cxLoglc + dxSqrt[x]]+*Logl[l -
a - b*x])/d"2 + (Sqrt[x]*Logl[l + a + b*x])/d - (cxLoglc + dxSqrt[x]]*Logl[1
+ a + b*x])/d"2 + (cxPolyLogl[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrt[bl*c - Sqrt
[-1 - al*d)])/d"2 + (cxPolyLogl[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrt[bl*c + Sq
rt[-1 - a]*d)])/d"2 - (c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt([x]))/(Sqrt[bl*c -
Sqrt[1 - al*d)])/d"2 - (c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrtl[x]))/(Sqrt[bl*c +
Sqrt[1 - al*d)1)/d~2

Rubi [A] time = 1.01346, antiderivative size = 585, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 31, number of rules used = 13, integrand size = 18, i
integrand size

= 0.722, Rules used = {6115, 2408, 2466, 2448, 321, 205, 2462, 260, 2416, 2394, 2393, 2391,
208}

VB(c+dvR) VB(c+dvR) VB(c+dvR)

Vb(c+dvk)
cPolyLog (2, \/Ec——\/T—ld) cPolyLog (2, m) cPolyLog (2, T \/Ed) cPolyLog (2, R \/Zc)
P ’ P ) P ) 2 "

Antiderivative was successfully verified.

[In] Int[ArcTanh[a + b*x]/(c + d*Sqrt[x]),x]

[Out] (2*%Sqrt[1 + al*ArcTan[(Sqrt[b]*Sqrt([x])/Sqrt[l + all)/(Sqrt[bl*d) - (2xSqrt
[1 - al*ArcTanh[(Sqrt[b]l*Sqrt[x])/Sqrt[1 - all)/(Sqrt[b]l*d) + (c*xLogl[(d*(Sq

rt[-1 - a] - Sqrt[b]l*Sqrt[x]))/(Sqrt[bl*c + Sqrt[-1 - al*d)]*Loglc + d*Sqrt
[x]1]1)/d"2 - (cxLog[(d*(Sqrt[1 - al - Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c + Sqrt[1

- al*d)]*Loglc + d*Sqrt[x]]1)/d"2 + (c*xLog[-((d*(Sqrt[-1 - al + Sqrt[b]l*Sqrt

clo
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[x]1))/(Sqrt[bl*c - Sqrt[-1 - al*d))]*Loglc + d*Sqrt[x]])/d"2 - (c*xLogl[-((d*
(Sqrt[1 - al + Sqrtlbl*Sqrt[x]))/(Sqrt[bl*c - Sqrtl[l - al*d))]*Loglc + d*Sq
rt[x]])/d"2 - (Sqrtlx]*Logl[l - a - b*x])/d + (cxLoglc + dxSqrt[x]]*Logl[l -
a - b*x])/d"2 + (Sqrt[x]*Logl[l + a + b*x])/d - (cxLoglc + dxSqrt[x]]*Logl1
+ a + b*x])/d"2 + (cxPolyLogl[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrt[bl*c - Sqrt
[-1 - a]*d)])/d"2 + (cxPolyLog[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrt[bl*c + Sq
rt[-1 - a]*d)]1)/d"2 - (c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt([x]))/(Sqrt[bl*c -
Sqrt[1 - al*d)])/d"2 - (c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrtl[bl*c +
Sqrt[1 - al*d)])/d"2

Rule 6115

Int[ArcTanh[(c_) + (d_.)*(x_)]1/((e_) + (f_.)*(x_)"(n_.)), x_Symbol] :> Dist
[1/2, Int[Log[l + c + d*x]/(e + f*x"n), x], x] - Dist[1/2, Int[Log[l - c -
d*x]/(e + fxx"n), x], x] /; FreeQl{c, d, e, £}, x] && RationalQ[n]

Rule 2408

Int[((a_.) + Logl(c_.)*((d_) + (e_)*(x_))"(n_)1*(_.0)"(p_)*((f_.) + (g_
Dx(x )" (r_))"(q_.), x_Symbol] :> With[{k = Denominator[r]}, Dist[k, Subst[
Int[x~(k - 1)*(f + gxx~(kxr))~g*(a + bxLogl[c*(d + e*xx"k)"n])"p, x], x, x~(1
/k)1, x]1]1 /; FreeQ[{a, b, ¢, 4, e, f, g, n, p, qf, x] & FractionQ[r] && IG
tQ[p, 0]

Rule 2466

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_)"(n_)) " (p_.)1*(b_.))"(q_.)*(x_)"(m
_Ox((f_) + (g_)*(x_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Log
[cx(d + e*xx™n)"pl)~q, x"m*(f + gxx)7r, x], x] /; FreeQ[{a, b, c, d, e, f, g
, 0, p, qt, x] &% IntegerQ[m] && IntegerQ[r]

Rule 2448

Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_))"(p_.)], x_Symbol] :> Simp[x*Logl[c*(d
+ e*xx"n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, 4,
e, n, p}, x]

Rule 321

Int[(Cc_)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c~(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]
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Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2462

Int[((a_.) + Logl(c_.)*x((d_) + (e_)*x(x_)"(m_ D))" (p_)1*x(M_.))/((£f_.) + (g_.
)*(x_)), x_Symbol] :> Simp[(Log[f + g*x]*(a + b*Loglc*(d + e*x"n)7pl))/g, x
] - Dist[(b*e*n*p)/g, Int[(x"(n - 1)*Loglf + g*x])/(d + exx"n), x], x] /; F
reeQ[{a, b, ¢, d, e, f, g, n, p}, x] && RationalQ[n]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2416

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_.)]*x(b_.)) " (p_.)*((h_.)*(x_))
“(m_D)*((£) + (g_)*x(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLog[c*x(d + e*x)"n]) p, (h*x) m*x(f + g*x"r)"q, x], x] /; FreeQ[{a, b, ¢
,d, e, f, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[ql]

Rule 2394

Int[((a_.) + Logl(c_.)*((d_ ) + (e_)*x(x D))" (n_)1*x(b_.))/((£f_.) + (g_.)*x(x_
)), x_Symbol] :> Simp[(Logl[(ex(f + gxx))/(exf - d*xg)]*(a + b*Loglcx(d + exx
)°nl))/g, x] - Dist[(b*e*n)/g, Int[Logl(ex(f + g*x))/(exf - d*g)]/(d + exx)
, x1, x] /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, O]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))]1*(b_.0)/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + g*x
1, x1 /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQ[exf - dxg, 0] && EqQlg + cx
(exf - dxg), 0]

Rule 2391
Int[Log[(c_.)*((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 208



Int[((a_) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ
Rubi steps
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[(Rt[-(a/b),
[a/b]

2] *ArcTanh[x/

ftanh_l(a +bx) _( f logl —a- bx) ) N 1 f log(1 +a + bx)
c+dyx -\2 c+dyx 2 c+dyx ax
— g —_hy2 2
RSSO TR P
— g — hy2 — g —hyl 2
= — Subst [f[log (1 da bx ) _ Clogd((lc +€;x)bx )] dx, x, \/EJ + Subst [f(l()g (1 +da +bx )

1
Subst (flog (1 —a- bxz) dx, x, \E) Subst (flog (1 +a+ bxz) dx, x, \/E) cSubst (f )
+

d

F +

_ _\/Elog(l—a—bx) N clog(c+d\/§)log(1—a—bx) N vxlog(l + a + bx) _ ClOg(C+d\/§)l

d 42

d 42

_xlogl-a-by) clog (c + dvx)log(1 - a - bx) L VElog(l+a+by clog (c +dyx)!

d d? d a2
1 Vbyx 1(Vovx
B 2V1 + atan 1(@) 2Vl —atanh (\/ﬁ) Vxlog(l - a - bx) +clog(c+d\/§)log(1.
Vbd Vbd d d
d(V=1=a—Vbvx
2V1 + atan™ (://_i_f) 21 —atanh” (://__ﬁ) clog ((\/EH—\/TM)) log (c +dvx) clog
= a + -
Vbd Vbd d?
d(V-1-a-Vbyx
2V1+atan_1(://?%—) 2y1 —atanh” (://_i—) clog ( (\/— md)) g(c+d\/§) clog
= + —
Vbd Vbd a
d(V=1=a—Vbvx
2\/1 +atan” (%) 2V1 —-atanh™ (:{i_) clog ((\/EH—\/IM)) log (C + d\/i) clog
+ -
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Mathematica [A] time = 0.518536, size = 549, normalized size = 0.94

\/E(c+d\/3_c) \/Z_J(C+d\/3_() \/l;(c+d\/3_c) \/E(c+d\/§)
cPolyLog (2, m) + cPolyLog (2, Ny I cPolyLog (2, vl cPolyLog |2, Tavie] T clog|

Antiderivative was successfully verified.

[In] Integrate[ArcTanh[a + b*x]/(c + d*Sqrt[x]),x]

[Out] ((2*Sqrt[1 + al*d*ArcTan[(Sqrt[bl*Sqrt[x])/Sqrt[1 + all)/Sqrtlb] - (2xSqrt[
1 - al*d*ArcTanh[(Sqrt[b]*Sqrt[x])/Sqrt[1 - all)/Sqrt[b] + c*Log[(d*(Sqrt[-
1 - al] - Sqrt[bl*Sqrt(x]))/(Sqrt[bl*c + Sqrt[-1 - al*d)]*Loglc + d*Sqrt[x]]
- c*xLog[(d*x(Sqrt[1 - a] - Sqrt[blx*Sqrt[x]))/(Sqrtlbl*c + Sqrt[1 - al*d)]xL
oglc + dxSqrt[x]] + c*Logl(d*(Sqrt[-1 - al + Sqrt[bl*Sqrt[x]))/(-(Sqrt[bl*c
) + Sqrt[-1 - al*d)]*Loglc + d*Sqrt[x]] - c*xLogl[(d*(Sqrt[1 - al] + Sqrt[b]*S
qrt[x]))/(-(Sqrt[bl*c) + Sqrt[l - al*d)]*Loglc + d*Sqrt[x]] - dxSqrt[x]*Log
[1 - a - bxx] + cxLoglc + dxSqrt[x]]*Log[l - a - b*x] + d*Sqrt[x]*Log[l + a
+ b*x] - cxLoglc + d*Sqrt[x]]*Logl[l + a + b*x] + c*PolyLog[2, (Sqrt[bl*(c
+ d*Sqrt[x]))/(Sqrt[bl*c - Sqrt[-1 - al*d)] + c*PolyLog[2, (Sqrt[bl*(c + dx
Sqrt[x]))/(Sqrt[bl*c + Sqrt[-1 - al*d)] - c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt
[x1))/(Sqrt[b]l*c - Sqrt[l - al*xd)] - c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrtl[x]))
/(8qrt [bl*c + Sqrt[1 - al*d)])/d"2

Maple [A] time = 0.239, size = 738, normalized size = 1.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(c+d*x~(1/2)),x%)

[Out] 2*arctanh(b*x+a)/d*x~(1/2)-2*arctanh(b*x+a)*c/d"2*x1n(c+d*x~(1/2))+1/d"2*c*1
n(c+d*x~(1/2) ) *1n((-b* (c+d*x~ (1/2) ) +b*c+(—a*xb*d~2-b*d"2) " (1/2) ) / (bxc+ (-a*xb*
d"2-b*d"2) " (1/2)))+1/d"2*c*1ln(c+d*x~ (1/2) ) *1n((b* (c+d*x~ (1/2) ) -b*c+(-a*xb*xd™
2-b*d~2) " (1/2))/ (-b*c+(-a*xb*d~2-b*xd~2) ~(1/2)))+1/d"2*c*dilog ((-b* (c+d*x~(1/
2) ) +bxc+(—a*xb*d"2-b*d~2) ~(1/2)) / (bxc+(-a*b*d"2-b*d~2) ~(1/2)))+1/d"2*c*dilog
((b* (c+d*x~(1/2)) -b*xc+(—axbxd~2-b*d~2) ~(1/2) )/ (~b*c+(-a*xb*xd~2-b*xd~2) ~(1/2))
)-1/d"2%c*In(c+d*x~ (1/2) ) *1n((-b* (c+d*x~ (1/2) ) +b*c+(—a*xb*xd~2+b*xd~2) ~(1/2))/
(b*xc+ (—a*xb*d"2+b*d"2) " (1/2)))-1/d"2*c*1ln(c+d*x~ (1/2) ) *1In((b* (c+d*x~(1/2))-b
xc+(—a*xb*d~2+b*xd~2) ~(1/2) )/ (-b*c+(-a*xb*d~2+bxd~2) ~(1/2)))-1/d"2*c*dilog((-b
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* (c+d*x™ (1/2) ) +b*xc+(—a*xb*xd~2+b*d~2) ~(1/2) )/ (b*c+(-axb*d~2+b*d~2) ~(1/2)))-1/
d~2xcxdilog ((b* (c+d*x~ (1/2))-bxc+(—a*b*d~2+b*d~2) ~(1/2) )/ (-b*c+(-a*xb*d~2+bx
d~2)"(1/2)))+2/ (axbxd"2+b*d~2) " (1/2) *arctan (1/2* (2xb*x (c+d*x~ (1/2) ) -2*b*c) / (
axb*d"2+b*d"2) " (1/2) ) +2/ (axb*d~2+b*d"2) " (1/2) *arctan (1/2* (2*¥b* (c+d*x~(1/2))
-2xb*c) / (axbxd"2+b*xd~2) ~(1/2) ) *a+2/ (a*b*d"2-b*d~2) ~(1/2) *arctan (1/2* (2*b* (c
+d*x~(1/2) ) -2*b*xc)/(axbxd"2-b*xd~2) ~(1/2)) -2/ (a*b*xd~2-b*d~2) ~(1/2) *arctan(1/
2% (2xb* (c+d*x~(1/2) ) -2%b*c) / (axb*d~2-b*d~2) ~(1/2) ) *a

Maxima [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)
[ ),
d/x +c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d*x~(1/2)),x, algorithm="maxima")

[Out] integrate(arctanh(b*x + a)/(d*sqrt(x) + c), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

d+/x artanh (bx + a) — cartanh (bx + a)
,X
d2x — 2

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d*x~(1/2)),x, algorithm="fricas")

[Out] integral((d*sqrt(x)*arctanh(b*x + a) - c*arctanh(b*x + a))/(d"2*x - c72), x
)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(atanh(b*x+a)/(c+d*x**(1/2)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)
f dx
d/x +c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d*x~(1/2)),x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)/(d*sqrt(x) + c), x)



372

-1
3.60 ftanh (;z+bx) dx

c+—

\/§

Optimal. Leaf size=661

\/E(C\/J_cﬁl) \/E(C\/}ﬁl) \/E(C\/J_C+d)

2 _ 2 _ 2 2
d“PolyLog (2, N \/Ed) ) d“PolyLog (2, —— \/Ed) d“PolyLog (2, e \/Ed) ) d“PolyLog (2

c3 c3 c3 c3

\/E(C\/J_Hd)
’ \/wa/éd

[Out] (-2*Sqrt[1 + al*d*ArcTan[(Sqrt[b]*Sqrt[x])/Sqrtl[l + all)/(Sqrtl[bl*c~2) + (2
*Sqrt[1 - al*d*ArcTanh[(Sqrt[b]l*Sqrt[x])/Sqrt[1 - all)/(Sqrt[bl*c”2) - (d°2
*xLog[(c*(Sqrt[-1 - a] - Sqrt[b]l*Sqrt([x]))/(Sqrt[-1 - al*c + Sqrt[b]*d)]*Log
[d + c*Sqrt[x]1])/c”3 + (d"2*xLogl[(c*(Sqrt[1 - al - Sqrt[bl*Sqrt[x]))/(Sqrt[1
- al*c + Sqrt([b]*d)]*Logld + c*xSqrt[x]])/c™3 - (d"2*Logl[(c*(Sqrt[-1 - a] +
Sqrt [b]l*Sqrt[x]))/(Sqrt[-1 - al*c - Sqrt[blx*d)]*Logl[d + c*Sqrt[x]])/c~3 +
(d~2*xLog[(c*(Sqrt[1 - al + Sqrt[bl*Sqrt(x]))/(Sqrt[l - al*c - Sqrt[blxd)]*L
ogld + c*Sqrt[x]])/c”3 + (d*Sqrt[x]*Logl[l - a - b*x])/c™2 + ((1 - a - b*x)*
Log[l - a - b*x])/(2xbxc) - (d"2xLogld + cxSqrt([x]]*Log[l - a - b*x])/c"3 -
(d*Sqrt [x]*Logl[l + a + b*x])/c™2 + ((1 + a + b*xx)*Logl[l + a + b*x])/(2*b*c
) + (d72#Logld + c*Sqrt[x]]*Logl[l + a + b*x])/c”™3 - (d"2*PolyLog[2, -((Sqrt
[b]*(d + c*Sqrt[x]))/(Sqrt[-1 - al*c - Sqrt[b]l*d))])/c”3 + (d"2xPolyLogl[2,
-((Sqrt[bl*(d + cxSqrt[x]))/(Sqrt[1 - al*c - Sqrt[bl*d))]1)/c"3 - (d"2*PolyL
ogl[2, (Sqrt[bl*(d + c*Sqrt[x]))/(Sqrt[-1 - al*c + Sqrt[bl*d)])/c”3 + (d"2*P
olyLog[2, (Sqrt[bl*(d + c*Sqrtl[x]))/(Sqrt[l - al*c + Sqrt[bl*d)])/c"3

Rubi [A] time = 1.07218, antiderivative size = 661, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 37, number of rules used = 16, integrand size = 18, bl
integrand size

= 0.889, Rules used = {6115, 2408, 2476, 2448, 321, 205, 2454, 2389, 2295, 2462, 260, 2416,
2394, 2393, 2391, 208}

Vb(cvi+d) 2 Vb(cvi+d) ) VB(cy+d) ,
\/—ll—lc—\/Ed) . d POIYLOg (zr_mc_\/gd d POlyLOg 2, m . d POlyLOg 2

c3 c3 c3 c3

\/E(C\/J_C+d)
’ \/Ec+\/5d

d?PolyLog (2, -

Antiderivative was successfully verified.

[In] Int[ArcTanh[a + b*x]/(c + d/Sqrt([x]),x]

[Out] (-2*Sqrt[1 + al*dxArcTan[(Sqrt[bl*Sqrt[x])/Sqrt[1 + all)/(Sqrtlbl*c~2) + (2
xSqrt[1 - al*d*ArcTanh[(Sqrt[b]l*Sqrt([x])/Sqrt[l - all)/(Sqrtl[bl*c~2) - (d~2
xLog[(cx(Sqrt[-1 - al] - Sqrt[bl*Sqrt[x]))/(Sqrt[-1 - al*c + Sqrt[b]l*d)]*Log



373

[d + c*Sqrt[x]1])/c”3 + (d"2*xLogl[(c*(Sqrt[1 - al - Sqrt[bl*Sqrt[x]))/(Sqrt[1
- al*c + Sqrt([b]*d)]*Logld + cxSqrt[x]])/c™3 - (d"2*Logl[(c*(Sqrt[-1 - a] +
Sqrt [b]l*Sqrt[x]))/(Sqrt[-1 - al*c - Sqrt[blx*d)]*Logl[d + c*Sqrt[x]])/c~3 +
(d~2*xLog[(c*(Sqrt[1 - al + Sqrt[bl*Sqrt(x]))/(Sqrt[l - al*c - Sqrt[blxd)]*L
ogld + c*xSqrt[x]])/c”3 + (d*Sqrt[x]*Logl[l - a - b*x])/c™2 + ((1 - a - b*x)*
Log[l - a - b*xx])/(2xbxc) - (d"2%Logld + cx*Sqrt([x]]*Log[l - a - b*x])/c"3 -
(d*Sqrt [x]*Log[l + a + bxx])/c™2 + ((1 + a + bxx)*Log[l + a + bxx])/(2%b*c
) + (d72#Logld + c*Sqrt[x]]*Logl[l + a + b*x])/c”™3 - (d"2*PolyLog[2, -((Sqrt
[b]*(d + c*Sqrt[x]))/(Sqrt[-1 - al*c - Sqrt[b]l*d))])/c~3 + (d"2xPolyLogl[2,
-((Sqrt[bl*(d + cxSqrt[x]))/(Sqrt[1 - al*c - Sqrt[bl*d))])/c”3 - (d"2*PolyL
ogl2, (Sqrtl[b]*(d + c*Sqrt[x]))/(Sqrt[-1 - al*c + Sqrt[bl*d)])/c~3 + (d72xP
olyLog[2, (Sqrt[bl*(d + c*Sqrt[x]))/(Sqrt[l - al*c + Sqrt[b]*d)])/c"3

Rule 6115

Int[ArcTanh[(c_) + (d_.)*(x )]1/((e ) + (f_.)*(x_ )" (n_.)), x_Symbol] :> Dist
[1/2, Int[Log[l + ¢ + d*x]/(e + f*x"n), x], x] - Dist[1/2, Int[Logl[l - ¢ -
d*x]/(e + f*x"n), x], x] /; FreeQl{c, d, e, f}, x] && RationalQ[n]

Rule 2408

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_)) " (n_.)Ix(b_.))"(p_.)*x((f_.) + (g_
Dx(x_)"(r_))"(q_.), x_Symbol] :> With[{k = Denominator[r]}, Dist[k, Substl[
Int[x~(k - 1)*(f + gxx~(k*r))~g*(a + bxLoglc*(d + e*xx"k)"n])"p, x], x, x~(1
/k)], x]11 /; FreeQ[{a, b, c, d, e, f, g, n, p, q}, x] && FractionQ[r] && IG
tQlp, 0]

Rule 2476

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x )" (n_ )" (p_)I*(_.))"(q_)*x_)"(m
_Ox((£) + (g_)x(x )" (s_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b
*Log[cx(d + e*xx™n)"pl)~q, x"mx(f + g*x"s)"r, x], x] /; FreeQ[{a, b, c, d, e
, f, g, m, n, p, q, r, s}, x] && IGtQ[lq, 0] && IntegerQ[m] && IntegerQ[r] &
& IntegerQ[s]

Rule 2448

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_))"(p_.)], x_Symbol] :> Simp[x*Loglc*x(d
+ exx"n)"pl, x] - Distl[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, 4,
e, n, pr, xJ

Rule 321

Int[(Cc_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
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(a*c™nx(m - n + 1))/(bx(m + n¥p + 1)), Int[(c*xx)"(m - n)*x(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 205

Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2454

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_)"(n_)) " (p_.)I*(b_.))"(q_.)*(x_)"(m

_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxLo

glex(d + exx)"pl)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},

x] && IntegerQ[Simplify[(m + 1)/nl]] && (GtQ[(m + 1)/n, 0] || IGtQ[q, 0]) &&
| (EqQlq, 1] && ILtQ[n, 0] && IGtQ[m, 0])

Rule 2389

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_))"(n_.)]1*(b_.))"(p_.), x_Symbol] :
> Dist[1/e, Subst[Int[(a + b*Loglc*x™n]) p, x], x, d + e*x], x] /; FreeQ[{a
, b, c, d, e, n, p}, x]

Rule 2295

Int[Logl(c_.)*(x_)"(n_.)], x_Symbol] :> Simp[x*Loglc*x~"n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

Rule 2462

Int[((a_.) + Logl[(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_)1*x(_.))/((f_.) + (g_.
)*x(x_)), x_Symbol]l :> Simp[(Logl[f + g*x]*(a + bxLoglcx(d + e*x"n)"pl))/g, x
] - Dist[(b*exnxp)/g, Int[(x"(n - 1)*Logl[f + g*x])/(d + exx"n), x], x] /; F
reeQ[{a, b, ¢, 4, e, f, g, n, p}, x] && RationalQ[n]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2416

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_))"(n_.)1*x(b_.)) " (p_.)*x((h_.)*(x_))
“(m_D)*((f) + (g_I)*x(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLoglcx(d + e*x)"n]) p, (h*x) mx(f + g*x"r)"q, x], x] /; FreeQ[{a, b, ¢
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,d, e, f, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[q]

Rule 2394

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[(Logl[(ex(f + gxx))/(exf - d*xg)]*(a + bxLoglcx(d + exx
)°nl))/g, x] - Dist[(b*e*n)/g, Int[Logl(ex(f + gkx))/(exf - d*g)]/(d + e*x)
, x1, x] /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, O]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_))]1*(b_.0)/((£f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + g*x
1, x1 /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQ[exf - dxg, 0] && EqQ[g + cx
(exf - dxg), 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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tanh ™ (a + b 1 (logl-a-b 1 log b
fan (ad+ x)dx:_zfog( ud x)dx+_fog(+a+ x)dx

d
C+$ C+$ C+$
xlog (1 —a—bx? xlog (1 + a + bx?
:—Substf g( , )dx,x,\/E +Substf g( y )dx,x,\/E
C+;C C+;

c2

c2(d + cx)

_ —Subst[f[—dlog(l —a—bxz) N xlog(l —a—bxz) N dzlog(l —a—bxz)] drx, x)+Su

Subst (fxlog (1 —a- bxz) dx, x, \/E) Subst (fxlog (1 +a+ bxz) dx, x, \/E) d Subst
+ +

c

c

_ dy/xlog(l —a—bx) d*log (d + C\ﬁ) log(l-a-bx) d+/xlog(l+a+ bx) N d*log (d +cy/
- c2 - c3 - c2

_ dyxlog(l —a—bx) d*log (d + C\/E) log1 —a-bx) dy/xlog(l +a + bx) . d*log (d +cy/

Mathematica [A]

—24? (PolyLog (2

, m) + POIYLOg (2

c2 c3 c2
1 (VbR I by
2 1+ﬂdtan l(m) 2 _ﬂdtanh (\/ﬁ) d\/zlog(l_a_bx)+(1_a_bx)10g(j
Vbe? NI c2 2bc
o(V=T=a-vbyx
241 + adtan™? (%}) 21 - ad tanh™ (\Zf) d*log (W) log (d + C\/;)
—~ + = - +
Vbe? Vbe? c
o(V=T=a-vbyx
241 + ad tan™? (1//_1%_) 21 - ad tanh™ (‘/\/_‘_f) d*log (W) log (d + cyx)
Vbe2 Vb2 ) ¢ ’
T ad tan-L Y0V VIR 2100 [ DZV0VY)
2V1 +adtan™ (1 22]  2v1-adtanh” d log( — log (d + C‘&)
(\/m) (\/_) B V=T-ac+\bd .

Vbe? Vbe?

C3

time = 0.606834, size = 598, normalized size = 0.9

\/E(c x+d)
’ V —a—lc+\/5d

M) + log (C X+ d) (1og (—C(m_\@ﬁ)) +lo (—C(m“ﬁ)ﬁ)):

\/—a—lc+\/l_7d V—a—lc—\/@d

Antiderivative was successfully verified.



377

[In] Integrate[ArcTanh[a + b*x]/(c + d/Sqrt([x]),x]

[Out] (4xcxd*x(Sqrt[x] - (Sqrt[l + al*ArcTan[(Sqrt[b]l*Sqrt([x])/Sqrt[l + all)/Sqrtl
bl) - 4xcxd*x(Sqrt[x] - (Sqrt[l - al*ArcTanh[(Sqrt[b]l*Sqrt[x])/Sqrt[1 - all)
/Sqrt[b]l) + 2*cxdxSqrt[x]*Logl[l - a - bxx] - (c™2x(-1 + a + bxx)*Log[l - a
- b*x])/b - 2+¥d"2+Logld + c*Sqrt[x]]*Log[l - a - b*x] - 2*cxd*Sqrt[x]*Logl[1
+ a + bxx] + (c™2x(1 + a + b*x)*Log[l + a + b*x])/b + 2*d"2xLog[d + c*Sqrt
[x]1*Log[1l + a + b*x] - 2*d"2*((Log[(c*(Sqrt[-1 - al] - Sqrt[b]*Sqrt[x]))/(S
grt[-1 - al*c + Sqrt[b]*d)] + Logl[(c*(Sqrt[-1 - a] + Sqrt[b]lx*Sqrt[x]))/(Sqr
t[-1 - al*c - Sqrt[bl*d)])*Logld + c*Sqrt[x]] + PolyLogl[2, (Sqrt[b]l*(d + c*
Sqrt[x]))/(-(Sqrt[-1 - al*c) + Sqrt[bl*d)] + PolyLogl[2, (Sqrt[bl*(d + c*Sqr
t[x]))/(Sqrt[-1 - al*c + Sqrtl[bl*d)]) + 2*xd"2x((Logl[(c*(Sqrt[1 - a] - Sqrtl
bl*Sqrt[x]))/(Sqrt[1 - al*c + Sqrtlb]l*d)] + Logl[(c*(Sqrt[1 - a] + Sqrt[b]*S
qrt[x]))/(Sqrt[1 - al*c - Sqrtlb]l*d)])*Logld + c*Sqrt[x]] + PolylLog[2, (Sqr
t[b]l*(d + c*Sqrt[x]))/(-(Sqrt[1l - alxc) + Sqrt[bl*d)] + PolyLog[2, (Sqrtl[b]
*(d + cxSqrt[x]))/(Sqrt[1 - al*c + Sqrt[bl*d)]))/(2xc~3)

Maple [A] time = 0.181, size = 970, normalized size = 1.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(b*x+a)/(c+d/x~(1/2)),x%)

[Out] arctanh(b*x+a)/c*x-2*arctanh(b*x+a)/c”2%d*x~ (1/2)+2*arctanh (b*x+a)*d~2/c~3*
In(d+c*x~(1/2))-1/2/b/c*xaxln(bx (d+cxx™(1/2)) "2-2*%(d+c*x~ (1/2) ) *b*d+a*xc”™2+b*
d"2-c"2)+2/c*xaxd/ (axb*xc~2-b*c”2) " (1/2) *arctan (1/2* (2xbx (d+c*x~ (1/2) ) -2*b*d)
/ (axb*c™2-b*c™2) " (1/2))+1/2/b/c*1n(b* (d+c*x~ (1/2)) "2-2x (d+c*x”~ (1/2) ) ¥b*d+ax*
c"2+b*d"2-c"2)-2/c*d/ (a*b*xc™2-b*c~2) " (1/2) *arctan(1/2* (2xb* (d+c*x~(1/2) ) -2%
bxd) / (axb*xc™2-b*c™2) " (1/2))+1/2/b/c*x1n(b* (d+c*x~(1/2)) ~2-2*x(d+c*x”~(1/2) ) *b*
d+axc”2+bxd"2+c"2)-2/c*d/ (a*xb*c™2+b*c”2) " (1/2) *arctan (1/2* (2*¥b* (d+c*x~(1/2)
)—2xb*d) / (axb*c™2+b*c”2) " (1/2))+1/2/b/c*xa*xln(b* (d+c*x™(1/2) ) "2-2x (d+c*x~ (1/
2) ) ¥b*xd+a*xc”2+b*xd"2+c"2) -2/ c*a*d/ (a*xb*c”2+b*c”2) " (1/2) *arctan (1/2* (2*b* (d+c
*x7(1/2))-2*b*d) / (a*xbxc™2+b*xc™2) " (1/2))+1/c”3*d"2*1n(d+c*x~(1/2) ) *1n((-b*(d
+c*x7(1/2) ) +b*d+ (—axb*c™2+bxc~2) ~(1/2) ) / (b*d+ (—a*xbxc~2+b*c~2)~(1/2)))+1/c”3
*d"2*1In(d+c*x” (1/2) ) *1In((b* (d+c*x~(1/2) ) -b*xd+(—axbxc™2+b*xc~2) ~(1/2) )/ (-b*xd+
(—axb*c™2+b*c™2) 7 (1/2)))+1/c~3*d"2*dilog ((~b* (d+c*x~(1/2) ) +b*d+(-a*xb*c~2+b*
c"2)7(1/2))/ (b*d+(~a*xb*xc™2+b*c”2) " (1/2)))+1/c~3*d"2*dilog ((b* (d+c*xx~(1/2)) -
bxd+(—axb*xc™2+b*c™2) " (1/2)) / (-b*d+(—a*b*xc~2+b*xc~2)~(1/2)))-1/c"3*d"2*1n(d+c
*x7(1/2))*1In((-b*x(d+c*x~(1/2) ) +b*d+(—axb*c™2-b*c~2) ~(1/2) )/ (b*d+(-a*b*xc~2-b
*c72)7(1/2)))-1/c”3xd"2*x1n(d+cxx~(1/2) ) *1n((b*x (d+c*x~(1/2)) -b*d+(-a*xb*c~2-b
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*xc”2)7(1/2)) / (-b*d+ (-a*xb*c™2-b*c~2) " (1/2)))-1/c"3*d"2*dilog ((-b* (d+c*x~ (1/2
))+b*xd+(—axb*c™2-b*c72) " (1/2) )/ (b*xd+(—axb*c™2-b*c~2)~(1/2)))-1/c~3*d"2*dilo
g((b*x(d+c*xx~(1/2)) -b*d+(-a*bxc~2-b*c~2) " (1/2) )/ (~b*d+(-a*bxc~2-bxc~2) ~(1/2)
)

Maxima [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)
[CLICEp

d
c+—

Nz
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x~(1/2)),x, algorithm="maxima")

[Out] integrate(arctanh(b*x + a)/(c + d/sqrt(x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

cx artanh (bx + a) — dy/x artanh (bx + a) )
,X

int 1
integra ( o

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(arctanh(b*x+a)/(c+d/x~(1/2)),x, algorithm="fricas")

[Out] integral((c*x*arctanh(b*x + a) - d*sqrt(x)*arctanh(b*x + a))/(c™2*x - d72),
x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(b*x+a)/(c+d/x**(1/2)),%)



[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

artanh (bx + a)
f dx

d
c+—

N
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(b*x+a)/(c+d/x~(1/2)),x, algorithm="giac")

[Out] integrate(arctanh(b*x + a)/(c + d/sqrt(x)), x)
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-1
361 ftanh (d+ex) dx

Optimal. Leaf size=335

a+bx+cx2

2(—e(b—\/b2—4ac)—2c(d+ex)+20d) 2(—6(\/b2—4ac+b)—20(d+ex)+2cd)
PolyLog| 2, +1| PolyLog|2,
{ (d+ex+1)(—e\/b2—4ac+be—2cd+2c) ) ( (d+ex+1)(e(\/b2—4ac+b)+26(1—d))
+

+
2Vb? — 4ac 2Vb? — 4ac Vb

+1 tanh_l(d + ex) log| —
d

[Out] (ArcTanh[d + exx]*Logl[(2xex(b - Sqrt[b~2 - 4xaxc] + 2%c*x))/((2%c*x(1 - d) +
(b - Sqrt[b~2 - 4*axc])*e)*(1 + d + e*x))])/Sqrt[b™2 - 4*axc] - (ArcTanh[d

+ exx]*Log[(2%e*x(b + Sqrt[b~2 - 4xa*xc] + 2%c*x))/((2%cx(1 - d) + (b + Sqrt

[b72 - 4xaxc])*e)*x(1 + d + e*xx))])/Sqrt[b~2 - 4xaxc] - PolyLog[2, 1 + (2%(2

xcxd - (b - Sqrt[b”2 - 4*axc])*e - 2xc*(d + exx)))/((2*%c - 2*cxd + bxe - Sq
rt[b72 - 4xaxclxe)*(1 + d + exx))]/(2xSqrt[b~2 - 4*axc]) + PolyLogl[2, 1 + (

2% (2%c*d - (b + Sqrt[b~2 - 4*axc])xe - 2kcx(d + exx)))/((2%c*(1 - d) + (b +
Sqrt[b~2 - 4xaxc])*e)*x(1 + d + exx))]/(2%Sqrt[b~2 - 4x*axc])

Rubi [A] time = 0.720952, antiderivative size = 335, normalized size of antiderivative
number of rules

1., number of steps used = 12, number of rules used = 8, integrand size = 19, “ntegrand size ~
0.421, Rules used = {618, 206, 6728, 6111, 5920, 2402, 2315, 2447}
2(—e(b—Vb2—4ac)—2c(d+€x)+2cd) 2(—6(\/b2—4ac+b)—2c(d+ex)+26d)
+1| PolyLog|2,
(d+ex+1)(—evb2—4uc+be—2cd+2c) (d+ex+1)(e(\/b2—4ac+b)+2c(1—d))
+
2Vb?% — 4ac 2Vb? - 4dac Vb

+1 tanh_l(d + ex) log| —
(d

PolyLog| 2,

Antiderivative was successfully verified.

[In] Int[ArcTanh[d + exx]/(a + b*x + c*x"2),x]

[Out] (ArcTanh[d + exx]*Log[(2%e*x(b - Sqrt[b~2 - 4xa*xc] + 2*c*x))/((2%cx(1 - d) +
(b -= Sqrt[b~2 - 4*axc])*e)*x(1 + d + e*x))])/Sqrt[b”™2 - 4*axc] - (ArcTanh[d

+ exx]*Log[(2%ex(b + Sqrt[b~2 - 4*axc] + 2*cxx))/((2%cx(1 - d) + (b + Sqrt

[b72 - 4*axc])*e)*x(1 + d + e*xx))])/Sqrt[b™2 - 4xaxc] - PolyLog[2, 1 + (2%(2

xcxd - (b - Sqrt[b”2 - 4xaxc])*e - 2%c*x(d + e*xx)))/((2xc - 2*c*d + bxe - Sq
rt[b™2 - 4xaxc]l*e)*x(1 + d + exx))]/(2%Sqrt[b~2 - 4*axc]) + PolyLog[2, 1 + (

2% (2xcxd - (b + Sqrt[b~2 - 4*axc])*e - 2xc*x(d + exx)))/((2%cx(1 - d) + (b +
Sqrt[b~2 - 4*axc])*e)*(1 + d + ex*x))]/(2xSqrt[b~2 - 4xaxc])

Rule 618
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Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 6728

Int[(u_)/((a_.) + (b_.)*x(x_)"(n_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
{v = RationalFunctionExpand[u/(a + b*x"n + c*x~(2*n)), x]}, Int[v, x] /; Su
mQ[v]] /; FreeQ[{a, b, c}, x] && EqQ[n2, 2*n] && IGtQ[n, 0]

Rule 6111

Int[((a_.) + ArcTanh[(c_) + (d_.)*(x_)]1*x(b_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[((d*e - cxf)/d + (f*x)/d) "m*(a + b*A
rcTanh([x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IGt
Qlp, 0]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b¥ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - ¢c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*x(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2%c*(d + e*x))/((cxd + e)*(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - e~2, 0]

Rule 2402

Int[Log[(c_.)/((d ) + (e_)*(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2x*g, 0]

Rule 2315
Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2447
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Int [Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x11}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Rubi steps
f tanh_l(d + ex) p f 2c tanh_l(d + ex) 2c tanh_l(d + ex) p
- @, == — — X
2
a+bx + cx Vb2 — 4ac (b —Vb? — 4ac + 2cx) Vb2 — 4ac (b + Vb2 — dac + ZCx)
tanh™ (d+ex) tanh™ (d+ex)
2c dx 2c
( ) f b—Vb2—4ac+2cx _ (20) f b+Vb2—4dac 4ac+20x
b2 — 4ac b2 — 4ac
tanhfl(x) tanhfl(x)
(2¢) Subst f — (b_ m)e - dx,x,d +ex| (2c)Subst f _ch+(h+ m)e - dx,x,d + ex
Vb2 — 4ace Vb2 — 4ace
Ze(b—\/b2—4uc+26x) 26(b+\/b2—4ac+20x)

tanh ™ (d + ex) log( ) tanh ™ (d + ex) log [(

(2c—2cd+be—\/ b2—4ace)(1+d+ex)

2c(1—d)+(b+\/bz——éw)e)(1+d+¢

b2 — 4ac b2 — 4ac

Ze(b—\/ b2—4ac+20x)

Ze(b+\/b2—4uc+2cx)

tanh_l(d + ex) log( ] tanh_l(d + ex) log [(

(2c—2cd+be—\/ b2—4ace)(1+d+ex)

2c(l—d)+(b+\/b2——4ac)e)(1+d+e

b2 — 4ac b2 — 4ac

Mathematica [A] time = 0.539944, size = 403, normalized size = 1.2

2c(d+ex—1) 2c(d+ex+1)

—PO]yLOg [2 2c(d+ex-1)

+ PolyLog|2
e Vb2—4ac—b)+2c(d—l)] Y g(

, + PolyLog| 2,
2c(d—1)—e(Vb2—4ac+b) e(\/bz—4ac—b)+2c(d+l)

) — PolyLog [2,

Warning: Unable to verify antiderivative.
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[In] Integrate[ArcTanh[d + e*xx]/(a + b*x + c*x72),x]

[Out] (-(Logl[(ex(-b + Sqrt[b~2 - 4*axc] - 2xc*x))/(2%cx(-1 + d) + (-b + Sqrt[b~2
- 4xaxc])*e)]xLog[l - d - exx]) + Logl[(ex(b + Sqrt[b~2 - 4xaxc] + 2*cxx))/(
-2xc*(-1 + d) + (b + Sqrt[b~2 - 4*axc])*e)]*Log[l - d - exx] + Logl[(ex(-b +
Sqrt[b~2 - 4xaxc] - 2xc*x))/(2%cx(1 + d) + (-b + Sqrt[b~2 - 4xaxc])*e)]*Lo
gll + d + exx] - Logl(ex(b + Sqrt[b™2 - 4xaxc] + 2%c*x))/(-2%c*x(1 + d) + (b

+ Sqrt[b~2 - 4xaxc])*e)]xLog[l + d + exx] - PolyLogl[2, (2*c*(-1 + d + e*x)

)/ (2%cx (-1 + d) + (-b + Sqrt[b~2 - 4*axc])*e)] + PolyLog[2, (2*c*(-1 + d +
exx))/(2xcx(-1 + d) - (b + Sqrt[b~2 - 4xaxc])*e)] + PolyLog[2, (2*c*(1 + d

+ exx))/(2%cx(1 + d) + (-b + Sqrt[b~™2 - 4*axc])*e)] - PolyLogl[2, (2*cx(1 +

d + exx))/(2%cx(1 + d) - (b + Sqrt[b~2 - 4x*axc])*e)])/(2xSqrt[b~2 - 4x*ax*c])

Maple [B] time = 0.622, size = 2140, normalized size = 6.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(exx+d)/(c*x~2+b*x+a),x)

[Out] ex(e™2%(-4*xaxc+b”2)) " (1/2)/(d*xaxc-b~2)*1n(1-(a*xe”2-b*d*e+c*d”2+bxe-2*c*xd+c)
* (exx+d+1) "2/ (- (exx+d) "2+1) / (—a*xe"2+b*e*xd-c*d~2- (e~ 2x (d*xa*xc-b"2)) " (1/2) +c)
)*arctanh (exx+d) *xa/ (a*xe”2-b*xe*xd+c*xd™2+(e" 2% (—4*a*xc+b~2)) " (1/2)-c)-(e"2*x (-4x
axc+b~2)) " (1/2)/ (4dxa*xc-b~2) *1n(1-(a*e~2-b*d*e+c*d” 2+b*e-2*xc*d+c) * (e*x+d+1) "~
2/ (- (exx+d) "2+1) / (—a*xe 2+bxexd-c*d~2-(-e~2* (4*a*xc-b~2)) ~(1/2)+c) ) *xarctanh (e
*x+d) *b*d/ (a*e”2-bxexd+cxd "2+ (e"2* (—4*a*xc+b”2)) "~ (1/2)-c)+1/ex (e"2* (-4*a*c+b
~2))7(1/2)/ (d*axc-b~2) *1n(1-(a*xe”2-b*d*e+c*d”2+b*e-2*c*xd+c) * (exx+d+1) "2/ (- (
exx+d) "2+1) / (—axe~2+b*xexd-c*d"2- (—e 2% (4*axc-b~2)) ~(1/2)+c) ) *arctanh (exx+d)
*cxd~2/ (axe™2-b*exd+c*xd"2+ (e 2x (-4*a*xc+b™2) ) ~(1/2)-c)-e*x(e" 2% (-4*a*xc+b~2) )"~
(1/2)/ (4*a*xc-b~2) *arctanh (exx+d) “2*a/ (axe”2-b*e*xd+c*xd "2+ (e~ 2% (-4*xa*xc+b~2) )"~
(1/2)-c)+(e"2*x(~4*a*xc+b~2) )~ (1/2)/ (4*a*xc-b~2) *arctanh (exx+d) “2xbxd/ (a*xe”2-b
xexd+c*xd”2+ (e 2% (—4*a*xc+b~2)) " (1/2)-c)-1/ex(e” 2% (—4xa*xc+b~2)) " (1/2) / (4d*xa*xc—
b~2) *arctanh (exx+d) "2xc*d"2/ (a*xe”2-b*e*xd+c*xd"2+(e" 2% (-4*a*xc+b~2)) " (1/2)-c)+
1/2*%ex (e~ 2% (-4*a*xc+b~2)) ~(1/2) / (d*axc-b~2)*polylog(2, (a*xe~2-bxd*e+c*d”~2+bx*e
—-2*xc*d+c) * (exx+d+1) "2/ (- (exx+d) "2+1) / (~a*xe” 2+bxe*d-c*xd~2-(-e~2* (4*xa*xc-b~2))
~(1/2)+c))*a/ (axe™2-b*exd+c*d"2+ (e 2*x (-4*a*xc+b™2)) ~(1/2)-c)-1/2*x(e" 2% (—4*a*
c+b”™2)) 7 (1/2)/ (4xa*xc-b~2) *polylog(2, (a*xe”~2-b*d*e+c*d " 2+b*e-2*c*xd+c) * (e*xx+d+
1)72/ (- (exx+d) "2+1) / (—a*xe” 2+b*exd-c*xd~2-(—e~2* (4*a*c-b"2) ) ~(1/2) +c) ) *b*d/ (a
*e"2-b*e*xd+ckd"2+(e"2x (—4*a*xc+b~2)) " (1/2)-c)+1/2/ex(e"2x (—4*a*xc+b~2)) " (1/2)
/ (4xaxc-b~2)*polylog(2, (a*e”2-b*d*e+cxd™2+b*xe-2kcxd+c) * (exx+d+1) "2/ (- (exx+d
)"2+1) / (—a*xe " 2+b*e*xd-cxd"2-(-e"2x (4*xa*xc-b"2) ) " (1/2)+c) ) *cxd~2/ (axe~2-b*e*xd+
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cxd"2+(e" 2% (-4*a*c+b™2)) " (1/2)-c)-e/ (a*xe"2-b*e*d+c*d™ 2+ (e~ 2x (-4*xaxc+b~2) ) ~(
1/2)-c)*1n(1-(a*e~2-bxd*e+c*d~2+bxe-2*c*d+c) * (exx+d+1) ~2/ (- (e*xx+d) "2+1) /(-a
*e " 2+b*e*xd-cxd"2-(-e"2x (4*xaxc-b"2)) " (1/2)+c)) *arctanh (exx+d)+e/ (a*xe”2-b*ex*d
+cxd"2+ (e 2% (=4*axc+b~2) ) " (1/2) -c) *arctanh (exx+d) "2-1/e* (e" 2% (—4*a*xc+b~2) )"~
(1/2)/ (4*a*xc-b~2) *1n(1-(a*xe”2-b*d*e+cxd”2+b*e-2xcxd+c) * (exx+d+1) "2/ (- (exx+d
)"2+41) / (—a*xe™2+b*exd-c*d"2-(—e"2x (4*a*xc-b~2) ) ~(1/2)+c) ) *arctanh (exx+d) *c/ (a
*xe"2-b*xexd+cxd"2+(e 2% (—4xaxc+b”2) )~ (1/2)-c)+1/ex (e 2% (~4*axc+b~2)) ~(1/2) /(
4dxaxc-b~2)*arctanh (e*xx+d) "2*c/ (a*e”2-bxexd+cxd "2+ (e" 2% (-4*a*c+b”2)) " (1/2)-c
)-1/2xe/ (a*e”2-bxexd+cxd~2+(e"2* (-4*a*xc+b~2)) ~(1/2)-c) *polylog(2, (a*e”2-b*d
*xe+cxd”2+b*e-2xckxd+c) * (exx+d+1) "2/ (- (exx+d) "2+1) / (—a*e” 2+b*exd-c*d"2- (-e~2x*
(4*axc-b~2))~(1/2)+c))-1/2/e*x(e”2x (—4*axc+b”2) )~ (1/2)/(4*a*c-b~2) *polylog(2
, (axe”2-bxd*e+cxd"2+b*xe-2xc*xd+c) * (exx+d+1) "2/ (- (exx+d) "2+1) / (—a*xe” 2+b*exd-c
*d"2-(-e" 2% (4d*xaxc-b"2) )~ (1/2)+c) ) *c/ (axe ™ 2-b*exd+cxd~2+ (e~ 2x (-4*xa*xc+b~2)) ~(
1/2)-c)-1/ex(e” 2% (-4*a*xc+b~2)) " (1/2)/ (d*xaxc-b~2) *arctanh (e*x+d) *In(1-(a*xe”2
-bxd*xe+c*d”~2+bxe-2*xc*d+c) *x (exx+d+1) ~2/ (- (exx+d) "2+1) / (—a*xe 2+bxexd-c*d "2+ (-
e” 2% (4*a*xc-b"2)) " (1/2)+c))+1/ex(e" 2% (-4*a*c+b™2)) " (1/2) / (d*xaxc-b~2) *arctanh
(exx+d) "2-1/2/e*(e”2x (—4*axc+b”2) )~ (1/2)/(4*a*xc-b~2)*polylog(2, (a*xe”~2-b*dx*e
+c*xd"2+b*e-2*c*d+c) * (exx+d+1) "2/ (- (exx+d) "2+1) / (—a*xe~2+b*e*d-cxd~2+(-e" 2% (4
*xaxc-b~2)) " (1/2)+c))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(exx+d)/(c*x~2+b*x+a),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

artanh (ex + d) x)

integral
& ( cx? +bx+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(exx+d)/(c*x"2+b*x+a),x, algorithm="fricas")

[Out] integral(arctanh(exx + d)/(c*x”2 + b*x + a), x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(exx+d)/(cxx**2+bxx+a),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

artanh (ex + d)
f o ™
X%+ bx +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(e*xx+d)/(c*x"2+b*x+a),x, algorithm="giac")

[Out] integrate(arctanh(e*xx + d)/(c*x”2 + b*x + a), Xx)
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(ce+dex)(a+b tanh_l(c+dx))

3.62 dx
f 1—(c+dx)?
Optimal. Leaf size=83
c+dx -
bePolyLog (2, —_:T:l) e (a +btanh™ (c + dx))2 elog (#) (a +btanh ™' (c + dx))
2d ) 2bd * a

[Out] -(e*x(a + b*ArcTanh[c + d*x])~2)/(2%b*d) + (ex(a + bxArcTanh[c + d*x])*Logl[2
/(1 - c - d*x)])/d + (bxexPolyLogl[2, -((1 + ¢ + d*x)/(1 - ¢ - d*x))])/(2*d)

Rubi [A] time = 0.262931, antiderivative size = 83, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 32, e .

0.156, Rules used = {12, 5984, 5918, 2402, 2315}

integrand size

c+dx+1 2

bePolyLog (2, —_c_dx+1) e (a +btanh™ (c + dx))z elog (_C_dx+1) (a +btanh™(c + dx))
2d ) 2bd * a

Antiderivative was successfully verified.

[In] Int[((c*e + d¥e*x)*(a + bxArcTanh[c + d*x]))/(1 - (c + d*x)~2),x]

[Out] -(ex(a + b*ArcTanh[c + dxx])~2)/(2xbxd) + (ex(a + bxArcTanh[c + dx*x])*Logl[2
/(1 - c - d*x)])/d + (bxexPolyLog[2, -((1 + ¢ + d*x)/(1 - c - d*x))])/(2*d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x )I*(b_.))"(p_.)*(x_))/((d) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx



387

p)/e, Int[((a + bxArcTanh[c*x])~(p - 1)*Log[2/(1 + (exx)/d)])/(1 - c™2xx"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Log[(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rubi steps

ex(a+b tanh_l(x))

Subst (f —= dx,x,c+ dx)

f (ce + dex) (a +b tanh_l(c + dx))

1= (c+dx) ax = d
x(a+btanh ™ (x
e Subst (f % dx,x,c+ dx)
- d
btanh}(x)
e (u +btanh™ (c + dx))2 .\ e Subst (f H?Tx dx, x,c + dx)
- 2bd d
- 2
e (a +btanh ' (c + clx))2 e (a +btanh™ (c + dx)) log (1_C_dx) (be) 5t
o 2bd " d )
- 2
0 (a +btanh(c + dx))z e (a +btanh ™ (c + dx)) log (1_C_dx) (be) St
a 2bd " d "
_ 2 .
p (a + btanh \(c + dx))z e (a +btanh " (c + dx)) log (1_C_dx) beLi, |
a 2bd " d i

Mathematica [A] time = 0.116181, size = 114, normalized size = 1.37

e (—ZbPolyLog (2, %(—c —dx + 1)) + 2bPolyLog (2, %(c +dx + 1)) + 4alog(—c—dx + 1) + 4alog(c + dx + 1) — bloy
- 8d

Warning: Unable to verify antiderivative.
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[In] Integrate[((cxe + dxexx)*(a + b*ArcTanh[c + d*x]))/(1 - (c + dx*x)"2),x]

[Out] -(e*x(4*axLogl[l - ¢ - d*x] - b*Logl[l - c - d*x]~2 + b*Log[4]*Log[-1 + c + dx
x] + 4xaxLogl[l + ¢ + d*x] - b*xLogl[4]*Log[l + c + d*x] + bxLogl[l + c + d*x]~

2 - 2%bxPolyLog[2, (1 - ¢ - d*x)/2] + 2*b*Polylogl[2, (1 + ¢ + d*x)/2]))/(8%

d)

Maple [B] time = 0.058, size = 194, normalized size = 2.3

aeln(dx+c-1) aeln(dx+c+1) beArtanh(dx+c)In(dx+c—-1) beArtanh(dx+c)In(dx+c+1) be(In
2d 2d 2d 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*exx+c*e)x* (a+b*arctanh(d*x+c))/(1-(d*x+c)~2),x)

[Out] -1/2/d*axex1ln(d*x+c-1)-1/2/d*axex1ln(d*x+c+1)-1/2/d*xbxe*xarctanh (d*x+c)*1n(d*
x+c-1)-1/2/d*b*exarctanh (d*x+c) *1n(d*x+c+1)-1/8/d*b*ex1n(d*x+c-1) "2+1/2/d*b
xexdilog(1/2+1/2*d*x+1/2%c)+1/4/d*b*ex1ln(d*x+c-1)*1n(1/2+1/2*xd*x+1/2*c)+1/4
/d¥b*xexIn(-1/2*xd*x-1/2*c+1/2)*1n(1/2+1/2*%d*x+1/2*c)-1/4/d*b*xex1n(-1/2*d*x-1
/2%c+1/2) *1n(d*x+c+1)+1/8/d*b*e*x1ln(d*x+c+1) "2

Maxima [F] time = 0., size = 0, normalized size = 0.

(c+Dlog(dx+c+1) (c—1)10g(dx+c—1))+

d? d?

1 10g(dx+c+1)_log(dx+c—1)
27 d d

1
) artanh (dx + c¢) — > ade

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*e*x+c*e)* (atb*arctanh(d*x+c))/(1-(d*x+c)~2),x, algorithm="maxi
mall

[Out] 1/2%b*cke*x(log(d*x + c + 1)/d - log(d*x + ¢ - 1)/d)*arctanh(d*x + c) - 1/2%
axdxe*x((c + 1)*log(d*x + ¢ + 1)/d"2 - (c - 1)*log(d*x + ¢ - 1)/d"2) + 1/2*a
xckex(log(d*x + ¢ + 1)/d - log(d*x + ¢ - 1)/d) + 1/8xb*xdxex((2*(c + 1)*log(
d*x + ¢ + 1)*log(-d*x - ¢ + 1) - (c - Dxlog(-d*x - ¢ + 1)72)/d"2 - 4xinteg
rate(1/2x(c”2 + (cxd + 3*d)*x + 2xc + 1)xlog(d*x + ¢ + 1)/(d"3%x"2 + 2%cx*d”
2%x + c72+%d - d), x)) - 1/8%(log(d*x + ¢ + 1)72 - 2xlog(d*x + c + 1)*log(dx
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x + ¢c - 1) + log(d*x + ¢ - 1)72)*b*c*e/d

time = 0., size = 0, normalized size = 0.

ot | adex + ace + (bdex + bce) artanh (dx + ¢) ;
integral [ -
& d2x2 + 2cdx +c2 -1 ’

Fricas [F]

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((dxe*x+c*e)* (atb*arctanh(d*x+c))/(1-(d*x+c)~2),x, algorithm="fric
as n

[Out] integral(-(axdxexx + axc*e + (b*d¥e*x + b¥cke)*arctanh(d*x + c))/(d72xx"2 +

2xckdxx + ¢72 - 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f bdx atanh (c + dx)
2 + 2cdx + d?x2 -1

f ac i+ f adx x4 f bc atanh (c + dx)
—e X X
c? + 2cdx + d?x2 -1 c? + 2cdx + d?x2 -1 c2 + 2cdx + d?x2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e)*(atb*atanh(d*x+c))/(1-(d*x+c)**2),x)

[Out] -ex(Integral(axc/(c**2 + 2*ckxd*x + d**2*x**2 - 1), x) + Integral (a*xd*x/(cx*x*
2 + 2%ckxd*x + dx*2*x*x*2 - 1), x) + Integral(b*c*atanh(c + d*x)/(c**2 + 2xc*
dxx + dx*2xx**2 - 1), x) + Integral(b*d*x*atanh(c + dxx)/(c**2 + 2xc*d*x +

d*x*x2%x*x*x2 - 1), x))

time = 0., size = 0, normalized size = 0.
(dex + ce)(bartanh (dx + c) + a) p
- X
dx+c)? -1

Giac [F]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxe*x+c*e)*(atb*arctanh(d*x+c))/(1-(d*x+c)~2),x, algorithm="giac

Il)
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[Out] integrate(-(d*e*x + c*e)*(b¥arctanh(d*x + c) + a)/((d*x + ¢c)"2 - 1), x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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12
13

14
15
16
17
18
19
20
21
22
23
24
25
26
27

28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55

394

GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then




56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74

75
76
77
78
79
80
81
82
83
84
85
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87
88
89
90
91
92
93
94
95
96
97
98
99
100
101

if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148

is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
© 00 N O O WN -
I

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))




85
86
87
88
89
90

91
92
93
94
95
96

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119

120
121
122
123
124
125

1

400

return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by )
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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